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Comment on “Towards deterministic equations for Levy walks:
The fractional material derivative”
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The connection of problems considered in the paper by Sokolov and Metzler with stochastic transport in
usual space and uniform medium is discussed.
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Very interesting results have been presented in a recetives in the asymptotic equation unchanged, which is quite a
papei1] devoted to the continuous time random walk modelwell-known result. The strongest effects of finite velocity
with finite velocity of “walking” particles. This way of de- appear for3<<1/2. In this case, boundaty|=uvt (obviously
scription of the stochastic transport processes is one of thgarticles cannot reach the domdixi>uvt if in the initial
most adequate for modeling real physical systems and allowstate they had &-like distribution in the beginning of frames
us to derive corresponding transport equations without wellof referencesmoves slower than the self-similar spreading
known unphysical qualitie$2,3]. Meanwhile, the case of of the cloudxect®. That is why the condition that there are
Levy walks was scarcely investigated. Authors of Refl  ng particles afx|>vt changes not only the solution but also
suggested the solution of this challenging problem in phasghe structure of the equation itself. Combining dominant
space. Consistent results and conclusions can appear if 0f§ms in expansion of the Fourier-Laplace transform of the
considers the diffusion of a “cloud” of passive particles in gquation we can get an expression which was defined by
ordinary space in homogeneous and isotropic mgZlidone  aythors of Ref[1] as a fractional analog of material deriva-
can have the resonance radiative transfer in coronal plasmgye, Asymptotic equation obtained in this way has a number
where excited states of ions andquanta are walking par-  of interesting features. First of all let us note that depending
ticles, as a physical example of such a systemyLiights  on , the boundaryx|=vt can move quite fast and leave

proved to be the appropriate language for description of thignough time (~v(«~ 1) for self-similar evolution of the

process{4,5], in particular, Ley walks, if the finiteness of cloudxect®—*old” asymptotic becomes intermediate. When

the velocity of light is taken into account. Motion of particles the boundary begins to play its role we can explicitly follow

IS 99"e”.‘ed by two proba_blllty Ia\/\lsgndg, Wh'(.:h stan.d for the transition of that asymptotic, into final one with new
waiting time at a given point before jump and jump distances

probability distribution, respectively. f has slow decaying self-similarity xct (cf. ballistic and subballistic regimes in
power law tailsfet-1-7, y<1, we deal with subdiffusion Ref.[1]). It is remarkable that for somg8 we succeeded to

behavior, and power law tails af, gt 2f~%, B<1, are f|n_d exact s-olut|ons in ordinaryx(t) space; in partlcular,.for.
. e . =1/4, which corresponds to the Lorentz contour of line in
responsible for superdiffusion. In a general case, density

the cloud(n) satisfies the following asymptotic equation with E:aen F;ng'%il p;%belfarnzgg rf"’g:'iq“:jﬁiéir;résrfgigrig:t'g;:eqsui\t'gr;zr
fractional derivatives: g :

conventional superdiffusion transition to multidimensional
» problem is quite trivial and can be done by replackg
‘7_n: —K(=A)®n Fourier transform of fractional power of Laplacian by vector
Y ' |k|. Situation is completely different in the present case—we
do not have such a simple expression for fractional material
with corresponding speed of spreading of the cloudt®,  derivative as in one dimensioiD). However, from math-
a=+/(2). For simplicity, we will considery>1, then the ematmal poujt_of view, operations with it are not substan-
fractional derivative on the left-hand side will be replaced bytially more difficult. For example, in 3D case this operator
usual first-order time derivative. Introducing finite and con-appears as follows:
stant velocity of moving particles,, we come to the integral
equation which can be treated using Fourier and Laplace
transformg Wlth resp.e.ct to space and time varlablgs. Wlt.h the (plv+i |k|)2’3+1— (plv—i |k|)2/3+1
help of limiting transitionk,p— 0 (k,p stand for variables in i
Fourier and Laplace spaceorresponding to,t—, one 2i|k|cosmp
can study asymptotic properties of the equation. [Bor
>1/2, finiteness of the velocity changes the value of the
coefficientK while leaving fractional exponents of deriva- (but in 2D case the situation is quite differgnt
Thus, we want to outline that Lgwvalk approach can be
successfully used also for description and thorough investi-
*Electronic address: chukbar@dap.kiae.ru gation of the diffusion of real particles in ordinary spafmr
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