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Abstract
We theoretically investigate howone can achieve a preferred rotational direction for the case of a
simple electrostaticmotor. Themotor is composed by a rotor and two electronic reservoirs. Electronic
islands on the rotor can exchange electrons with the reservoirs. An electrostatic field exerts a force on
the occupied islands. The charge dynamics and the electrostatic field drive rotations of the rotor.
Coupling to an environment lead to damping on the rotational degree of freedom.Weuse two
different approaches to the charge dynamics in the electronic islands: hopping process andmean-
field. The hopping process approach takes into account chargefluctuations, which can appear along
Coulomb blockade effects in nanoscale systems. Themean-field approach neglects the charge
fluctuations on the islands, which is typically suitable for larger systems.We show that for a system
described by themean-field equations one can in principle prepare initial conditions to obtain a
desired rotational direction. In contrast, this is not possible in the stochastic description.However, for
both cases one can achieve rotational directionality by changing the geometry of the rotor. By scanning
the space formed by the relevant geometric parameters we find optimal geometries, whilefixing the
dissipation and driving parameters. Remarkably, in the hopping process approach perfect rotational
directionality is possible for a large range of geometries.

1. Introduction

Rotarymotors are paradigmatic devices which transform input energies in controlled rotations. These rotations
can be employed to yieldwork, powering a nanomachine for instance [1, 2]. In themicro-scale these devices
have been assembledwith nanowires [3, 4] andmicrofabricated gears [5]. Since the advent of thefirst synthetic
molecularmotor [6, 7], many different designs for nano-scalemotors were proposed [8–13] and realized [14–
21]. Significant steps towards application of rotarymotors have beenmade, for instance they have been used to
propel amolecule in a Cu(111) surface [22], rotatemicroscale objects [23] and control chemical reactions [24].
These devices can be driven inmany different ways, using e.g. light [5, 6, 16], chemical energy [7, 25], electronic
current [17, 20, 21] and electric fields [3, 15]. Recent publications [11–13] consider single-electron tunneling to
drive a nanoelectromechanical rotor. In the present work, wewill focus on the setup of [11]. In this setup,
sketched infigure 1, amechanical rotor is placed between two leads at different chemical potentials. The rotor
has islands (capacitors) attached to its tips and electrons can tunnel from the ‘source’ lead to the islands and from
the islands to the ‘drain’ lead. An electrostatic field between the leads induces a force on the charged islands,
which eventually leads to a torque on the rotor.

The charging and discharging processes depend fundamentally on the size of the islands, and consequently
on the size of the device. For nano-scale devices where theCoulomb blockade plays a role, the islands can only
host a small number of electrons (in the extreme case only one). In this case, charge fluctuations caused by the
stochastic nature of the tunneling process lead to torquefluctuations on the rotor. Formacroscopic rotors,
chargefluctuations are typically irrelevant because they are very small compared to themean charge on the
islands. Similarly, torque noise arising from thermalfluctuations is typically negligible compared to the other
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torques acting upon amacroscopic rotor. Aswe discuss in section 2.4, themacroscopic system in this paper can
be considered deterministic within experimentally relevant time-scales. In [11] it has been shown that amean-
field description, which is valid formacroscopic rotors, is also able to reproduce certain aspects of the stochastic
descriptionwhich describes rotors in theCoulombblockade regime. In particular, it has been found that by
increasing the ratio of the driving and damping parameters one obtains a regimewhere the rotor is performing
rotationalmotion and the (averaged) angularmomentum is the same in the stochastic and themean-field
description.

Formany applications it is crucial to attain control over the directionality of the rotations of themotor. One
possible way of achieving this is picking a specific initial condition (IC)which leads to rotations predominantly
in the desired direction. The IC is characterized by the initial angularmomentum ( )= =L t L0 0, the initial
angle ( )q q= =t 0 0, and the initial electronic charges ( )=Q t 0A and ( )=Q t 0B on the islands.However, the
experimental preparation of a specific IC can be difficult, imprecise or even inconvenient, depending on the
system scale, suppression of noise-sources, etc. Moreover, imperfections in the rotor fabrication, e.g. in the
length of its arms, angle between them, capacitances of the islands, etc could also lead to uncertainty in the
rotational direction. Another way of attaining rotational directionality is tomake a rotation direction
‘preferable’.With ‘preferred direction’wemean thatmost of, or even all ICs lead to rotations in this direction.
For a perfectly symmetric rotor, it is intuitively clear that no directionality is achieved: for each IC leading to a
certain rotation direction there exists another one leading to the opposite direction. This gives rise to the
questionwhich symmetries of the rotor one has to break in order to achieve directionality of the rotatory
motion.

In this paper, we show that by changing simultaneously the angle between the arms of the rotor and their
length, it is possible to introduce a preferred direction of rotation.We search in particular for geometries which
lead to directional rotatorymotion.Wewill also see that it is not sufficient to change either the angle or the
length alone. For some geometries all ICs end up rotating in the same direction andwith the same time-averaged
angularmomentum. Itmeans that no control over IC is required to achieve a certain direction of rotation, and
thatwithin some constraints, the rotor fabrication can also present imperfections.

The paper is organized as follows. Section 2 presents a description of the electrostaticmotor. In this section
(and in the following two)wediscuss the dynamics of the systemusingmean-field equations ofmotion.We use
these equations for two reasons: on the one hand,many concepts can bemore easily understood; on the other
hand, these equations describe the dynamics ofmacroscopic systems.Within this sectionwe also discuss the
limitations of themean-field approach. In section 3we discuss, as a reference, the symmetries of the symmetric
rotor IC-space which hinder the rotational directionality. In section 4 these symmetries are broken and
rotational directionality is achieved. In section 5we extend our results to the case of nanoscale devices. Since
Coulombblockade can play a role in this scale, we use a hopping-process approach for the charging. One of the
mainfindings of this section is that the rotational directionality is not fundamentally linked to determinism, and
can be achieved by breaking the very same symmetries as in the previous sections. Finally, we summarize our
results in section 6.

Figure 1. Sketch of the setup and its relevant parameters. The setup is composed by a rotor (shaft, arms and islands A andB) and two
negative charge reservoirs (source and drain). The rotorʼs orientation is given by θ. The islands A andB are (dis)charged by the source
(drain)with rate Win

A B/ (Wout
A B/ ). An electrostaticfield


E exerts a force


F on the charged islands.While in (a) the symmetric rotor is

shown, in (b) the asymmetric rotor is displayed together with the parameters to describe the deviation from the symmetric case.
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2.Mean-field equations and definitions

In this sectionwe presentmean-field equations ofmotion for the rotor, discuss as special example the symmetric
rotor, and provide definitions of several quantities whichwill be of interest in the following sections.

2.1.Mean-field equations ofmotion
Weconsider a rotor composed of insulating arms and electronic islands A andB placed at their ends as sketched
infigure 1. The rotor is immersed in a regionwith a homogeneous, time-independent electric field E, directed
along the horizontal axis. To specify the orientation of the rotor, we use the angle θ between the rotor arm
connected toA and the horizontal line as indicated infigure 1.We allow the two arms of the rotor to be tilted
with respect to each other, and denote the angle between thembyβ. The islands can host charges QA and QB up
to a certain limit Qmax (chosen to be equal for both islands)which is given by their capacitances =C CA B. As in
[11], we start by considering the dynamics using amean-field approachwhere charge fluctuations are neglected
and the charge dynamics is purely deterministic. Thismean-field approach allows one already to understand the
fundamentals of the symmetry-breaking and is strictly valid formacroscopic devices (see appendix B).The
hopping-process for the tunneling, which ismore suitable to nanoelectromechanical devices, will be considered
in section 5. The equations that describe the charge dynamics on the islands in themean-field the are given by

( )( ) ( ) ( )q q= - -
Q

t
W Q Q W Q a

d

d
, 1A

in max A out A

( )( ) ( ) ( )q b q b= + - - +
Q

t
W Q Q W Q b

d

d
, 1B

in max B out B

where t is time, ( )q¢Win and ( )q¢Wout are charging and discharging rates, respectively, and their argument q q¢ =
for the islandA and q q b¢ = + for the islandB.We assume ( )qWin out/ to be positive even functions (their
functional dependence on the angles θ and q b+ is going to be specified in section 2.3). In the followingwe use
dimensionless quantities.We define t = t t0 (t0 is a characteristic time-scale for the electronic dynamics),

( ) ( )=q t Q t QA A max and ( ) ( )=q t Q t QB B max and ( ) ( )q q¢ = ¢w t Win out 0 in out/ / . Then the dimensionless
version of equations (1a) and (1b) is

( )( ) ( ) ( )
t

q q= - -
q

w q w q a
d

d
1 , 2A

in A out A

( )( ) ( ) ( )
t

q b q b= + - - +
q

w q w q b
d

d
1 . 2B

in B out B

Since the rotor is placedwithin an electric field, the islands experience a force when they are charged.Within
themean-field approach onefinds the following set of coupled equations for the dynamics of themechanical
degrees of freedom (For a derivationwe refer to appendix A)

( ( ) ( ) ) ( )
t

h c q c q b g
¶
¶

L = - + + - Lq q a2 sin sin cos sin , 30 A B

( )
t
q

¶
¶

= L b. 3

Here, we have introduced the dimensionless angularmomentum L = t L I0 , where L is the actual angular
momentum and I is themoment of inertia of the rotor. The asymmetry parameter [ ]c pÎ 0, 2 is given by

c = l ltan A B, with ( )lA B being the length of the arm containing islandA(B). The driving strength h > 00 is

∣ ∣ ( )h =
+ ⎡

⎣⎢
⎤
⎦⎥

l l t Q E

I2
, 40

A
2

B
2

0
2

max

with ∣ ∣


=E E being the electric field strength. A surrounding environment leads to the phenomenological
damping-term,whose strength is given by the dimensionless viscosity parameter γ. The dimensionless quantities
can be seen in table 1.

Note that ( )q tA and ( )q tB are determined by equations (2a) and (2b). Since the right-hand side of
equations (2a) and (2b)depends on the angle θwe have to solve the nonlinear systemof coupled
equations (2a)–(3b).

2.2.Quantities of interest
Weare interested in the influence of ICs on the steady-state behavior of the system. In particular we are
interested in the time-average of the angularmomentum (sign andmagnitude) and charge current. The time-
averaged angularmomentum is defined as

3
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( ) ( )




òt
t táLñ =

-
L

t

1
d , 5

tran tran

where ttran is a typical transient time3 and  is sufficiently large tomake áLñ reach its stationary value.
We also investigate the time-averaged electronic current that flows through the system, and its dependence

on the ICs. The dimensionless time-averaged current is defined as

[ ( ( )) ( ) ( ( ) ) ( )] ( )




òt
q t t q t b t tá ñ =

-
+ +

t
J w q w q

1
d , 6

tran
out A out B

tran

and the physical current is then given by á ñJ Q tmax 0. Again, we consider the same transient-time ttran as in
equation (5) and  to be large enough such that á ñJ reaches its stationary value after  . In order to calculate áLñ
and á ñJ we solve the set of equations (2a)–(3b)numerically, and use the trajectories to calculate the time-integrals
(5) and (6).

2.3. Specific formof the (dis)charging rates
Although our discussion does not require any specific formof ( )q¢win out/ wewill use as an example the
functional form adopted in [11] to describe a nano-scale electromechanical rotor, namely

( ) ( )( )q¢ = x q- ¢w ae , 7in
cos

( ) ( )( )q¢ = x q¢w be . 7out
cos

In [11] this particular formof ( )q¢win out/ stems from the exponentially decreasing (with respect to the lead-
island distance) tunneling rates4. In this workwewill take ξ to be identical for the two islands and for source and
drain5.

2.4. Realization and validity of themean-field equations
Themean-field equations (2a)–(3b) describe amacroscopic system. For instance, the electronic part of the
system can be realized using RC circuits, where the electronic islands are capacitors whose capacitance has a
specific angular dependence to reproduce the (dis)charging rates from equations (7a) and (7b) (details are given
in appendix B). Inmacroscopic capacitors the chargefluctuations can be neglected. Therefore one does not need
to consider any torque-noise coming from the charge fluctuations in typicalmacroscopic systems and
equations (2a) and (2b) are valid. In smaller scales charge fluctuations can be comparable to the chargemean
value and thus charging/discharging processesmust be treated stochastically.We consider this in the extreme
case of Coulombblockade limit in section 5.

The presence of the damping term g- L leads, according to the fluctuation-dissipation theorem, to torque

fluctuations [28].We consider this by adding a Langevin noise term ˜ ( )g tFT2 to equation (3a). Here T̃ is a
dimensionless temperature and the relevant averages over realizations of thewhite noise ( )tF are ( )táF ñ = 0re

and ( ) ( ) ( )t t d t táF F ñ = -1 2 re 1 2 . The relation between physical parameters and T̃ is given by ˜ =T k Tt IB 0
2 ,

Table 1.Dimensionless quantities and their definitions.

Quantity Symbol Formula

Time τ
t

t0

Charge qA B/

Q

Q

A B

max

/

Charging rate ( )qwin out/ ( )qt W0 in out/

Angularmomentum Λ
t L

I
0

Asymmetry parameter χ ( )arctan l

l
A

B

Driving strength h0
∣ ∣+ ⎡

⎣⎢
⎤
⎦⎥

l l t Q E

I2
A
2

B
2

0
2 max

3
In deterministic systems it is well defined that a dissipative systemneeds a certain time ttran (depending on the ICs) to reachwith a certain

precision an asymptoticmanifold in phase space called attractor [26]. For systems described by stochastic differential equations one still has
the concept of transient-time, although the concept of attractors as asymptoticmanifolds in phase space becomesmeaningless [27].
4
In the nanoscale realization the dimensionless parameter ξ is related to the so-called tunneling lengthλ by x l= l , where =l lA,B is the

length of the arm attached toA or B [11], as one can identify infigure 1. The tunneling length is determinedmainly by the choice ofmaterials
used to build the leads aswell as the systems implemented as islands.
5
Since =l lA,B is the length of the rotorʼs arms, one sees immediately that one needs specific tunneling lengths lA,B in order to keep ξ

independent on the considered island. This could be done, for instance, using differentmaterials for the islands.

4
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where kB is the Boltzmann constant andT is the temperature. Notice that typicalmacroscopic physical
parameters lead to a very small value of T̃ . For instance, setting =t 1 s0 , = ´ -I 3.4 10 kg m5 2 and =T 300 K
gives ˜ » -T 10 16. Although very small, this noise will, for an infinitely long time of integration, wash out all the
dependence on the ICs.Nevertheless, forfinite times the questionwhether one can rely on the dependence on
ICs depends on the time-scale one is interested in.We have recalculated all ourmean-field results setting
˜ = -T 10 9 for times as long as a day in the experiment.Within the resolution of our figures, no differences can be
observedwhen comparingwith the the results from the deterministic equations (3a) and (3b) and therefore we
can safely disregard the Langevin noise ˜ ( )g tFT2 formacroscopic systems.

3. Symmetric rotor

For reference, we start with the dynamics of the symmetric rotor (b p= and c p= 4), which has aligned arms
with the same length ( =l lA B). Fromnowon, wewill consider the charge IC ( ) ( )t t= = = =q q0 0 0A B .We
have used themean-field equations (2a)–(3b) throughout this section.

3.1. Invariances of the symmetric rotor
In the case of the symmetric rotor, solutions of the coupled equations (2a)–(3b) possess the following invariance:
Substituting L̃ = -L and q̃ q= - simultaneously in equations (2a)–(3b), i.e. changing the direction of rotation
and reflecting around q = 0, one obtains the same equation. This invariance (with the rotation inversion)
occurs also for reflections around q p= 2 and around q p= 3 2. Due to these invariances, for every counter-
clockwise (positiveΛ) rotating solutionwith IC ( )qL ,0 0 there is another clockwise (negativeΛ) rotating one
with IC ( )q-L -,0 0 . This invariancewill be of fundamental importancewhenwe consider the time-averaged
angularmomentum áLñ, which is a function of the IC, averaged over q0 for a rotor initially discharged
( ( ) ( )t t= = = =q q0 0 0A B ) and at rest (L = 00 )

( )òp
qáLñ = áLñ

p1

2
d , 8

0

2

0

which becomes exactly zero in the presence of this invariance.

3.2. IC-space of the symmetric rotor
It turns out that the steady-state dynamics depends sensitively on the ratio h g0 [11]. For a given ξ one has three
dynamical regimes: for very small h g0 there is nomotion at all and the rotor rests in the position q p= 2. For
larger h g0 there is an interval where oscillations are found. Above a certain threshold of h g0 rotationalmotion
sets inwhere the angularmomentum increases approximately as the square root of h g0 . As said before, herewe
focus on parameters where rotationalmotion occurs andwewill consider the case x = 2 as an example.

Figure 2 shows áLñcalculated in the IC-space for two values of h g0 . Red stands for clockwise (negative áLñ)
and blue for counter-clockwise (positive áLñ) rotation direction. Throughout the IC-space, for both negative
and positive áLñ, one has the same ∣ ∣áLñ . In both plots one observes intertwined patterns spiraling towards
( )q p= L =2, 00 0 and ( )q p= L =3 2, 00 0 . These points correspond to the standstill situation (L = 0)
with the rotor in a vertical orientation. Both locations arefixed points in phase space: once the system reaches
those states, it stays there forever. The spiraling pattern around thesefixed points can be understood as follows:
the rotor transiently oscillates and as it swings it gains energy until it reaches the rotatory steady-state. In each

Figure 2.Time averaged angularmomentum (color) áLñ as a function of the ICs ( )L Q,0 0 for ( ) ( )t t= = = =q q0 0 0A B ,
x g= =2.0, 1 and (a) h g = 10.00 (b) h g = 5.00 . Red stands for clockwise (negative áLñ) and blue for counter-clockwise (positive
áLñ) rotation direction. These results were obtained using themean-field equations (2a)–(3b).

5
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half oscillation the rotor has the chance to set into the rotatory steady-state with a certain rotation direction. If it
does not have enough energy, it performs another half oscillation gainingmore energy and having the
opportunity to start rotating into the opposite direction. This process is repeated until the stationary rotatory
state is reached, whose direction depends on the IC of the rotor. For ICs closer to the fixed points a larger
number of oscillations is required to reach the steady-state6 and small changes of the IC can lead to a different
direction of rotation. This fact causes the complex spiraling pattern seen in the figures. As one decreases the
driving strength h0 the rotor gains energymore slowly and thereforemore andmore oscillations are required in
order to reach the rotatory regime, which in turn leads also tofiner spiraling patterns, as one sees infigure 2(b).

Infigure 2 one can also see a consequence of the invariance discussed above in section 3.1, namely an anti-
symmetry around q = 00 (q p=0 ) and q p= 20 (q p= 3 20 ) and L = 00 . This anti-symmetry implies in
particular that áLñ = 0. In the following sectionwewill showhowone can induce a preferred rotation direction,
i.e. tomake áLñ ¹ 0, even in the case when the angularmomentum is initially zero.

Nowwe turn our attention to the second quantity of interest defined in section 2.2, namely the time-
averaged current á ñJ . The time-averaged current only depends on themagnitude (and not on the sign) of the
angularmomentum. Therefore all ICs lead to the same time-averaged current andwe do not present a plot of á ñJ
as a function of the ICs ( )qL ,0 0 .

4. Asymmetric rotor

In this sectionwe investigate howone can obtain áLñ ¹ 0 by breaking the rotorʼs symmetrywithin themean-
field approach.

4.1. Changing eitherβ orχ: no directionality of the rotatorymotion
Individual alterations of the parametersβ orχ (e.g. just ¹l lA B) do not lead to a preferred rotational direction,
since for every solution ( ( ) ( ))q Lt t, of equations (3a) and (3b) there is another solution
(˜ ( ) ˜ ( ))q q f= - + L = -Lt t, , wheref is afixed angle. Although those changes do not introduce a preferred
rotational direction, it is instructive to understand the effects of changingβ andχ in equations (3a) and (3b).
Examples can be seen infigure 3, where áLñ is plotted as a function of the ICs ( )qL ,0 0 again. Red stands for
clockwise (negativeΛ) and blue for counter-clockwise (positiveΛ) rotational direction.Notice that although áLñ
changes sign across the IC-space, its absolute value is constant. Infigure 3(a) one sees the case ¹l lA B (c p¹ 4)
and b p= , while in b) the case =l lA B (c p= 4) and b = 2 is shown. Thefigure 3(a) looks qualitatively
similar tofigures 2(a) and (b). Again, one hasfixed points (the same as for the symmetric rotor) and a patterned
structure that spirals towards them.Nevertheless, the point anti-symmetry around the fixed points q p= 2
and q p= 3 2 (L = 0) is no longer present. This can be seen by comparing the lengths of the line segments 1
and 2 (3 and 4) infigure 3(a), which are thewidths of regionswith the same áLñmeasured symmetrically with
respect to the aforementioned fixed points. The point anti-symmetry around the fixed points q = 0 and q p=
is preserved though. Figure 3(b) presents other differences when compared tofigures 2(a) and (b): twofixed
points disappear and other two are localized at different positions, namely q p b= -2 2 and q p b= - 2.

Figure 3.Time averaged angularmomentum (color) áLñ as a function of the ICs (L Q,0 0) for x = 2.0, g = 1, h = 100 and
( ) ( )t t= = = =q q0 0 0A B . In (a) c = 0.7 and b p= .Markedwithwhite lines is thewidth of several regionswith the same áLñ. In

(b) c p= 4 and b = 2 (notice the shifted q0-axis). The color coding is as infigure 2. These results were obtained using themean-
field equations (2a)–(3b).

6
In the vicinity of these fixed points a small charge imbalance builds up, leading to a torque that drives an oscillation. As the time goes on the

oscillation is amplified until the rotor starts to rotate. Notice that the closer one starts from the referred points the smaller thefirst oscillation
amplitude is, and therefore one needsmore oscillations until the rotor starts rotating.

6
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Nevertheless, the IC-space is still point anti-symmetric with respect to the fixed point positions, and therefore
again one has áLñ = 0. The complete breakage of these point anti-symmetries is just possible by setting both

c p¹ 4 and b p¹ , and it is exactly this symmetry-breaking that will be exploited to generate directed
rotationalmotion in the next section.

4.2. Changing bothβ andχ: directionality of the rotatorymotion
In order to obtain a preferred rotational direction one needs to choose ¹l lA B (c p¹ 4) and b p¹
simultaneously. The resulting set of equations does not feature pairs of solutions ( ( ) ( ))q Lt t, and ( ( ) ( ))q¢ L¢t t,
such that ( ) ( )q q f¢ = - +t t and ( ) ( )L¢ = -Lt t .

To quantify the resulting directionality of the rotatorymotionwe define a directionalitymeasure in the IC-
space

( )=
áLñ

áLñ
M , 9

2

where the overbar was defined in equation (8). Note thatM is zerowhen áLñ = 0. For the case where all the q0

lead to rotation in the same direction (andwith the same angular velocity) one has = M 1. By changing from
negative to positive values ofM (or vice versa), one just changes the direction of rotation.

Thefigure 4 showsM as a function of the parametersβ andχ.White indicates no rotational directionality,
while fromwhite to blue (red) an increasing value of the directionalitymeasure is found, with a positive
(negative) áLñ. Infigure 4we set the parameter g = 1and vary h0 (in (a)–(c)). Along the two lines b p= and
c p= 4 wehaveM=0, as expected. TheM values are also anti-symmetric about those lines and,
consequently, point-symmetric with respect to ( )c p b p= =4, . This point-symmetry steams from the
analytic form inwhich the parametersχ andβ appear into equation (3a), and therefore it is present
independently of the chosen γ and h0 (and ξ). Infigure 4 (a) (h g = 50 ) and (b) (h g = 100 ) there are regions
with ∣ ∣ =M 1, inwhich a total rotational directionality is achieved. For instance, the point C infigure 4(b) has
M=1. In this case all the ICs lead to the same áLñ (even for large ∣ ∣L0 ). However, infigure 4(a) almost all the
parameter space presentsM=0, since for such small ratio h g0 the rotor has áLñ = 0 formost of the ( )c b,
values. Regionswhere ∣ ∣ <M 1are also displayed infigures 4(b) and (c) (h g = 300 ). Interestingly, figure 4(c)
presents no ∣ ∣ =M 1 regions, although larger extensions of the parameter space have ∣ ∣ >M 0. No significant
changes in thesefigures are verifiedwhen x = 1or x = 4.

Examples for the cases ∣ ∣> >M1 0 are the points A andB. For these points we generate the IC-space of
figure 5. Infigures 5(a) and (b)we plot áLñ in the IC-space for the same parameters as in the point A(B) of
figure 4. There, wefind =M 0.47 ( =M 0.88). Thewhite line is drawn infigure 5 just with the purpose of
indicating the locuswhere the IC-average is performed. By comparing the segments of thewhite linewhich are
inside regionswith positive and negative áLñ in bothfigures 5(a) and (b), and noting that ∣ ∣áLñ is the same for
both red and blue regions, one can understandwhy the point B presents a stronger rotational directionality than
point A infigure 4(b).We do not show afigure with áLñas a function of the ICs for the same parameters as on the
point C offigure 4(b) because all the ICs lead to the same áLñvalue (even for L ¹ 00 ).

Figure 4.DirectionalitymeasureM defined in equation (9) as a function of the parameters ( )c b, , for x = 2 and g = 1. These results
were obtained using themean-field equations (2a)–(3b).
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5.Nanoscale rotor: stochastic tunneling

If the size of the rotor (in particular the islands) is shrunk, such that only single electrons are transferred, the
mean-field description used in section 2 is not suitable. The charge fluctuations can be of the order of themean
values and it ismore appropriate to consider the (dis)charging of the islands as a hopping-process. For the sake of
clarity we consider parameters for which torque noise stemming from thermal fluctuations is negligible
compared to that one coming from chargefluctuations. Now the islands can either be empty or occupied by one
electron, so that the charges QA and QB can be either 0 or-e. The occupation in the islands changes from0 to
-e or vice versawhenever a tunneling event occurs. The tunneling ismodeled as a stochastic event. The
probability for a tunneling event during an infinitesimal time interval td is

( ) ( )t q= ¢P W ad d , 10iin, in

( ) ( )t q= ¢P W bd d , 10iout, out

where Pd iin, ( Pd iout, ) is the infinitesimal probability of tunneling in(out) the island =i A, B, and q q¢ = for
i=A and q q b¢ = + for i=B.

In order to assess the impact of this stochastic (dis)charging on the directionality of the rotatorymotionwe
exemplarily calculate directionalitymeasure as a function of the parameters ( )c b, . Since the tunneling is a
stochastic process, one needs to redefine the directionalitymeasure. Instead of considering áLñand áLñ2, we
consider their average over the realizations ááLññre and ááLññre

2 , such that the new directionalitymeasure is

( )=
ááLññ

ááLññ
M , 11stoch

re

re
2

where á ñ... re is an average over realizations and the overbar the same average over ICs as in equation (9). The
directionalitymeasure =M 0stoch when ááLññ = 0re . For = M 1stoch one has all ICs leading to net rotations

Figure 5.The averaged angularmomentum áLñ as a function of the ICs ( )qL ,0 0 for the set of parameters correspondent to (a) point A
( )c b= =0.7, 4.2 , (b)point B ( )c b= =0.55, 4.3 in figure 4(b) . The color coding is as in figure 2. Along thewhite line in the
figures the directionalitymeasurewas calculated, as (a) »M 0.47 and (b) »M 0.88. These results were obtained using themean-
field equations (2a)–(3b).

Figure 6.Directionalitymeasure Mstoch defined in equation (11) (hopping process results) as a function of the parameters ( )c b, , for
x = 2 and g = 1 (same parameter set and color coding as in figure 4).
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in the same directionwith the same ááLññre, such that the sign just indicates the direction of rotation. Itmust be
noted that the sign of ( )L t within a single trajectory can changewith time, even thoughwe have = M 1stoch .

Thefigure 6 shows Mstoch as a function of the parameters β andχ for the same γ, h0 and ξ as infigure 4.
White indicates no rotational directionality, while fromwhite to blue (red) an increasing value of the
directionalitymeasure is found, with a positive(negative) áLñ. Mstoch presents the same symmetry in the
parameter space asMdoes. Along the two lines b p= and c p= 4 wehave the expected =M 0stoch value.
The Mstoch values are also anti-symmetric about those lines and, consequently, point-symmetric with respect to
( )c p b p= =4, . Again, this symmetry is independent of the chosen h0 and γ. Thefigure 6 features extensive
regions of total or partial rotational directionality, namely in the red–yellow and blue–cyan areas. This
represents a striking difference to themean-field equations results fromfigure 4. The results also do not depend
on h g0 so sensitively as in themean-field case (compare figure 6with figure 4). Nevertheless, the ∣ ∣ááLññre

achieved is smaller than the typical áLñ from themean-field case. This can be partially explained by the fact that
( )L t can change its signwithin a single trajectory.

6. Conclusions

In the present workwe have studied how to control the rotational direction of an electromechanical rotor.We
describe the charge dynamics in the islands using two different approaches: amean-field approach, where charge
fluctuations are disregarded; and a hopping-process approach, where the charge transfer occurs via stochastic
tunneling events. Thefirst approach is valid for amacroscopic electromechanical rotor (see appendix B), while
the second one ismore appropriate for a nanoelectromechanical device where theCoulombblockade effect is
relevant.

In themean-field approach, rotational direction control can be achieved in two different ways: one can
either select the rotational direction via choosing an appropriated IC, or one can break the symmetry of the rotor
to introduce a preferred rotational direction. In order to experimentally perform the firstmethod in a
macroscopic system, the precision of the IC preparationmust be high enough to resolve structures in the IC-
space.While ourmean-field calculations show that increasing the ratio h g0 also increases the IC-space size of
the structures, through the hopping-process calculations one sees that charge fluctuations can destroy the
dependence of the systemon the IC. Thismeans that an IC preparation schememay fail for a real
nanoelectromechanical rotor. Apart from that, fabrication imperfections can also spoil the attempts of selecting
a specific ICwhich leads to a certain rotational direction. In contrast, our numeric simulations show that, by
breaking the rotorʼs symmetry,most or even all ICs lead to the same rotational direction. For that reason, we
focused on the symmetry-breaking procedure.

We have shown that one needs to change the systemʼs parametersχ andβ simultaneously in order to break
the symmetry of the rotor. The parameterβ is tuned by setting a tilting angle between the two rotorʼs armsWe
have considered the ratio between the arms’ lengths to determineχ, but another waywould be having islands
with differentmaximal charges QmaxA B/ . The parameter space of bothmean-field and stochastic equations
features extensive areas where a total rotational directionality (with directionalitymeasuremodulo 1) is present.
In these areas, IC-space scans indicate that the same áLñ(ááLññre) in themean-field(hopping-process) approach
is obtained independently of the chosen IC. As shown in section 5 the directionality is not fundamentally linked
to determinism, as a preferred rotational direction still exists although charge fluctuations completely erase the
dependence on the ICs. The symmetry-breaking procedure works for large sections of the parameter space. In an
experimental realization of our equations, imperfections in the rotor fabricationwithin the limits of these
sectionswould not spoil the symmetry-breaking. Additionally, our stochastic simulations feature large regions
in the parameter space leading to rotational directionality. Thus, this proceduremaywork specially well for
nanoelectromechanical rotors.
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AppendixA.Derivation of themechanical equations ofmotion

In this sectionwe derive equations (3a) and (3b), which determine the dynamics of the rotorʼsmechanical
degrees of freedom. The torqueT that acts on the rotor is given by
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( ) ( )q q b l=
¶
¶

= + + -T
t

L l EQ l EQ Lsin sin , A.1A A B B

where L is the angularmomentumof the rotor. The equation for the angle θ is

( )q
¶
¶

=
t

I L, A.2

where I is themoment of inertia of the rotor. Dividing equation (A.1) by Q I tmax 0
2 one obtains

( ) ( )q q b
l¶

¶
= + + -

⎛
⎝⎜

⎞
⎠⎟t t

Lt I

Q

l E

I t

Q

Q

l E

I t

Q

Q I t Q
Lsin sin . A.3

0

0

max

A

0
2

A

max

B

0
2

B

max 0
2

max

Using dimensionless parameters as defined in table 1 and g l= t0 one obtains

( ( ) ( ) ) ( )
t

h c q c q b g
¶
¶

L = - + + - Lq q2 sin sin cos sin , A.40 A B

which is identical to equation (3a).
Equation (3b) is obtained after dividing equation (A.2) by I t0.

Appendix B.Macroscopic realization of themean-field equations

According to equations (1a) and (1b), the charge dynamics inside an island is determined by

˙ ( )( ) ( ) ( )q q= ¢ - - ¢Q W Q Q W Q, B.1in max out

whereQ is the charge on the islandwithmaximumvalue Qmax andWin out/ are periodic functions of q¢ of the
form

( ) ( )q¢ = x q- ¢W
t

1
e , B.2in

0

cos

( ) ( )q¢ = x q¢W
t

1
e . B.3out

0

cos

One could think of realizing equation (B.1) by using a RC circuit with two capacitors with capacitances Cin and
Cout configured in series

˙ ˙ ( )= + + = +
+⎛

⎝⎜
⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟V RQ Q

C C
RQ Q

C C

C C

1 1
, B.4

in out

in out

in out

whereV is the voltage of the circuit and ( ) ( )= +C C C C Cin out in out is the effective capacitance. Comparing
equations (B.1) and (B.4) one obtains

( )
( )

( )q
q

¢ =
¢

W
C R

1
, B.5in

in

( )
( )

( )q
q

¢ =
¢

W
C R

1
, B.6out

out

or

( ) ( )q¢ = x q- ¢C
t

R
e , B.7in

0 cos

( ) ( )q¢ = x q¢C
t

R
e . B.8out

0 cos

Finally, the voltage also has an angular dependence, namely

( )
( )

( )q
q

¢ =
¢

V
Q

C
. B.9max

in
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