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Introduction

Any measure of entanglement E(-) on a finite dimensional Hilbert space
H=H19H® - QHyn

Is constant under local unitary transformations

U ®Us®:--®Uy.

Goal: To find a complete set of invariants under local unitary transformations
Ui QUs®--- Q@ Uy.




Bipartite case [1]

Let H = HA &) HB with dlm(H@) — NZ', = A,B

For pure states, I.e., states

Npo Np
> >1a3k’J )4 @ |k)B
1=1 k=1
where Z] 1Zk L apat, = 1 and {|l);}i=12.. ~, is an orthonormal basis of H;,

1 = A, B, the functlons

L (1)) = Te(Tra(lv)(@)?, I7(1%)) = Te(Tep(ly)()))°

are invariant under local unitary transformations U, & Upg, for any power o € N.



Theorem. The set of invariants
{I2()|a=1,...,min{N4, Np}}

IS complete.

Remark. The same holds for the set {I7(-)}.



Consider now mixed states, i.e., states described by a density
p=> Xl el,
j=1

where n < NyNp, 0 < A\; <1, and {|p;)}=1.2..n is a set of normalized pure states.

The functions
T3 (p) = Te(Trap)®, J (p) = Tr(Trp p)°

are invariant under local unitary transformations U4 & Up. However, these invariants
are not sufficient in the case of mixed states.




Let us therefore introduce the following further invariants:

Q(p)jr = Tr(Trp(le;)(wi]) Tre(ler) (pr]))
X(p)jm = Tr(Trp(le;)(e;]) Tre(ler) (erl) Tra(len (#il))

where 7.k, l=1,...,n.

() can be completed to a (N4Np x NyNp)-matrix by defining €2(p),r = 0 for j or k
bigger than n. A mixed state p is called generic if 2(p) is non-degenerate.

Theorem. For mixed generic states the set of invariants
{J2()la=1,...,min{Ny, Ng}} U{Q(-), X ()}

Is complete.



Tripartite case

Let H = Hi ® Hp @ He with dim(H,;) = N;, i = A, B, C.

Consider pure states, i.e., states

N4 Np Ng
=> D D> aulia® k)|l
j=1 k=1 I=1
where Z] 1Zk | z S ajnai, =1 and {|{m);}n=12..n; is an orthonormal basis of

H;,, 1 =A, B,C.

Remark. A main tool in the bipartite case was the Schmidt decomposition. Such
decomposition holds however only for bipartite systems. A direct generalization is
therefore not possible.



First step: handle ‘H as a bipartite system A-BC"

W) = Ua ® Upcl) } " { IA(1)) = T(¥)

with U4, Upc unitary

fora=1,...,min{ N4, NgN¢}

Remark. U, and Upe depend on i) and can be found explicitly (via singular value

decomposition).

If |¢") = Ua ® Upc|w), the problem can be reduced to a bipartite one via partial

trace on H 4. The following lemma is easy to prove.

Lemma. Let |¢)') = Us® Upclyp) and define p = Tru([10)(¢|). If
UpopUje = (Us @ Ue)p(Uy © UY),

there exist unitary matrices V4, Vg, Vo such that |4 = Vi ® Vg ® Vi

Problem: In general p i1s a mixed state and we don't have a genera
such states.

).

solution for



Special case 1: p is a generic mixed state [2]

The functions |
I2(1)) = Te(Trj(Tra(|y) (¥]))”,

where j € {B,C}, a=1,...,NgN¢, and 8 =1,... . {Nilk € {B,C} and k # j},
are invariant under local unitary transformations U4 ® Up ® Ug.

Remarks.
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e In general, the functions

Tr(Trj, (Trj, (... (Trjy |10) ()N ... )%3)%2)™

are invariant under local unitary transformations U; @ Us ® - - - ® Uy.



Theorem. Let Ny = NpN¢.
For states |) such that p = Tra(|y){(1)|) is a generic mixed state the set of invariants

IS complete.

Remarks.

e The invariance of {[ﬁg} implies automatically the invariance of 2, and X if
A F A FNin p =20 Al (@],

e Ny = NpN¢ is needed in order to have p generic.



Special case 2: Upc is unitarily decomposable [3]

Definition. Let A be a m X m block matrix with blocks of dimension n X n. The
realigned matrix A is defined as

A = vec(Aq1), vec(Asr), ..., vec(An1), vec(Ars),. .. ,Vec(Amm)]T,
where vee(A) = [alt, alf, .. alk alh, . alh, . alk

for every block A, = (aig)p,qzlmn.

Consider Upge as a block matrix with blocks of dimension Ngo x Ng. If the rank of
the realigned matrix Upc is one, there exist two unitary matrices Ug and Ug such

that Uge = U ® Ue.



Theorem. Let |)) and |¢)') be two tripartite states. If I2(|())) = I (|y)")) for
a=1,..., min{Ny, NgN¢c} and the rank of Ugc is one, |¢)) and |¢') are equivalent
under local unitary transformations.

Remarks.

e The decomposition Ugc = Up ® Ue is more than what we need: 1 ® Upc|y)) =
1 ® Up ® Ugs|t)) would be enough.

e Condition on Upc: |¢) cannot be compared with all |¢').

e No conditions on the N;'s = we can also look at B-AC or C-AB.



Open problems

e non-generic bipartite mixed states (— tripartite pure states);

e tripartite mixed states;

e generalization to multipartite systems: the functions

Tr(Trj, (Trj, (... (Trjy |10) ()N ... )%3)%2)™

are invariant under local unitary transformations U; @ Uy ® - - - ® Uy.

N-partite pure states

%

(IN-1)-partite mixed states
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