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Outline

1. Introduction – chiral particles in graphene, Berry’s 

phase ππππ, absence of backscattering, antilocalisation (?)

2. Weak localisation in graphene – trigonal warping and 

“hidden” valley symmetry [high density εεεεFττττ >>1]

3. Weak localisation in bilayer graphene



J.Slonczewski and P.Weiss,  Phys. Rev. 109, 272 (1958)
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Dirac-like equation
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For one K point (e.g. ξξξξ=+1) we have a 2 component wave function,

with the following effective Hamiltonian:

Bloch function amplitudes on 

the AB sites (‘pseudospin’) 

mimic spin components of  

a relativistic Dirac fermion.



Dirac-like equation
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Chiral electrons
pseudospin direction  

is linked to an axis 

determined by 

electronic momentum.

for conduction band 

electrons,

valence band (‘holes’)
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under pseudospin conservation, 

chirality suppresses 

backscattering in a monolayer

angular scattering probability:

ϕ ϕ ϕ ϕ = 0
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Absence of backscattering



Absence of backscattering [carbon nanotubes]



Absence of backscattering [carbon nanotubes]
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Weak localisation in graphene

article 266603

long-range potential:

weak anti-localisation
short-range potential:

weak localisation



Weak localisation in graphene 2006

Experiment

Theory

“Strong suppression of weak localization in graphene”

SV Morozov, KS Novoselov, MI Katsnelson, F Schedin, LA Ponomarenko, D Jiang, and AK Geim, 

Phys Rev Lett. 97, 016801 (2006)

“Electron Localization Properties in Graphene”

DV Khveshchenko, Phys Rev Lett. 97, 036802 (2006)

“Intervalley scattering, long-range disorder, and effective time reversal symmetry breaking in graphene”

AF Morpurgo and F Guinea, cond-mat/0603789

“Weak localisation magnetoresistance and valley symmetry in graphene”

E McCann, K Kechedzhi, VI Fal’ko, H Suzuura, T Ando, and BL Altshuler, Phys Rev Lett. 97, 146805 (2006)

“Effect of disorder on transport in graphene”

IL Aleiner and KB Efetov, cond-mat/0607200

“Low energy theory of disordered graphene”

A Altland, cond-mat/0607247
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Berry phase ππππ
suppressed backscattering

weak anti-localisation?

Berry phase romantics

role of different types of disorder?

…. of trigonal warping?



Trigonal warping



Trigonal warping
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Trigonal warping
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After time               there

are             segments of 

length

Trigonal warping
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Trigonal warping leads to an additional phase 

difference between electrons travelling in 

opposite directions around closed loop:

( ) 1~/~ 222
h

r
τδ

φ
tphTr w

( ) ( )222221 /2~/~ vphTr ww hh
r

µετττ −

τFj vl ~
τ/t

τ>>t

Produces dephasing when

Trigonal warping relaxation rate:



Trigonal warping
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Model of disorder

symmetry 

breaking 

disorder
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charges lying a distance 

from the sheet

[e.g. due to 

atomically sharp 

defects or edges]

we assume that elastic scattering is 

dominated by ‘diagonal’ disorder, rate ττττ0-1



‘Hidden’ valley symmetry

Usually write 4 by 4 matrix using two sets of Pauli matrices: 
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‘Hidden’ valley symmetry

Instead, we introduce two sets of 4 by 4 Hermitian matrices:
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‘Hidden’ valley symmetry

We introduce two sets of 4 by 4 Hermitian matrices:

0;; σσσ ⊗Π=Λ⊗Π=Λ⊗Π=Λ zzzyyzxx

zzyzyxzx σσσ ⊗Π=Σ⊗Π=Σ⊗Π=Σ 0;;

[ ]
3
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ll i Λ=ΛΛ εvalley ‘pseudospin’

lattice ‘isospin’ [ ]
3

321

21
2, s

sss

ss i Σ=ΣΣ ε

[ ] 0, =ΛΣ lstwo sets commute



‘Hidden’ valley symmetry
Why?

0;; σσσ ⊗Π=Λ⊗Π=Λ⊗Π=Λ zzzyyzxx

zzyzyxzx σσσ ⊗Π=Σ⊗Π=Σ⊗Π=Σ 0;;

lyylyy Λ−=ΛΣΛΛΣ ∗
they all change sign 

under time inversion
syysyy Σ−=ΛΣΣΛΣ ∗

zzzyzx

yzyyyx

xzxyxxI

ΛΣΛΣΛΣ

ΛΣΛΣΛΣ

ΛΣΛΣΛΣ
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basis for

non-magnetic,

static disorder

16 possible Hermitian matrices:

10 time-reversal invariant6 not time-reversal

invariant
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Model of disorder

different A/B on-

site energies 

ls

zyxls

sl ruruIrV ΛΣ+= ∑
= ,,,

)()(ˆ)(ˆ rrr

( )')'()( 2
rrururu
rrrr

−= δ

charges lying

a distance

from the sheet

we assume that elastic 

scattering is 

dominated by 

‘diagonal’ disorder, 

rate ττττ0-1
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antisymmetric

vector potential 
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scattering 



Drude conductivity

trvD τ2
2
1=

density of states

per spin

in one valley

diffusion 

coefficient

Deg xx υ24=

Diagonal disorder - Drude conductivity

under isospin conservation, 

chirality suppresses 

backscattering in a monolayer

ττττtr = 2ττττ0

current operator is momentum-independent



Diagonal disorder – weak localisation

valley component ξξξξ = K or K’

lattice component αααα = A or B
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Diagonal disorder – weak localisation

pseudsospin l1 = 0,x,y,z

isospin s1 = 0,x,y,z

group Cooperons into isospin (ΣΣΣΣ) and pseudospin (ΛΛΛΛ) 
singlets (0) and triplets (x,y,z):
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isospin singlet C0

Diagonal disorder – weak localisation

plane waves in opposite directions along a ballistic segment:

plane waves
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4 by 4 matrix with

on the diagonal

8 isospin triplet modes            and           have a gap

4 isospin singlet modes           are gapless

Diagonal disorder – weak localisation
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For diagonal disorder, isospin singlet modes           are all 

gapless                , leading to weak antilocalisation

Diagonal disorder – weak localisation

0

0000~ CCCCg
zyx −++δ

Relate gapless Cooperons to the correction to conductivity
lC0

lC0

00 =Γl

dressing of Hikami boxes leads to a reduction by factor ½



What happens to the four gapless modes         when there is 

trigonal warping and symmetry breaking disorder?

For diagonal disorder, isospin singlet modes           are all 

gapless                , leading to weak antilocalisation

Diagonal disorder – weak localisation

0
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‘Hidden’ valley symmetry

leading terms do not contain valley operators Λ, so they remain 

invariant with respect to valley transformations
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Weak localisation

0

0000~ CCCCg
zyx −++δ

inter-valleysame valley

acquire gaps due to 

trigonal warping and

symmetry breaking 

disorder 

acquires a gap

from

inter-valley

scattering

truly

gapless

mode

Expect to observe suppressed weak localisation with an increased

amplitude as the degree of inter-valley scattering increases 



Weak localisation
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inter-valleysame valley

trigonal warping and

symmetry breaking disorder 

inter-valley

scattering

Expect to observe suppressed weak localisation with an increased

amplitude as the degree of inter-valley scattering increases 
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Weak localisation

yx
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inter-valleysame valley

trigonal warping and

symmetry breaking disorder 

inter-valley

scattering

We consider high density εεεεFττττ >> 1. Logarithmic dependence of 
parameters on energy discussed by Igor Aleiner this morning

[IL Aleiner and KB Efetov, cond-mat/0607200]  
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Bilayer [Bernal (AB) stacking]



Bilayer [Bernal (AB) stacking]



Bilayer [Bernal (AB) stacking]



E. McCann and V.I. Fal’ko

PRL 96, 086805 (2006)
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E. McCann and V.I. Fal’ko

PRL 96, 086805 (2006)



no suppression of 

backscattering in a bilayer

angular scattering probability:

ϕ ϕ ϕ ϕ = 0
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Bilayer graphene
Berry phase 2π π π π quasiparticles

No absence of backscattering



Drude conductivity

0

2

2
1 τvD =

density of states

per spin

in one valley

diffusion 

coefficient

Deg xx υ24=

Bilayer - Diagonal disorder - Drude conductivity

under isospin conservation, 

no suppression of 

backscattering in a bilayer

ττττtr = ττττ0

current operator is momentum-dependent



E. McCann and V.I. Fal’ko

PRL 96, 086805 (2006)
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Trigonal warping - bilayer
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Inter-layer asymmetry (electric field across the 

structure, effect of a substrate/overlayer)
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Berry phase π

suppressed backscattering

weak anti-localisation ?

Berry phase 2π

weak localisation ?
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Berry phase romantics



higher order expansion

‘trigonal warping’:

valley symmetry of wave vector K is lower 

than the hexagonal symmetry

off-diagonal       

interlayer hopping
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''''1 KKKKantisymmKKsymmKK CCCCg +++−= −−δ

''''2 KKKKantisymmKKsymmKK CCCCg −−+−= −−δ

Weak localisation correction

may be 

suppressed 

by 

intervalley

scattering

due 

to atomically 

sharp 

scatterers

or edges

iτ

can only be 

suppressed

by 

decoherence

Berry phase π

killed by

trigonal warping

reflecting

the asymmetry

in each valley

Berry phase 2π

)()( pHpH
rr

≠−

1>>τεF

High electron (hole) 

density and remote 

Coulomb scatterers



Berry phase π

‘slow’ inter-valley scattering:

neither WL nor WAL 

magnetoresistance

‘fast’ inter-valley scattering: 

usual WL magnetoresistance

cut at  

''''1 KKKKantisymmKKsymmKK CCCCg +++−= −−δ

''''2 KKKKantisymmKKsymmKK CCCCg +−+−= −−δ

Weak localisation magnetoresistance
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K. Kechedzhi, V.I. Falko,    

E. McCann, B.L. Altshuler,  

2006

E. McCann, K. Kechedzhi, 

V.I. Falko, H. Suzuura,

T. Ando, B.L. Altshuler, 

PRL 97, 146805 (2006)
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Weak localisation magnetoresistance in graphene

“Strong suppression of weak localization in graphene”

SV Morozov, KS Novoselov, MI Katsnelson, F Schedin, LA Ponomarenko, D Jiang, and AK Geim,

Phys Rev Lett. 97, 016801 (2006)



My estimates for parameters:

Fermi energy

Scattering time

Perturbative parameter

Warping time

Inelastic decoherence

Curve shown for density

and mean free path

Weak localisation magnetoresistance in graphene

“Strong suppression of weak localization in graphene”

SV Morozov, KS Novoselov, MI Katsnelson, F Schedin, LA Ponomarenko, D Jiang, and AK Geim,

Phys Rev Lett. 97, 016801 (2006)
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Weak localisation magnetoresistance in graphene

“Strong suppression of weak localization in graphene”

SV Morozov, KS Novoselov, MI Katsnelson, F Schedin, LA Ponomarenko, D Jiang, and AK Geim,

Phys Rev Lett. 97, 016801 (2006)



Summary

Crossovers between 

weak localisation/anti-localisation magnetoresistance

in graphene monolayers and bilayers

Trigonal warping suppresses the effect of chirality

[weak antilocalisation in a monolayer]

while intervalley scattering tends to restore

conventional negative magnetoresistance

E. McCann, K. Kechedzhi, V.I. Fal’ko, H. Suzuura, T. Ando, B.L. Altshuler,

Phys Rev Lett. 97, 146805 (2006)

K. Kechedzhi, V.I. Fal’ko, E. McCann, B.L. Altshuler (2006)


