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Abstract

Interactions among the multitude of macromolecules populating the cytoplasm can
lead to the emergence of coexisting phases formed via phase separation. This phe-
nomenon plays a crucial role in the spatial organization of cells and the regulation of
their functions. Many of the molecules that drive phase separation can undergo tran-
sitions among different states. Proteins, for example, can go through conformational
transitions and switch among different phosphorylation states. In addition, pro-
teins that are relevant for phase separation can assemble into oligomers of different
sizes. Both molecular transitions and oligomerization can be described as chemical
reactions in the context of theories that account for phase separation in multicompo-
nent mixtures. In this work, we discuss how chemical reactions can be used to con-
trol coexisting phase composition and shape. In particular, focusing on molecular
transitions among two states of a protein, we find a discontinuous thermodynamic
phase transition in the composition of the protein-dense phase, as a function of tem-
perature. Breaking detailed balance of the molecular transition by continuous fuel
addition can also be used to control the number of distinct coexisting phases and
their composition. Additionally, fuel turnover can lead to the emergence of novel
patterns as the system approaches a non-equilibrium stationary state. We focus on
the mechanism that leads to the formation of ring-like patterns, motivated by the
observation of similar shapes in experiments with chemical reaction cycles coupled
to a fuel reservoir. We propose that, due to chemical reactions, the composition at
the centre of the dense phase can be altered, leading to an instability that drives the

formation of a new interface.

Controlling the composition of coexisting phases becomes crucial when the number
of components and the number of reactions among them rises. This is the case in
mixtures containing proteins that can be found in a monomeric state but also form
aggregates of arbitrary size. We characterise the equilibrium of such systems in the
limit of maximum aggregate size going to infinity. For systems that phase separate,
we show that the aggregate size distribution can be different in each of the coexist-
ing phases and is determined by the temperature and the energy of bonds between
monomers. Mixtures composed of disk-like or spherical aggregates can undergo a
gelation transition. Gelation can be considered as a special case of phase coexistence
between a dilute phase (the “sol”) containing aggregates of finite size, and a “gel”
phase, corresponding to an aggregate of infinite size. Lowering the temperature
leads to a transition from two coexisting “sol” phases to the coexistence of a “sol”
phase and a “gel” phase. In summary, this work provides a theoretical framework to
study phase-separating systems composed of many components that undergo chem-
ical reactions. Furthermore, we discuss how to exploit such reactions to control the
composition of coexisting phases.
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Zusammenfassung

Wechselwirkungen zwischen der Vielzahl von Makromolekiilen im Zytoplasma kon-
nen zur Entstehung koexistierender Phasen fiithren, die durch Phasenseparation ent-
stehen. Dieses Phianomen spielt eine entscheidende Rolle bei der raumlichen Or-
ganisation von Zellen und der Regulierung ihrer Funktionen. Viele der Molekiile,
die fiir die Phasentrennung verantwortlich sind, kénnen Ubergénge zwischen ver-
schiedenen Zustanden durchlaufen. Zum Beispiel konnen Proteine Konformation-
siibergdnge vollziehen und zwischen verschiedenen Phosphorylierungszustanden
wechseln. Dartiber hinaus konnen sich Proteine, die fiir die Phasentrennung rel-
evant sind, zu Oligomeren unterschiedlicher Grofie zusammensetzen. Sowohl die
molekularen Uberginge als auch die Oligomerisierung kénnen als chemische Reak-
tionen im Rahmen von Theorien beschrieben werden, die die Phasentrennung in
Multikomponentengemischen erkldren. Diese Arbeit untersucht unter Verwendung
von Methoden aus der Thermodynamik fern vom Gleichgewicht, wie mit Hilfe
chemischer Reaktionen die Zusammensetzung und die Form koexistierender Phasen
kontrolliert werden kénnen. Wir konzentrieren uns auf molekulare Ubergénge zwis-
chen zwei Zustdnden eines Molekiils, zum Beispiel eines Proteins, und finden einen
diskontinuierlichen thermodynamischen Phaseniibergang in der Zusammensetzung
der proteindichten Phase in Abhéngigkeit von der Temperatur. Des Weiteren kann
das Brechen des detaillierten Gleichgewichts der molekularen Ubergange durch die
kontinuierliche Zugabe eines chemischen Molekiils, das analog wie ein Brennstoff
fungiert, auch dazu verwendet werden, die Anzahl der verschiedenen koexistieren-
den Phasen und ihre Zusammensetzung zu regulieren. Dariiber hinaus kann eine
Verdnderung der Konzentration des brennstoffdhnlichen Molekiils zur Entstehung
neuartiger Muster fithren, wenn sich das System einem stationdren Zustand fern
vom Gleichgewicht ndhert. Hier konzentrieren wir uns auf einen Mechanismus, der
zur Bildung ringférmiger Muster fiihrt. Dies ist motiviert durch die Beobachtung
dhnlicher Formen in Experimenten mit chemischen Reaktionszyklen, die mit einem
Reservoir in dem brennstoffahnlichen Molekiilen angereichert sind, gekoppelt sind.
Wir schlagen vor, dass die Zusammensetzung im Zentrum der dichten Phase durch
chemische Reaktionen veridndert werden kann, was zu einer Instabilitat fithrt, die
die Bildung einer neuen Grenzflache bewirkt. Wir bezeichnen diesen Zustand, der
nur stabil ist, wenn das System fern vom Gleichgewicht gehalten wird, als Vakuole.

Die Kontrolle der Zusammensetzung koexistierender Phasen wird entscheidend,
wenn die Anzahl der Komponenten und die Anzahl der zwischen diesen ablaufen-
den Reaktionen steigt. Dies ist der Fall bei Mischungen, die Proteine enthalten, die
in einem Zustand als einzelne Monomere vorliegen konnen, aber auch Aggregate
beliebiger Grofie bilden kénnen. Wir charakterisieren das Gleichgewicht solcher
Systeme im Grenzfall der unendlich grofien maximalen Aggregatsgrofie. Fiir Sys-
teme mit Phasentrennung zeigen wir, dass die Grofienverteilung der Aggregate in
jeder der koexistierenden Phasen unterschiedlich sein kann und von der Temper-

atur und der Energie der Bindungen zwischen den Monomeren bestimmt wird.
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Mischungen, die aus scheibenférmigen oder kugelformigen Aggregaten bestehen,
konnen einen Gelierungsiibergang durchlaufen. Die Gelierung kann als Sonderfall
der Phasenkoexistenz zwischen einer verdiinnten Phase (dem "Sol"), die Aggregate
endlicher Grofie enthilt, und einer "Gel"-Phase betrachtet werden, die in der Ther-
modynamik einem Aggregat unendlicher Grofie entspricht. Eine Senkung der Tem-
peratur fiihrt zu einem Ubergang von zwei koexistierenden "Sol"-Phasen zur Koex-
istenz einer "Sol"- und einer "Gel"-Phase. Zusammenfassend ldsst sich sagen, dass
diese Arbeit einen theoretischen Rahmen fiir die Untersuchung von phasentrennen-
den Systemen bietet, die aus vielen Komponenten bestehen, die chemischen Reak-
tionen unterliegen. Dartiiber hinaus wird erortert, wie solche Reaktionen genutzt
werden konnen, um die Zusammensetzung der koexistierenden Phasen zu steuern.
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Chapter 1

Introduction: phase separation in com-
plex mixtures

In 2005, the American writer David Foster Wallace gave a commencement speech to
the graduating class at Kenyon College. His speech began with the following story:

There are these two young fish swimming along and they happen to meet an older fish swim-
ming the other way, who nods at them and says “Morning, boys. How’s the water?” And
the two young fish swim on for a bit, and then eventually one of them looks over at the other
and goes “What the hell is water?” [1]

I personally think that, with this anecdote, Wallace wanted to emphasise how, some-
times, things we know the least about are the very things we are immersed in. The
Italian author Laura Tripaldi, in her recent book ‘Parallel Minds’, expresses this con-
cept crystal clearly: “It is probable” she says “indeed it is almost certain, that com-
mon women or men can describe Schrodinger’s cat paradox better than the chemical
structure of the polyester in their socks” [2]. Let us consider water, which I think
is the perfect example of something we give for granted. We are very familiar with
this element, which constitutes more than half of our bodies. Water has always been
part of our everyday lives, our body and our planet are full of it. In Italy, we tend
to consider water boring to the extent that we use the saying “hai scoperto 1’acqua
calda” (literally “you discovered warm water”) when someone has just discovered
something that most people already knew.

But the truth is that there is still so much to be understood about water and its bizarre
behaviour, which has earned water the title of “the most anomalous liquid”. Indeed
there are many scientists all around the world who everyday work very hard try-
ing to answer Wallace’s question: “What the hell is water?”. Arguably, most of the
enthusiasm about this fluid comes from the extraordinary properties of its phases,
which made the emergence of life on earth possible [3]), and the transitions between
them. The existence of two different kinds of liquid water, for example, has only

recently been experimentally characterised [4].

The phase transition that excites me the most, however, manifests when water is

mixed with other liquids. When we pour alcohol into the water, for example, we
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obtain a homogeneous mixture. This is because molecules in the liquid state can
quickly rearrange, and the entropy in the mixed state is higher than the correspond-
ing value in the demixed state. We are used to well-mixed aqueous solutions, but
this is not the only option. Pouring oil in water, for example, leads to the coexistence
of oil-rich droplets surrounded by a water-rich phase. This is caused by interactions
among molecules. Specifically, in this case, the energy in the phase-separated state
is much lower than the energy corresponding to the homogeneous state, and this
difference outcompetes the entropic gain in mixing molecules. In the next chapter, I
will discuss the key factors that have generated so much interest in the phase sepa-

ration phenomenon in the last several years.

Phase separation in living cells and at the origin of life

The cytoplasm is an aqueous fluid filling the cell that is composed of a multitude
of macromolecules such as proteins, lipids, and nucleic acids. As a consequence of
thermal motion, these components continuously float around. A crude estimate [5]
reveals that it takes roughly 0.01 s for a protein to travel across an E. Coli cell, which
has a diameter in the order of 1um. For this reason, the formation of compartments
to organise the interior of cells is of crucial importance. These compartments, called
organelles, were traditionally thought to be surrounded by selectively permeable
membranes. In typical textbook pictures, cells look dominated by all sorts of barri-
ers and rigid structures. In 2009, however, Clifford Brangwynne and a team formed,
among the others, by Frank Jiilicher and Anthony Hyman, saw evidence that P gran-
ules in C elegant embryos behave like liquid drops [6]. Indeed these organelles
were observed to fuse, shear, and wet the nucleus. This experiment paved the way
for the discovery of many other membrane-less organelles with different material
properties (such as viscosity or surface tension) that, besides membrane-bound or-
ganelles, inhabit the cell [7, 8]. In addition, liquid-like phases enriched in certain
macromolecules, sometimes referred to as “biomolecular condensates”, are thought

to play a major role in many biological functions [9] and dysfunctions [10, 11].

Another liquid mixture that has been the focus of a lot of recent research is the pre-
biotic soup. According to the prebiotic soup hypothesis, simple organic compounds
accumulated in aqueous solutions on the surface of prebiotic earth and then com-
bined into complex organic molecules, such as nucleic acids, which are the building
blocks of life. For this reason, a lot of effort has been made to study mixtures in
pre-biotic plausible conditions and characterise their properties, such as their phase
behaviour. In particular, recent studies have shown that oligonucleotides phase sep-
arate forming coacervates [12, 13], liquid crystals [14, 15] or hydrogels [16, 17], which
can lead to a local enrichment of specific oligonucleotides. The idea that the emer-
gence of phase separation in pre-biotic mixtures could have played a role in facili-
tating one or more key steps in the origin of life (for example local enrichment and

selection of nucleotides [18] or protocell division [19, 20] ) is currently under debate,
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and many theoretical and experimental work is likely to be done in the next years in
this direction.



Chapter 2

Thermodynamics of mixtures with
many reacting components

In the previous chapter, we have come to appreciate the raising importance of phase
separation in different research fields, ranging from cell biology to the origin of life.
Unfortunately, for reasons that will be discussed in this chapter, modelling the phase
behaviour of mixtures composed of many components remains a challenging task.
Much work has still to be done in refining the existing methods [21, 22, 23, 24] to
achieve this goal. Here we provide an overview of a specific approach, namely the
mean-field theory of multi-component mixtures, that we will adopt throughout the
thesis to study complex mixtures composed of many components. We will show
that introducing chemical reactions among these components and imposing chem-
ical equilibrium reduces the number of relevant degrees of freedom at thermody-
namic equilibrium. This reduction can become crucial in treating systems with a

large number of components.

In the first section, we will focus on how to characterise the thermodynamic equi-
librium of multicomponent mixtures in the presence of chemical reactions. In the
second part, we will review different methods to study the passive relaxation kinet-
ics that leads to the equilibrium state.
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2.1 The interplay between phase equilibrium and chemical
equilibrium
2.1.1 Helmholtz free energy for many interacting components

In this section, we describe the thermodynamic behaviour of a system composed of

M + 1 interacting components. We describe the mixture in the 7-V-N;-ensemble, V;

being the particle number of component i = 0,..., M. The system volume reads
M
V=) Nu, (2.1)
i=0

where we have introduced the molecular volumes v;. We proceed by introducing the
volume fractions of each component ¢; = N;v;/V. The thermodynamic behaviour

of the system is encoded in the Helmholtz free energy

M
PV = [av |1@vien+ Y. 2vevs,)| . 22)

,7=0

In this work, we consider the Flory-Huggins free energy density, defined as [25, 26]

k M M Y

Bj ¢z sz €% i

=== 1> )+ dit+ Y bidil| 2.
f Vo i—0 V; . (1/1) k‘BT ij=0 2/€BT J ( 3)

where we made use of the volume ratios v; = v;/vg. The first term represents the
mixing entropy, which favours homogeneous solutions. wj; is the internal free en-
ergy per monomer of the i-th solute component accounting for internal bonds and
configurational rearrangements in the creation of a unit of component i !. In the
last term, the off-diagonal, symmetric matrix x;; captures interactions among com-
ponents [27]. If the molecular volumes change only slightly upon variations of the
control parameters, we can exploit a further assumption, namely that v; are indepen-
dent of system volume, temperature, and composition [28]. This assumption defines
incompressible systems for which, as is clear from Eq. (2.1), not all N; and V' can vary
independently [29]. For example, one could adopt N; with ¢ =0, ..., M as indepen-
dent state variables, with V' given by Eq. (2.1). We adopt an alternative description

1T0~be’t’ter understand the physical meaning of internal free energies we can consider homogeneous
states ¢ composed entirely of the i-th component, defined by ¢; = d;;, where d;; is the Kronecker delta.
We get the relation

_F(9)

-1 -1
P = —kgTv; Inv; ~.
3 Nil/i (3 k3

Thus we identify w; as the free energy needed to “construct” a single monomer of the i-th compo-
nent, subtracting the conformational entropy coming from having more states if the i-th species has a
different size than the others
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in terms of V and ¢; with¢ =1,..., M, and ¢¢ given by Eq. (2.1), rewritten as

M
¢O =1- ¢tot 3 ¢t0t = Z ¢z . (24)
i=1
We denote the 0-th component as the solvent and the components i = 1,..., M as

solutes. Without loss of generality, we set k;o = 0 for i = 0,..., M. We introduce the
exchange chemical potentials of the i-th solute component,

i = v F (61, b01) - (2.5)

Vi 500
Making use of Eq. (2.2) and Eq. (2.3) we get an expression for the exchange chemical
potential of the form

fi = kT (Ing; + 1) + v | — kT (Ings + 1) + w; — wo

- 2.6)
+ > (xij — x0j) b5 — ki V3 |
=0

where in the first line we made use of Eq. (2.4) to eliminate the dependency on ¢y.

We also introduce the osmotic pressure

M= o0 == (01, 0m) + 3 fiie 2.7)

Since the derivative with respect to volume in the equation above is meant to be
performed keeping the number of solute molecules Ny, ..., Njs constant, the os-
motic pressure quantifies responses to volume variations coming from changes in
the solvent amount. Its physical meaning becomes clear placing the system in con-
tact with a solvent reservoir through a semi-permeable membrane: the osmotic pres-
sure quantifies the pressure exerted on the membrane by the mixture. The osmotic
pressure in Eq. (2.7), together with the exchange chemical potential, will be used in
the next section to study the phase behavior of the mixture.

2.1.2 Phase equilibrium

Due to the presence of interaction terms (x;; in Eq. (2.3)), for a fixed temperature T’
the equilibrium state of the system can consist of n, phases, i.e. homogeneous sub-
domains with specific values of the volume fractions ¢;. We now focus on locating
the points in the phase space ({¢§'},T’) associated with each phase a = I,..., ny.
This corresponds to determining the phase behavior of the system described by the
free energy

Tip

F=> f{eth)ve,  a=IL...np, (2.8)

a=I
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a) b)
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FIGURE 2.1: Phase equilibrium in ternary mixture a) The solutions of Egs. (2.9)
divide the ¢1 — ¢2 domain in three distinct regions. The grey area corresponds
to a homogeneous mixture, while the green striped area to two-phase coexistence.
In particular, in green, we depict the tie lines which connect the average system
volume fraction with the two coexisting phases. The triangle shaded in green cor-
responds to three-phase coexistence, with the dark green dots representing the vol-
ume fractions in the three phases. In b) we plot the free energy density that leads
to the phase behavior discussed in a). Here, x01/kgT = 1.5, x02/ksT = 1.25,
X12/kBT = 1, VG =V = 1.

where we have introduced the phase volumes V®. Minimising F' with the con-
straints V' = ZZP:I Ve and ¢;V = ZZP:I ¢V results in the following conditions,
see App. A

i ({05}) = mi({¢5}) (2.9a)
I({e1}) = L({F}), (2.9b)
where the index « runs over all phases different from I, ie. a = 1II,...,n,, and
i, =1,..., M. The conditions in Egs. (2.9) constrain the dimension of the manifold

on which vectors ¢§ lie. In particular, we count (Mn, + 1) degrees of freedom (n;
volume fraction vectors of M components each, plus the temperature). To establish
equilibrium between n;, phases, we have to impose the (M +1) equalities in Egs. (2.9)
(M exchange chemical potential plus the osmotic pressure) between n, — 1 couple
of phases. Thus, the number of truly independent intensive degrees of freedom nq

is given by
ng=Mnp+1—(M+1)(np—1)=M+2—np. (2.10)

This equation is commonly known as the Gibbs phase rule for incompressible mix-
tures [30, 31]. It implies that each point in the (T, ¢§') phase representing one of the
np coexisting phases is constrained to lie on a nq-dimensional manifold, called the n,,

phase boundary. We notice that the dimension of this manifold decreases increasing
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the number of coexisting phases 7. In fact, the Gibbs rule sets an upper bound on
the number of coexisting phases, ny, = M + 2, for which the phase manifold reduces
to ny points in the phase diagram (with nq = 0). We stress that this is an upper
bound, and the maximum number of phases that are effectively found in a phase

diagram depends on the choice of the interaction matrix x;;.

As an example, we can examine ternary
mixtures, where M = 2. Homoge-
neous states (np = 1) lie on a three-
dimensional manifold, in fact, each ho-
mogeneous state is determined by fix-
ing the solutes volume fractions ¢; and
¢2 and the temperature 7. Couples
of points, np = 2 associated with
two phases that coexist, lie on a two-
dimensional manifold, often called the

binodal. In fact, to locate each of such

b2 0.5

points it is sufficient to specify, for ex- 1.0 1 P
ample, 7' and ¢;, with ¢2 being de- . '

termined by the equilibrium condition. gjgugrg 2.2: Phase equilibrium in quater-

Three and four-phase coexistence (np = nary mixtures We highlight in grey and green
the area corresponding to a homogeneous
mixture and four-phase coexistence, respec-
1) and four points (n, = 0), respec- tively. The dark green dots represent the

tively. In Fig. 2.1a) we plot one slice of volume fractions in the four phases. Here,
xij/ksT =3.5and v; = 1fori #j=0,1,2,3.

3 and np = 4) span three lines (ng =

the ternary phase diagram correspond-
ing to fixed temperature 7T'.

Here homogeneous states lie on two-dimensional manifolds (grey areas), while each
binodal branch is a curve (dark green). Tie lines (in light green) connect pairs of
coexisting phases. For T fixed, three phases are unique points, dark green dots in
2.1a). Four-phase coexistence is not compatible with the set of interaction param-
eters chosen. In Fig. 2.1 b) we plot the free energy density profile that led to such
phase behavior. In Fig. 2.2 a) we illustrate a constant 7" slice of the phase diagram
of a quaternary mixture (M = 3), where green dots represent the composition of
4 coexisting phases. In green, we highlight the region corresponding to four-phase
1’;, are deter-
mined via Egs. (2.9), it is possible to determine the volume V'* and composition ¢$* of

coexistence. Once the different n, phase boundaries, withn, =1,...,n

the n, coexisting phases associated to any fixed temperature 7', average composition

SV = Ve, (2.11a)

a=I
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and total volume
Tp
V=Y ve (2.11b)

In fact, the ng = (M + 1 — np) degrees of freedom necessary to locate n, points
on the respective phase boundaries plus the n, phase volume V* add up to M + 1
parameters, that are uniquely determined by the M + 1 constraints in Egs. (2.11).
This is illustrated in Fig. 2.1 a), where we study the phase decomposition of a state
with average volume fraction ¢. This choice of the average uniquely identifies a tie
line (shaded in gray) connecting a pair of points ¢' and ¢ (black points) and fixes
the phase volumes V! and V!, which are given by

bi-dl  n_ -4

VI ¢I ¢II ’ ¢I ¢II )

(2.12)

and have the geometrical interpretation of the distances qu) — ol H and H(;_S — ol

spectively, normalised by the length ||¢' — ¢"!||.

In practice, solving Egs. (2.9) to determine the parametric form of phase boundaries
is a hard task. Instead, one typically specifies an average volume fraction ¢¢ and
looks for the phase decomposition associated with that specific average composi-
tion only. This entails looking for n,, vectors ¢§, composed in total of n, M volume
fractions values, plus n, phase volumes V. These are uniquely determined by the
M(np — 1) equations in Eq. (2.9) plus the M + 1 constraints in Egs. (2.11). Again
see Fig. 2.1 a) for an illustration. To determine the phase equilibrium of the system
we have to scrutinise solutions of Egs. (2.9) corresponding to different numbers of
phases n, = 1,... M + 2, and determine the one with the lower total free energy,
defined in Eq. (2.8). Finally, we note that solving for the phase volume fractions is
equivalent to constructing the convex hull of the free energy density. In fact, recall-
ing the definitions in Egs. (2.5) and (2.7), the set of equations in Egs. (2.9) can be
geometrically interpreted as finding an (n, — 1)-dimensional hyperplane tangent to
f at each point ¢*. For example, for n, = 2, Egs. (2.9) are equivalent to the common

tangent construction [32].

2.1.3 Chemical equilibrium

The framework presented in this section follows closely the presentation in [33] and
references therein. We now introduce a set of R chemical reactions

Zﬁcz_zai—aci, a=1,...R, (2.13)
=1

where C; indicate the i-th component and o7 are stoichiometric coefficients. Notice

that the index ¢ runs from 1 to M only since we focus on chemical reactions that do

not involve the solvent (i = 0). If the reaction a occurs from left to right once, o
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and o,, represent the amount of component i-th that has reacted and is produced,
respectively. They combine to form the stoichiometric matrix and the volume stoi-

chiometric matrix, defined, respectively, as

Tia = Opy — O » Tia = Tiali - (2.14)
Since we made the incompressibility assumption (constant v;) and have chosen an
ensemble with V fixed, for consistency, we restrict to reaction networks that conserve

the sum of molecular volumes, namely
M
d oivi=0, Va=1,...R, (2.15)
i=1

Assuming that the reaction network leads to linearly independent columns of ¢4,
the stoichiometric matrix can be used to determine the () — R) conserved quantities
associated with the chemical reaction network. This is done with the aid of Q;;,

defined via

M
Z QijO'jan =0. (216)

Jj=1

In other words, @) is a (M — R) x R matrix whose rows are the basis of the null space
of o45v5. The (M — R) conserved quantities then read

M
Vi =Y Qi (2.17)
=1

These represent a set of quantities that are not affected by chemical reactions, as
we will prove in the following. Since the basis for the null space of o4;v; is not
unique, the choice of conserved quantities is also not unique. For volume-conserving
reactions, the stoichiometric matrix is such that one row of @) (that we chose to be
the first) is a constant vector: Qo; = 1. In fact, the null space equation, Eq. (2.16)
for for Qo; = 1 reduces to the constraint in Eq. (2.15). The corresponding conserved
quantity is ¢, defined in Eq. (2.4). We can also introduce the R reaction extents,

defined as
M
=Y Euor. (2.18)
i=1

With the aid of the matrix F, the pseudo inverse of the volume stoichiometric matrix
0iavi, defined through ). Eq;ov; = dqp. As for (), the matrix E is not unique. We
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can now combine ) and E into a square matrix

Q
U=|——""|. (2.19)
E
Its inverse is simply
Ul = ( ol ) , (2.20)

were G is the volume stoichiometric matrix defined in Eq. (2.14), and Q! is the
pseudo inverse of (. In fact, by making use of the definitions of ) and E, one can
easily show that

UUt= . (2.21)

These definitions allow to establish a mapping between ¢; and (¢;, &,) via

M-R R
¢i=U"o=> Qi+ Ciavila- (222)
i=1 a=1
To get familiar with these definitions we now discuss one example that will be useful

in the following chapters.

Single reaction A = B Here we discuss the case of a ternary mixture composed of
three components: Cj, the solvent, C1 = A Cy = B, with vy = vp = v, and v/vy = v.
We allow the reaction (@ = 1) A = B. The stochiometric and volume stoichiometric

matrices read

o= : 5= . (2.23)

We can introduce the vector @) imposing Q;0; = 0, leading to Q1 = Q2. As previously
outlined, this condition leads to the constant vector, which is always a basis (in this
case the only one), of the null space of 7. In conclusion, we get:

Q=(11), v¥=do=06a+0s. (2.24)

We now introduce E to be the pseudo-inverse of ¢, namely E;v;o; = 1, resulting in
the constraint —E; + E; = 1/v. We choose B; = 0 and get
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E:(O v_l), €= odp/v. (2.25)

To discuss chemical equilibrium, we introduce the so-called forward (+) and back-
ward (—) reaction free energies

M
Apig =) 0iahi (2.:26)
i=1
and the net reaction free energy
M
Apg = Z Oiafbi - (2'27)
i=1

Chemical equilibrium is then enforced via
Apg =0, a=1...,R. (2.28)

We can now exploit the decomposition in Eq. (2.22) to express fi; as a function of
({¢i}, {&a})- The set of R equations in (2.28), allows us to find the reaction extents as
a function of the conserved quantities &, = £,({¢:}). In conclusion, chemical equi-
librium reduces the number of independent volume fractions to M — R, which we
identify with the conserved quantities v;, see Eq. (2.17). In the presence of chemical
reactions, 1); are the only quantities that can be controlled experimentally since they
do not change as the reaction progresses. Thus, they are the only proper variables
that should be used to describe systems at chemical equilibrium. Once specified the
value of 1);, the system is completely determined and the dependent variables ¢,, de-
fined in Eq. (2.18), can be determined via chemical equilibrium, Eq. (2.28), exploiting
Eq. (2.22).

214 Thermodynamic equilibrium

In a mixture composed of M components in the presence of R chemical reactions,
the global equilibrium of the system is reached once both chemical equilibrium and
phase equilibrium are enforced. We first impose chemical equilibrium, exploiting
the theory developed in the previous section. There we have discussed a change of
variables {¢;} <+ ({1}, {&s}), via the mapping in equation Eq. (2.22). The (M — R)-
dimensional vector 3 contains the conserved quantities, see Eq. (2.17), which are
the only independent degrees of freedom in systems at chemical equilibrium. The
R-dimensional vector £ contains the reaction extents, see Eq. (2.18), which at equi-
librium are a function of v; that can be determined solving the set of equations in
(2.28) making use of Eq. (2.22).

Once the functions &, = &,({¢;}) are determined this way, we can use it together
with the change of variables in Eq. (2.22) to express the free energy density in Eq. (2.3)
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FIGURE 2.3: Chemical, phase and thermodynamic equilibrium in the presence
of the A = B reaction a) We study a ternary mixture that, at phase equilibrium,
can remain homogeneous (grey area) or demix into two phases (striped area, with
tie lines in light green). The boundaries between these two regions are called bin-
odal lines (in dark green). b) The chemical equilibrium condition, Eq. (2.28), allows
to find the chemical extent £ = ¢ /v as a function of the conserved quantity ¢io.
Note that the presence of interactions makes multiple solutions possible. See panel
d) for the stability analysis. c) Chemical equilibrium curve (in black) plotted in the
¢4 — ¢p plane. Its interceptions with the binodal (black dots) determine the values
of ¢t for which the system remains homogeneous (grey areas). Its boundaries,
corresponding to ¢., and ¢L,, encompass the two-phase coexistence region, the
black dots indicating the volume fractions in the two phases. d) Assuming chem-
ical equilibrium, thermodynamic equilibrium can be studied as a function of the
only relevant control parameter, the conserved quantity ¢y:. We plot the rescaled
free energy f (see Eq. (2.30)) and identify the branches where homogeneous states
are stable (coloured lines), metastable (dashed lines), and unstable (dotted lines).
Coexisting phases ¢i/{ and their respective free energies are represented by circled
points, joined by the black solid line. The colour code indicates the value of the
reaction extent €. Here kpT = 0.4x o, X40 = 0.25XB0, XAB = 1.5XB0, Wwa = wo =0,
wp = 0~2XB0/ VA =V = 1.
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as a function of the conserved quantities only. We then impose phase equilibrium
and repeat the convex hull construction described in Sec 2.1.2 with f = f({¢;}) in
the space ({4}, T). Explicitly, phase equilibrium conditions for systems at chemical
equilibrium read

i ({v}) = m({v!}), (2.29a)
({5}) =T({47}). (2.29b)

Once the value of the conserved quantities in each phase is determined, we can
make use of the relation §, = §,({%;}) to completely characterise the mixture. This
construction is illustrated in Fig. 2.3 for the chemical reaction A = B introduced in
paragraph 2.1.3. In Fig. 2.3 a) we illustrate the ternary mixture phase equilibrium,
with tie lines and binodal highlighted in light and dark green, respectively. Fig. 2.3
b) depict the relation between the conserved quantity ¢+ and the reaction extent
&, stemming from chemical equilibrium, Eq. (2.28). In Fig. 2.3 c) the same chemical
equilibrium curve is plotted in the ¢4 — ¢ plane, along with the ternary phase di-
agram. Its interceptions with the phase boundary (black dots) determine the values
of ¢ot for which the system remains homogeneous (grey areas). In the remaining
region, the system phase separates, with phase volume fractions indicated by black
dots. In Fig. 2.3 d) we switch to a representation in terms of the only relevant control
parameter at chemical equilibrium, the conserved quantity ¢i. For visualization

purposes, we plot the rescaled free energy

Iy _ 11
(f _ m¢tot) , m = f(¢tot) f( tot) . (230)

¢I _ I
tot tot

Examining its curvature and its convex hull, we identify regions corresponding to
homogeneous states (grey background), and phase separation (white background).
We further distinguish between metastable (dashed lines), and unstable (dotted lines)
branches, corresponding to positive and negative free energy curvature, respec-
tively. Coexisting phases are represented by circled points, joined by a black solid
line. The colour code indicates the reaction extent £ which, together with ¢, com-

pletely determines the state of the system.

For systems with chemical reactions, the Gibbs must be generalised to account for
the reduction of the independent components, caused by chemical equilibrium [34,
35]

ng=(M—R)+2—np. (2.31)

This imposes, for systems at chemical equilibrium, the maximum number of coex-

*

P
dimension of the manifold where points corresponding to np-coexistence live, as il-

isting phases to be n; = M — R + 2. Thus chemical equilibrium suppresses the

lustrated in Fig. 2.4, and the maximum number of coexisting phases. In Fig. 2.4 a)
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we show that for this choice of parameters, below a certain temperature, the system
without chemical reaction exhibits three-phase coexistence. The reaction A = B,
however, leads to two-phase coexistence, except for fine-tuned values of the temper-
ature. This has an interesting effect on the composition of the dense phase, as can be
seen by fixing w4 = 0 and varying wp. Indeed, the dense phase is mainly composed
of A for wp/xpo = 0.15 while for wp/xpo = —0.05 is dominated by B. In Fig. 2.4. In
Fig. 2.4 b) and c) we show the free energy densities as a function of ¢, correspond-
ing to the same two internal free energies wp chosen in a). Here this effect manifests

in a strong difference between the reaction extents &, captured by the colour code, in

the dense phases.
b
a) e, ) wp/xBo = 0.15 3 10
10 T OJB/XBO =0.15 g 0 2 ::.- l
q wp/xBo = —0.05 g o
< g 0.0 ot
o o \ .....
@] ) - "\d
£ =020 05 10
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< e 9 wn/xse = —0.05
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0.0 0.5 1.0 0.0 0.5 1.0
Volume fraction ¢4 Total volume fraction ¢iot

FIGURE 2.4: Three-phase coexistence suppression leads to a sudden change of
dense phase composition. a) Chemical equilibrium lines corresponding to dif-
ferent internal free energy values, superimposed to the ternary phase diagram of
Fig. 2.1, that allowed for three-phase coexistence. Chemical equilibrium leads to
two-phase coexistence, phase volume fractions indicated by coloured dots. Fixing
wa = 0 but letting wp vary, the chemical equilibrium curve intercepts different
branches of the binodal (in green), leading to a significant change in dense phase
volume fractions. b) and c) free energy densities corresponding to ws = 0 while
wp/xBo = 0.15 and wp/xpo = —0.05, respectively. We identify the branches where
homogeneous states are stable (coloured lines), metastable (dashed), and unsta-
ble (dotted). Coexisting phases are represented by circled points, while the colour
code indicates the reaction extent {. The change of dense phase composition is
highlighted by the difference in dense phase extent, namely low in a) and high b).
Here, k}BT = 0.425}(30, XA0 = 1.25)(30, XAB = 1.5XBQ, Vp =V = 1

2.2 Relaxation kinetics of multicomponent mixtures in the

presence of chemical reactions

In the next chapters, we outline some methods to study the passive relaxation ki-
netics that leads to thermodynamic equilibrium. We will apply these approaches
to different biochemically inspired examples, and discuss how to generalise such

kinetic schemes to systems that cannot relax to equilibrium.
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2.2.1 Detailed balance of the rates and relaxation to chemical equilibrium
in homogeneous system

We start studying the kinetics of mixtures described in the previous sections, fo-
cusing on spatially homogeneous systems that relax to chemical equilibrium; see
Ref. [36, 33]. We look for an equation of the form

dg; _

=i (2.32)

Since the source term originates from R chemical reactions, described by the stoi-

chiometric matrix o;,, the chemical rates must be of the form
M
Ti = Z ViOiaTa - (2.33)
a=1

Recalling the definitions of conserved quantities and reaction extents, (Eq. (2.17) and
Eq. (2.18), respectively) one obtains

Wiy
e dt @

(2.34)

where we used the properties ) | i Qijojav; = 0and ), Eqiopv; = 4. Now we can
fully appreciate the importance of the conserved quantities 1);, which stay constant
as the reaction proceeds, and the reaction extents £,, which can be related to the
cumulative amount of reaction a that occurred per unit volume. In Sec. 2.1.3, we
introduced a change of variables (Eq. (2.22)) that allows to decompose ¢; in a con-
stant part (the conserved quantities 1/;) and a part that evolves in time (the reaction
extents ;) due to chemical reactions. We can write dynamic equations for the latter

dée  _
E =T, Ta s (2.35)

with r} and r, forward and backward reaction rates. The mixture evolves towards

equilibrium if the rates obey detailed balance of the rates, namely

rt Apg

with Ay, defined in Eq. (2.27). For a discussion on the detailed balance of the rates
see Appendix C in reference [32]. We chose

ri—r. = A, [1 — exp (?:;)] ) (2.37)

where we have introduced the kinetic coefficients A, that must be positive and can
depend on mixture composition. Recalling the decomposition in Eq. (2.22), the time

evolution of the volume fractions reads
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do;
dt

=7, for i=1...M. (2.38)

With the sources defined with the aid of Ay, see in Eq. (2.27)

R R A
T = Z vioi (rg —715) = Z Vi0ia\q {1 — exp (k::i;:)] . (2.39)
a=1 a=1

2.2.2 Chemical kinetics with compartments at phase equilibrium

We now study the kinetics of multicomponent mixtures described in the previous
sections, taking into account that interactions can lead to spatial inhomogeneities.
We study passive systems and their relaxation

kinetics towards the thermodynamic equilib- '
rium, focusing on very slow chemical reactions I : I

N |

and very fast diffusive kinetics. In this regime, J o
.. . VI ! e

the average system composition varies slowly '
I I
so that at all times we can consider the system : . Pi

to be at phase equilibrium. By choosing initial .

average volume fractions corresponding to two-

phase coexistence, we can consider the system volume to be divided into two homo-
geneous compartments as a result of phase separation. We then study the evolution
of compartment sizes and volume fractions due to chemical reactions, enforcing in-
stantaneous phase equilibrium at all times. The theoretical framework that we are
about to review has been developed by Jonathan Bauermann and Sudarshana Laha
in Ref. [37] and will be useful in the last chapter to study passive kinetics in the limit
of a large number of components that can form molecular assemblies. To this aim,
we start from the variation of particle numbers in compartments I and II

an,; /1
dt

= —J/"+ RY/1, (2.40)

where Ry T are the variations due to chemical reactions while JZ-I/ T due to particle
hopping between the two phases. Particle conservation during crossing implies JiI =

—JIL. The volumes in the two phases read
M
VI =" Ny (2.41)
=0

Furthermore V = V! + VII. We now introduce volume fractions ¢/t = N1 /y/1/1
and the rescaled rates j/™ = v; J/!1 )V and #}/1 = v; RV /11 arriving to
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I/10
d(m / _ _jI/H

dln VI
dt v '

I/11 1/11
T el

(2.42)

We derived a generalised version of Eq. (2.38), that accounts for the two-phase coex-
istence. Since we consider the two phases to be spatially homogeneous, an analogue
derivation that led us to Eq. (2.39) allows us to set

Y=o, (2.43)

R

I/ _ o3I AMEL/H .

r/ = g vioig\, |1 — exp for i=1,...M. (2.44)
a=1

kT

where rg = 0 stems from the restriction to chemical reactions that do not involve
the solvent and Ap, = Ef\i 1 Oiafti- Eq. (2.40) and Eq. (2.41) can be combined to get
d, v/ =y Zf\io(ri/ ' ;I Using the volume conserving properties of the

rates Y- /1 = 0, we finally get

1 /11 M
d ;V =y (2.45)
1=0

Using conservation during particle hopping, expressed in terms of the rescaled cur-

rents jzi»/ I

it= =il (2.46)

is easy to check that the volume dynamics obeys d;(V! + V!I) = 0. We then look for

an expression for the currents jZI/ . They must guarantee that phase equilibrium is

satisfied at all times, which can be expressed by taking a time derivative of Eq.s (2.9)

M _ M _
PR i iy 2472
Ot dt = dpll dt '

j=0
i ot del XL orrt dglt

——t=) —=1 2.47b
d¢’ dt = dplt dt ( )

j=0

Provided that the initial phase volume and volume fractions V(¢ = 0), and gbg/ T =
0) are a solution of Egs. (2.9). Once an expression for 0i;/d¢; and 0I1/0¢; is calcu-
lated, we can derive an a set of M + 1 equations for jlI inserting Eq. (2.42), Eq. (2.45),
and Eq. (2.46) in Egs. (2.47). These equations are linear and enable us to find an ex-
pression for jg/ ' as a function of gby Tand V! /V. We have finally all the ingredients

to characterise the dynamics of the phase volume and volume fractions gby () and
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V1(t), integrating Eq. (2.42) and (2.45) and provided we can solve the initial phase
equilibrium problem to find V(¢ = 0)/V, and d)y T = o).

2.2.3 Kinetics of coexisting phases in the presence of chemical reactions

We now move to the general case of spatially heterogeneous systems, in which we
can define a volume fraction field ¢; that varies in space within the system volume

that obeys the conservation law

0o
ot

The Onsager theory allows us to identify [38]

M
Jji=—vu; Z AZJV[_L] , (2.49a)
j=1
R
Ty = — Z ViTial\a A, (2.49b)
a=1

where Ay, is the reaction free energy defined in Eq. (2.27). A;; are kinetic coeffi-
cients, that must be chosen positive and such to balance the divergences coming
from the logarithmic terms in z in the dilute limit ¢; — 0, see Eq (2.5). A possibility

is to chose A;; diagonal, in the form [39]

Aij = Apigo 6i5, (2.50)
Another possible choice is [33]
Aij = A (65 — ;) » (2.51)

that, in the limit of non-reacting components with equal size (v; = vp) and interac-
tions x;; = Xio, allows to recover Fick’s diffusion law

do;

= DV?¢; 2.52
I Vg, (2.52)

with D = v9AkgT. Examining now the chemical rates, we notice that Eq. (2.49b)
can be considered an expansion of Eq.(2.39) close to chemical equilibrium, i.e. if
AMa / kT < 1.

Finally, we can repeat the same passages that led to Eq. (2.34), to derive dynamical

equations of the conserved quantities

dy;
dt

=-Vv-j¥, (2.53)



Chapter 2. Thermodynamics of mixtures with many reacting components 20

where we have defined j;ﬁ = > ;. Qirjx. This implies, that at steady state, the flux
associated with conserved quantities is constant in space.
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Chapter 3

Controlling phase composition via
molecular transitions

Configurations /" Dense phase Dilute phase \\

A B

Control parameters 5

Temperature T
Fuel ¢p

PEL LT LT TN

FIGURE 3.1: Illustration of the model to study molecular transitions and phase
separation. In our model, we consider a molecule that can be found in two states
A, B immersed in a solvent C. We allow reversible molecular transitions between
A and B which are controlled by temperature 7" or fuel volume fraction ¢p. In
the presence of phase separation, molecular transitions occur in the dense and di-
lute phases, respectively. Depending on the molecular interactions of A and B
molecules, the total volume fraction of both components and their composition
(i.e. the relative amount of B molecules) change in each of the phases. Illustration
by Mara Miiller.

Here, we apply the framework described in the previous chapter to mixtures com-
posed of unstructured macromolecules, such as DNA or proteins, and a solvent. In
our model, these macromolecules can undergo molecular transitions (e.g. changes
in conformation or charge) between two states, referred to as A and B, see Fig. 3.1.
The transition between the two states can be described with the chemical reaction
scheme exemplified in the previous chapter, see paragraph 2.1.3. The corresponding
transition rates depend on thermodynamic control parameters such as temperature
T and macromolecule concentration, as well as fuel volume fraction ¢r that drives
the transition away from thermodynamic equilibrium. In our model, both compo-
nents A and B can phase-separate due to interactions among them and with the
solvent, see Fig. 3.1. This project is the result of a very fruitful collaboration with
Omar Adame-Arana and Xueping Zhao, under the supervision of Christoph Weber.
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3.1 Molecular transitions at equilibrium

We introduce a ternary mixture composed of three components: Cj, the solvent,
Ci1 = A,and Cy = B, withvy = vp = v, and v/vg = v. Its thermodynamic behaviour
descends from the free energy density introduced in Eq. (2.3). In particular, the
interactions among molecules are characterised by x 45, while x 49 and x g describe
the interaction between the solvent and A and B, respectively. We recall that w;
accounts for the free energy needed to create the molecular component i (e.g. via
molecular transitions) in units of kg7'. Since the internal free energies are defined
modulo a constant, we chose

wa=0, WB = €int — Sint] - (3.1)

Here, eint and sin are the energetic and entropic differences between state A and B.

As a prototypical example, we consider molecular transitions leading to an energy

and entropy increase converting A to B, i.e. ejnt > 0 and sjn > 0. Such a scenario

corresponds for example to polymers breaking some internal bonds to adopt a more

flexible conformation, with negligible change in the molecular volume.

The chemical equilibrium in Eq. (2.28) can be cast in the form

2 [V s
= €exp (ell’lt — Sint] + XAB (¢A - ¢B) + (XBO - XAO) (1 - ¢tot)):| (32)

g kT

that can be used to determine the so-called melting temperature, T}, at which ¢4 =

®B = Prot/2, i.e. the mixture is equally composed of A and B

T — eint + (XBo — X40) (1 — drot) ) (3.3)

Sint
Above and below T;, the favoured molecular state is B and A, respectively. The
melting temperature can be shifted by tuning the internal energy ei,: and entropy
sint, parameters that are easy to control experimentally. In this section, we study
the equilibrium phase diagrams as a function of the conserved quantity associated
with the chemical reaction, namely the total volume fraction ¢+ as described in
paragraph 2.1.3, and the rescaled temperature 7'/Tj, with

To = xBo/kp - (3.4)

In such phase diagrams, the binodal lines separate demixed and mixed thermody-
namic states. Along the binodal, we also depict the composition in terms of the
relative abundance of B molecules, ¢ /diot, see the colour code in Fig. 3.2. We pre-
fer ¢/ drot to the reaction extent £ = ¢ /v introduced before since it provides more
direct information on the relative composition of the mixture. We then study how
such phase diagrams are affected by molecular transitions, described by the melting
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temperature Tr,, defined in Eq. (3.3), and interaction strengths. As a reference sys-
tem, we consider a binary mixture composed of only B and W molecules, see the
black lines in Figs. 3.2. This case corresponds to suppression of the A conformation,
achieved for w4 > wpg, for which ¢t = ¢p. In all our studies, we choose the relative
molecular volume v = 2 to account for differences in molecular volumes between

macromolecules and water.

3.1.1 Reentrant phase behaviour

We first focus on the class of system (i), defined via

XAB ~ XBO x40 < XBo - (3.5)

With this choice of parameters, A can be thought of as an inert conformation in
which the interacting sites are self-saturated due to the formation of internal bonds,
while B is the interacting conformation. This becomes clear when considering that,
in the limit x4 = xBo, the quadratic part of Eq. (2.3) reduces x¢p(1 — ¢5). Along
with the binodal, in Fig. 3.2 a) we also plot the melting curve T, (¢tot), defined in
Eq. (3.3). For this choice of parameters, Ti, decreases with ¢, meaning that the
denser the mixture, the more B, which is the interacting conformation, would be
produced at the expense of A. As is clear from Fig. 3.2 a), at high temperatures en-
tropy dominates, thus the system remains homogeneous, and mainly composed of
the conformation B, which is entropically favoured. Lowering the temperature be-
low a threshold called the upper critical solution temperature 7, the system demixes
into a ¢ior-rich and a ¢yo-poor phase, in the following referred to as the dense and
dilute phase, respectively. In the vicinity of 7, the state B dominates in both phases.
This can be quantified via the colour code encoding the system composition, defined

as the relative amount of molecules in the B conformation, ¢ /¢tot.
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FIGURE 3.2: Molecular transitions can lead to a lower critical dissolution tem-
perature. The binodal encompasses the demixing region in the plane spanned by
total volume fraction ¢+ and rescaled temperature 7'/T. The composition of each
phase is indicated by the colour code displayed on each of its branches. The black
line corresponds to the binary B-W reference mixture. a) Due to the presence of
molecular transitions, the phase diagram becomes reentrant, i.e., bounded above
from the critical temperature T, but also from below by a lower dissolution tem-
perature Ty. b) Increasing ein, the binodal is upshifted until the demixing region
shrinks into a point for ejn; = sintTp /2.

The temperature at which the dilute branch of the binodal and the melting curve
intercept determines the regime where coexisting phases differ not only in ¢, but
also in the amount of B relative to A, see the colour code in Fig. 3.2. This is intuitive
since, according to the definition of the melting curve (Eq. (3.3)), below the intercep-
tion temperature in the dense branch ¢p > ¢4, while in the dilute one ¢p < ¢a.
Along with the change in composition in the dilute branch, as the temperature de-
creases the ¢x domain corresponding to phase separation shrinks and shifts close
to ¢t = 1. This is because, with this choice of parameters, B molecules are the
only interacting ones, to have phase separation the system must contain enough B.
According to the melting curve, this is guaranteed for high ¢t. The fact that B
molecules are the only interacting ones explains also why the composition changes
along the dilute branch but remains rather uniform in the dense branch. In fact, the
temperature at which the melting curve and the dense cross, corresponding to the A
molecules populating the dense phase, determines the dissolution of the two phases.
In other words, depletion of the interacting material B due to internal energy gain
ultimately leads to a lower dissolution temperature T}, below which the system can-
not phase separate. The dissolution temperature Ty can be estimated setting ¢t = 1

in the definition of the melting temperature, see (3.3), leading to

Ty = dnt (3.6)

Sint
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Systems that exhibit both an upper critical solution temperature 7; and a lower dis-
solution temperature Ty, are called reentrant. In such cases, both increasing and de-
creasing the temperature leads to a phase transition from a demixed to a mixed state.
Increasing the internal energy stored in the A component, e enhances the domi-
nance of the molecular transition at low temperatures, and according to Eq. (3.6), an
increase in Ty, see Fig. 3.2 b). For high enough e, the melting curve passes gets close
to the critical point of the reference binary mixture (composed of B and the solvent
only), indicated by a black dot in Fig. 3.2 b). In this regime, the upper critical solution
temperature T and critical volume fraction ¢. exceed the corresponding values in
the binary case. This is because, at the interception between Tr,and the dilute branch
of the binodal, the dilute phase is composed of A and B in equal amounts.

Even though, with our choice of inter-
action parameters, B effectively repels

e

both A and the solvent, differences in T

—
o
1

|n

molecular volumes of A and B with re-
spect to the solvent (i.e. v > 1) favour
phase-separating B from A. In other
words, the addition of A and B in the
dilute and dense phase respectively, at

o
oo
1
no phase separation

the expense of the solvent, leads to an

Critical temperature Tt /Ty

entropic advantage. This implies that

the two phases will be up-shifted in ¢t 0.0 0.5 1.0

leading to two coexisting phases rich in Internal energy eint/(sineT0)

B and A, respectively, instead of B and

solvent rich, as in the binary reference, pgygg 3.3: Scaling of the critical tempera-
and an increase in critical temperature. ture with the internal energy For ej, = 0 we
get the critical temperature of the binary ref-
erence T'c/Ty = (v + 2y/v + 1)/2 while for
paring panels a) and b) in Fig.3.2, and eine = sinTo 12, we get T, = T = Ty /2.
manifests only for v > 1.

This effect can be appreciated by com-

To sum up, the higher the internal energy ein¢ the lower the solvent amount is present
in both phases. This implies that the critical temperature, has an upper bound, as
shown in Fig 3.3. In fact in the limit of zero solvent, the polymer blend composed
of A and B only phase separate below T = Tj v/2. Thus we find a threshold e}, at
which the phase diagram shrinks to a point, and below which the system remains
homogeneous for all ¢ and 7" values. This threshold can be found imposing that
Ty = T which, recalling Eq. (3.6), leads to

% 14
€int = 5 Sint10 - (3.7)
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FIGURE 3.4: Strong interactions of both states lead to a first-order phase transi-
tion in the composition of the dense phase. a) In the limiting case of x40 = X Bo,
for sufficiently high x 45, the melting curve becomes horizontal T}, = €jnt/sint and
coincide with a triple line (green dashed line) at which a dilute phase coexists with
two dense phases of different compositions. Such two dense phases have collapsed
into the degenerate point at ¢i+ = 1 (® symbol). Note that both, the order param-
eter ¢t and the relative composition ¢p /¢t are discontinuous at Tr,. b) Quan-
tification of the compositional jump in the dense phase and comparison with the
continuous variation of the composition in the dilute phase.

3.1.2 Temperature induced first-order transition in phase composition

We now consider another category of systems, class (ii), for which both components
have the same effective interaction with the solvent

XA0 = XB0, XAB > XBO- (3.8)

For simplicity, we now fix ej,;. With this choice of parameters, the dense phase com-
position can change, and for sufficiently high x 4p it does so discontinuously, see
Fig. 3.4 a). The transition occurs at the melting temperature, which loses its de-
pendence on ¢y and reads T = eint/sint. As a result, the melting curve becomes
horizontal and denotes a triple line; see the dashed green line in Fig. 3.4 a). At the
corresponding triple line temperature, three phases coexist for any value of ¢ be-
tween the dilute binodal and 1. The reason is that for x40 = xpo, both molecular
states have the same phase separation propensity from the solvent, and the internal
free energy balance determines the composition of the dense phase.

In Fig. 3.4 b) we quantify the change in dense phase composition and we show that,
in contrast, the composition of the dilute phase changes continuously. The discon-
tinuous change in the composition of the dense phase is a fingerprint of three-phase
coexistence in the underlying ternary phase diagram, which is typical for high x o,
X40 and xap > 0 and will be analysed in the next session (Fig. 3.6). The jump
in ¢l /¢l can then be explained with a mechanism similar to the one described
in Fig 2.4. Indeed changing temperature implies changing the internal free energy
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wp, without altering significantly the underlying ternary phase diagram. We notice
that, in our case, the molecular transition at thermodynamic equilibrium reduces
the dimensionality of the manifold in which points associated with three-phase co-
existence live, in agreement with the Gibbs rule (see Eq. (2.31)). In our case, the
molecular transition at thermodynamic equilibrium reduces also the dimensionality
of the domain in which three-phase coexistence is observed from a plane (green tri-
angle in Fig. 2.4 a) or Fig. 3.6 d)), to a line (portion of the green dashed line within
the binodal in Fig 3.4 a) ). The coexistence of three phases and thus also the jump in
dense phase composition is controlled by the effective interaction x 45, for a detailed

discussion see Ref. [40].

3.2 Phase separation kinetics with molecular transitions main-

tained away from equilibrium via fuel

In the last section, we focused on how temperature affects the composition of coexist-
ing phases. Temperature is a great control parameter for in vitro systems, however,
there is no evidence that living systems control their temperature to regulate phase
separation. In living cells, molecular transitions are regulated by a “fuel” component
F which affects the balance between the two molecular states. A prototypical exam-
ple is phosphorylation, where we can identify ATP as the fuel whose hydrolysis is
known to regulate the balance between phosphorylated states and thereby regulate
protein phase separation [41, 42, 43].

a=1 a=2 W F a=3
“_/.
Ap=Sor oy Zsfor =00
)
F W

FIGURE 3.5: Illustration of the reaction pathways involving the fuel

In the previous chapter, we studied the kinetics of passive systems that relax to equi-
librium, see Sec. 2.2. We now use a similar theoretical framework to account for the
effect of the fuel [44, 32]. As illustrated in Fig. 3.5, this is done considering explicitly
two new reaction pathways, (¢ = 2 and a = 3) that involve fuel and a waste compo-
nent, F and W respectively. In analogy with Eq. (2.48), we consider kinetic equations
of the form

Oppa =V - (AaViia) + 7, (3.9a)
Opp =V - (ApVip) -1, (3.9b)

where we chose A; = ¢; (1 — ¢a — ¢p)Ap/(kpT). Including now both reaction
pathways in Fig. 3.5, with and without the fuel, we can write the reaction flux in
the spirit of Eq. (2.39)
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We can now expand the first term for (fip — fia)/kpT < 1 and the second and third
at first order in ¢ and ¢4, respectively, to get

= A, BB EA) g e — ks a0 @11
B

Here, k. and k_, are the volume fraction independent rate constants of the back-
ward and forward transition, respectively. This independence of rate constants im-
plies that detailed balance of the rates corresponding to the molecular transition is
broken; for a conceptual discussion see Ref. [32]. In contrast to systems described
in Sec. 2.2, a system with a reaction flux r given by Eq. (3.11) cannot fulfil the two
equilibrium conditions of equal and spatially constant chemical potentials. Thus,
stationary solutions to Egs. (3.9) using Eq. (3.11) are non-equilibrium steady states.
Consistently with this, in the absence of fuel (¢r = 0), the reaction flux above re-
duces to Eq. (2.49b) and the system can relax to thermodynamic equilibrium. Thus,
in our model, the fuel level controls how far the system is maintained away from
thermodynamic equilibrium. Finally, we look for an equation for the fuel volume
fraction ¢p. To this end, we focus on the case where the diffusion of fuel is fast
compared to the diffusion of the macromolecules A and B, respectively. This limit
is indeed reasonable for many biological systems since diffusivities for example be-
tween phase-separating macromolecules (proteins, RNA,...) and ATP differ by about
two orders in magnitude [45, 46]. For simplicity, we consider the case of fuel being
conserved, i.e., it is maintained constant in time. This scenario applies to living cells
under physiological conditions and in in vitro systems, where these conditions could
be realized by encapsulated ATP or regeneration of ATP. Moreover, we assume that
the fuel molecules interact in the same way with A and B. In this case, we can
quasi-statically slave the fuel volume fraction ¢r to the total concentration of A and

B,
¢r(T,t) = ¢ (0 + T drot(4, 1)) (3.12)

where ¢ denotes the average volume fraction of fuel that is constant in time. The
choice above allows capturing the partitioning of fuel by accounting for the spatial
correlations between fuel and the total volume fraction ¢¢. The fuel partitioning
coefficient P, which is experimentally accessible, determines the values of the pa-
rameters I' and T in Eq. (3.12) (see Appendix B for a definition of Py and the link to I"
and T). In the following, we choose three parameter sets for I' and T corresponding
to three qualitatively different scenarios. First, the fuel partitions inside the ¢io-rich

phase for I' = 0 and T = 1/¢it. Second, fuel is enriched outside corresponding to
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['=—7 = 1/(1 — biot). Finally, we also consider the case of a homogeneous fuel for
I' = 1,7 = 0. The latter case has been studied for example in Refs. [47, 48].

We numerically solve the kinetic Egs. (3.9) and (3.11) in two dimensions with peri-
odic boundary conditions combining the energy quadratization method [49, 49, 50]
with with the stabilization method [51], see also Appendix F and G in Ref. [40].

3.2.1 Control of the number of coexisting phases via fuel

For the rest of the chapter, we study systems belonging to class (ii), defined in
Eq. (3.8). We measure the effective rates in units of tp = L?/Ap, which represents the
time a macromolecule takes to diffuse across a length L = 100+/k44/(kpT), where
L corresponds to the system size. Moreover, the length scale \/k44/(ksT) approxi-
mates the droplet interface width [32]. In all simulations, we set A, = 5 tBl. We also
set the effective backward rate ¢ k.. = 0 and k_, = 2103 tBl and consider variations
of the effective forward rate induced by the average fuel amount. In Fig. 3.6 a)-c) we
plot representative stationary states at three different fuel levels. In the absence of
fuel (¢r = 0), the system reaches its thermodynamic equilibrium, which for the pa-
rameters chosen here corresponds to an A-rich phase coexisting with a solvent-rich,
see Fig. 3.6 a). Intermediate amounts of fuel induce a transition to a non-equilibrium
stationary state comprised of three coexisting domains, see Fig. 3.6 b). For an even
larger amount of fuel, the system transits to a non-equilibrium stationary state where

B-rich domains stably coexist with a solvent-rich domain.

As expected, for high values of k_, and k., we find that the local composition of
each domain is no more governed by the thermodynamic equilibrium values. The
effective description in terms of a single degree of freedom (i.e. ¢ot), discussed in
Sect. 2.1.3 and Sect. 2.1.4) breaks down, and the system must be characterised by two
degrees of freedom (i.e., 4 and ¢p). The corresponding ternary phase diagram for
the chosen temperature is depicted in Fig. 3.6 d). As anticipated at the end of the pre-
vious section, for parameters corresponding to case (ii), the phase diagram exhibits
three-phase coexistence (green triangle), but also three domains of two-phase coex-
istence (blue, red and white). In the absence of fuel, the average (blue circled dot) is
constrained by chemical equilibrium to the lower blue domain, thus the demixes in
two phases, their composition specified by the blue dots in Fig. 3.6 d). Changing the
fuel amount (and consequently the effective forward rate k_, ¢r) amounts to moving
the average volume fraction vector along the conserved trajectory ¢p = ¢rot — ¢4,
as indicated by the gray arrow. For intermediate fuel amount, the average volume
fraction moves into the green area, and the system exhibits three-phase coexistence,
as we saw in Fig. 3.6 b).
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FIGURE 3.6: Breaking detailed balance of the molecular transition enables con-
trolling the number of distinct phases a)-c) $4 and ¢ spatial profiles at the sta-
tionary state for increasing fuel average volume fraction ¢r. a) Without fuel the
system demixes into an A-rich phase and a solvent-rich phase, whose composition
is set by thermodynamic equilibrium. b) Increasing fuel leads to the emergence
of three phases: many A-rich drops and a single B-rich drop surrounded by a
solvent-rich phase, respectively. c) Increasing further the fuel amount leads to two
domains at steady state, enriched in B and solvent, respectively. d) Increasing the
fuel level results in moving the average system composition in the ternary phase
diagram. Average volume fractions for different fuel values are indicated by the
circled coloured dots. The dashed lines connect average volume fractions with the
volume fraction values in the respective demixed domains (colored dots), at steady
state. We notice that the phase compositions are not too far from the reference val-
ues obtained imposing phase equilibrium in the ternary mixture, without chemical
equilibrium. (e) The number of phases along with their density and composition
as a function of the amount of fuel in the system. Here, interactions correspond to
parameter set (ii), i.e. x40 = XB0, XAB > XBo,

Surprisingly, the local composition of each domain in the fueled system is almost
equal to the equilibrium value of a ternary mixture without molecular transitions, as
can be seen comparing the green dots with the vertices of the green triangle in Fig. 3.6
d). This remains true for high fuel amounts, for which the average volume fraction



Chapter 3. Controlling phase composition via molecular transitions 31

lies in the red domain corresponding to a B-rich droplet. Although the three-phase
coexistence regime occupies the majority of the ¢ 4-¢ g-plane, the coexistence of three
domains is actually only accessible over a narrow range of fuel values. To see this,
compare the green regions in the phase diagram of Fig. 3.7 d) with the green region
in Fig. 3.7 e). Thus, when the fuel is changed by an amount larger than this narrow
window, the long-time, stationary state of the systems swaps from an A-rich to a
B-rich domain. In general, this does not necessarily imply that the initial single
droplet swaps its composition without dissolving. However, our results suggest the
intriguing possibility, that under some conditions, a droplet may be able to change
its composition without losing its identity, related to the profile of the total volume
fraction.
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FIGURE 3.7: Fuelling leads to droplet composition switch in time The active
switch in droplet composition is achieved by changing fuel in time according to
the protocol in a). b) Time traces of ¢4, ¢ and ¢y inside the dense phase show an
abrupt compositional switch with time, reminiscent of the discontinuous switch ob-
served at thermodynamic equilibrium when quasi-statically varying the tempera-
ture. c)-e) Snapshots of ¢4 ¢ profile evolving in time within the first half of the fu-
eling ramp shown in a). The rescaled temperature is kept constant to 7'/T; = 0.525.

To test the possibility of a single droplet kinetically swapping its composition with
time as the fuel is increased, we initially start with an A-rich droplet at thermody-
namic equilibrium (¢r = 0) and gradually increase the average fuel volume fraction
until it reaches a plateau value, and then gradually decrease it, see Fig. 3.7 a). This
causes an abrupt change in the composition of the dense phase, defined by means of
a threshold in the total volume fraction, i.e. ¢iot > @5y, as can be seen in Fig. 3.7 b).

Here we have chosen

Prot = (DRor" + Prot')/2 + Grot (3.13)
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where ¢12* and ¢TI correspond to the maximum and minimum value of ¢ot(z), for
a given time, while dior = 0.4 (ppag™ — g;;“) As the average fuel volume fraction is
increased, a B-rich domain appears in the centre of the initial A-rich droplet. This
domain grows and splits into concentric rings enriched in A and B, respectively, see
Fig. 3.7 d). The outermost B-rich domain radially propagates inwards and outwards
facilitating the formation of a final B-rich droplet. This inversion occurs approxi-
mately concomitant to the average fuel amount exceeding some specific value, see
Fig. 3.7 €). Thus, the composition has indeed swapped with time compared to the
initial state. As the fuel is gradually decreased, B material is consumed causing the
droplet to shrink and a release of A material near its interface. This process forms an
A-rich outer ring that relaxes with time to the spherical shape — the composition has
returned back to its initial value. These results demonstrate that the composition
of a droplet can indeed be controlled and reversibly switched by fuel that breaks
detailed balance of the rates without dissolving and re-nucleating the droplet at an-
other position.
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Chapter 4

Controlling the shape of coexisting
phases via molecular transitions

In the previous chapter, we generalised our reaction scheme to account for the pres-
ence of a fuel component. We have shown that breaking the detailed balance of the
rates, via constant fuel supply, causes deviations from chemical equilibrium, thus
paving the way for controlling phase composition. We also discussed how maintain-
ing chemical reactions away from equilibrium leads to violations of the Gibbs phase
rule, in turn releasing the strict limitations on the dimension of multi-phase coexis-
tence regions (Eq. (2.31)). In our example, breaking detailed balance of the rates led
to three-phase coexistence for a wide temperature range, instead of fine-tuned tem-
perature values imposed by equilibrium (compare Fig. 3.4 with Fig. 3.6). Accounting
for the presence of the fuel, we could not resort to the dimensional reduction com-
ing from chemical equilibrium (see Sect, 2.1.3), but it proved useful to refer to the
underlying M dimensional phase diagram. However, this has many limitations, as
can be clearly appreciated by taking a closer look at the patterns that emerged in
the last chapter, like the fixed-sized droplets in Fig. 3.6 b) and the (transient) rings
in Fig. 3.6 d). In fact, breaking detailed balance of the rates, in general, prevents
both the relaxation to chemical and phase equilibrium. In this chapter, we focus on
non-equilibrium patterns that emerge due to fuel-driven chemical reactions. We first
discuss the impact of interaction propensity and effective rates on the emergence of
patterns and then introduce a simplified framework to characterise rings. We then
show experimental evidence of an analogue pattern in 3D, namely spherical shells,
forming in fuelled coacervate systems. We conclude by showing that theoretical
predictions are in good agreement with experimental results. The results presented
here, have been obtained within a very fruitful collaboration involving Jonathan
Bauermann, Frank Jiilicher and Christoph Weber on the theory side, and Alexander

Bergmann, Carsten Donau, and Job Boekhoven on the experimental side.
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4.1 Fuel controls the shape of coexisting phases

We start from the ternary mixture described in previous chapters, composed of the
solvent and a molecule in two states (A and B). We consider the classes of sys-
tems outlined in the previous chapter: (i) weak A-solvent interactions: x 40 < X Bo,
while x4 ~ xpo and (ii) strong A-solvent and A-B interactions: x40 ~ xBo, with
XAB > X Bo- At thermodynamic equilibrium, we observed reentrant phase behavior
for (i), see Fig. 3.2, and a discontinuous phase transition in droplet composition for
(ii), see Fig. 3.4. We study the system kinetic, described in Eq. (3.9), considering both
a thermodynamic and a fuel-related contribution to the reaction flux; see Eq. (3.11).
Most importantly, the fuel-related contribution breaks detailed balance of the rates.
This causes the system to settle into non-equilibrium stationary states which differ
from the thermodynamic equilibrium one in terms of the number of phases, phase
composition, and morphology. To classify these non-equilibrium states, we numeri-
cally solve Egs. (3.9) together with Eq. (3.11), initializing the system with one droplet
of total volume fractions and A-B-composition taken from the corresponding ther-
modynamic phase diagrams. We then track the interfaces between A-rich, B-rich,
and solvent-rich domains, shown by dashed blue and red lines in Fig. 4.1 a) and d),
defined via a threshold in the functions ¢ 4(x) and ¢ (z) respectively. As in the pre-
vious chapter, we have chosen the threshold based on the conserved quantity ¢,

namely

Oh = b = (P + drt") /2 + ot » 4.1)

where ¢ and ¢li" correspond to the maximum and minimum value of ¢t(z),

for a given time, while dior = 0.4 (P> — ¢Min). We find the emergence of various
patterns ranging from equally sized droplets to rings and stripes (see Fig. 4.1 a), b),
d), e), and SI movies I-VII in Ref [40]). In our analysis, we focus on two sets of pa-
rameters:

Class (i) is defined by weak A-solvent interactions: x40 < XxBo, while x4 ~ XBo,
we find that the ¢-rich phase is mainly composed of B and that the inside compo-
sition hardly varies due to the presence of fuel; Fig. 4.1 c). However, the fuel can in-
duce the formation of patterns that are significantly different from the corresponding
equilibrium state, composed of a single droplet. We find that there is an extended
region in the k_,-k_ state diagrams where patterns emerge, enclosed by the grey
line in Fig. 4.1 c). Close to the onset of pattern formation, we observe stable ring-like
patterns, see Fig. 4.1 a). For increasing effective backward rate ¢r k., we often ob-
serve rings coexisting with droplets, see SI Movie II. For even larger effective rates
¢r k., rings break up leading to the emergence of equally sized droplets (Fig. 4.1 b).
Equally sized droplets have been reported in a model using a Ginzburg-Landau type
of free energy [48]. Droplets can also strongly deviate from their spherical shape (see
SI Movie IV in Ref. [40]) and deform into elongated domains reminiscent of stripes.
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FIGURE 4.1: Molecular transition breaking detailed balance leads to non-
equilibrium stationary states. We monitor the emergence of patterns by tracking
the interface between solvent-rich (I), A-rich (II), and B-rich (III) domains (defined
in Eq. (4.1)). For example, such tracked interfaces are shown by the dashed lines
in a) and d), where the red and blue lines enclose B-rich and A-rich domains,
respectively. These domains are the analogue of demixed phases at thermody-
namic equilibrium. In a) and b) we display two prototypical fuel-induced non-
equilibrium stationary states belonging to parameter set (i) defined by weak A-S
interactions, namely x40 < XBo, XAB =~ XBo- The state diagram in c) indicates
out-of-equilibrium patterns corresponding to different values of the effective for-
ward and backward rates (¢r k. and ¢r k_,, respectively, entering in Eq. (3.11)), for
parameter set (i). Here, the colour code indicates the composition of the dense do-
main in terms of the relative B amount (i.e. ¢5/¢tot). For strong A-S interactions,
XA0 = XBo, XAB > XBo, corresponding to parameter set (ii), stationary patterns
emerge composed of three domains distinct in composition d), e). In the state dia-
gram f), such domains are indicated with two triangles of different colours in which
each colour corresponds to the composition of the two distinct dense phases.

Class (ii) is characterized by strong A-solvent and A-B interactions: x40 ~ XBo,
with x4 > XxBo, the behavior in the k_,-k_ state diagram changes significantly. In
contrast to the previous case, for the temperature value chosen (7" = 0.525T)) the
initial equilibrium state is a droplet composed mainly of A. Increasing the effective
forward rate for low effective backward rates leads to a transition from an A-rich
droplet to a B-rich droplet. In other words, for a large effective forward rate, this
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leads to a droplet of switched composition. Between the two regions in the k_,-k_
plane corresponding to single droplets of different composition, there is a region
where observe various kinds of patterns, see Fig. 4.1 d),e). In particular, for a low
effective forward rate corresponding to the onset of pattern formation, we typically
find that the shape of the A-rich domain deviates significantly from the initial sin-
gle drop at thermodynamic equilibrium, while the composition of such domains
remains close to the equilibrium value. Besides rings and equally sized drops, we
also find patterns reminiscent of bubbly-phase separation [52], see SI Movie V in
Ref. [40]. For higher effective forward rates and low backward rates, we find pat-
terns where three domains of different compositions stably coexist, see the region
marked with two triangles of different colours in Fig. 4.1 f). Representative station-
ary patterns composed of three domains are shown in Fig. 4.1 d), e). These patterns
are spherically symmetric with a centered droplet enriched in B that is surrounded
by a ring of smaller A-rich droplets of equal size. As mentioned above, for even
higher effective forward rates, the system settles in a non-equilibrium stationary
state composed of a single B-rich droplet. The rates for which these patterns emerge
are influenced by the partitioning of fuel into the droplets. For details, see Fig.5 in
Ref. [40]

4.2 Fuel-driven chemical reactions lead to vacuole formation

Among the patterns identified in the previous section, arguably the most interest-
ing is the ring-like structure. What makes this pattern intriguing is the presence of
two interfaces, which are penalised by the surface tension, and thus forbidden at
equilibrium. To better characterise such a ring-like pattern, and study its 3D ana-
logue, we now introduce a simplified kinetic description of multicomponent mix-
tures. This powerful approximation is usually referred to as the effective droplet
description [32, 33] and can be exploited in the limit of sharp interfaces between

different phases. This approach assumes local phase equilibrium at the interface.

421 The effective droplet model

We study first the case of a spherically symmetric system composed of two phases,
separated by an interface at position R. We will call phase I the domain from r» = 0
to r = R, and phase II the domain from r = R to r = Rgys, the system boundary.
For k;; — 0, the interfaces among different phases become infinitely thin. The idea
behind the effective droplet model is to expand the volume fraction around certain
values, e.g. their values at the interface, defined as (I)E/ T _ oi(r — Ri), where R
is the droplet radius. Then, by means of appropriate relations, these volume frac-
tion values and R must be determined self-consistently. We chose to linearise the

dynamics in Eq. (2.48) with respect to the volume fraction values at the interface



Chapter 4. Controlling the shape of coexisting phases via molecular transitions 38

¢i(r — RY) = Q)y T eading to

0p; /1 /10 /1
==V +;k ( s ) 4.2)
with
M
ji==> DYV, (4.3a)
j=1
or;
k= =t (4.3b)
94,
/M= ri(@M), (4.30)

and we have defined the diffusion coefficient

D@;j/n ZAzk 3Mk: (44)

o/

Providing the appropriate boundary conditions at » = Rsys, these equations can
be solved to get the spatial profiles qby (1) of each component i in phases I and II,
respectively, as a function of <I>£/ I R Following Ref. [19], we now assume that is
possible to decouple the slow kinetic of R(t) from the fast dynamics of the volume
fraction fields. In other words, neglect transients in Eq. (4.2) and use its stationary
solutions to compute the motion of the interface R(t). In particular, starting from
Eq. (4.2), adopting a reference frame comoving with the interface, and integrating

between R~ and RT, we get
R (@) - ol) = (Ji(r7) —JRN)) i (45)

with 7, denoting the radial vector. The equation above relates fluxes and volume
fractions at the interface to the motion of the interface. Considering the dynamics of
conserved quantities, we get constraints on the possible values of R. In fact, accord-
ing to Eq. (2.53), we obtain

(4.6)

where the linearised currents read j = > Qlkf/ I Eq. (4.6) implies that, at
steady state, the flux of conserved quantities is divergence-free. In this work, we
focus on the case of closed systems imposing no flux of material through the sys-
tem boundary. This assumption implies that the flux of conserved quantities also
vanishes at Rys:

JZZJH (Rsys> =0. (47)
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This equation, together with the vanishing flux at R = 0, and Eq. (4.6) implies that,
at a steady state, the current associated with conserved quantities must be zero ev-
erywhere: j?’ = 0. Applying Q;; on both sides of Eq. (4.5), we find

R (qu - q/?) —0, (4.8)

where \Ily T indicate the values of the conserved quantities at the interface. Equa-
tion (4.8) states that, in closed systems that are stationary with respect to Eq. (4.2), if
the value of any conserved quantity differs across the interface, the interface velocity
must vanish. Thus, unless the interaction parameters lead to \Ilg = \Il?, we can use
the effective droplet model only to study the stationary state of the system, and not
the slow relaxation kinetics of R(t).

In any case, we need to determine the 2/ volume fractions <I>£/ Tand R(t). To this

aim, we impose local equilibrium across the interface:

i ({®5}) = m({®}}) (4.9a)
L({e}}) = m({e}f}) + 2. (4.9b)

where we modified Eq. (2.9b) to account for the surface tension 7. These equations
must be supplemented by global and local conservation laws. In particular, the con-
served quantities obey the following global conservation laws

Rsys

R
4 / Yi(r)r? dR + 4x Yi(r)r? dR = ; Vays . (4.10)
0 R

The remaining constraints can be found applying the matrix F,;, defined in Eq. (2.18),
to the expression for the interface velocity in Eq. (4.5), leading to

. 51 £ I
5 _Ja —Ja .
R=Zr——=g (4.11)
—a “a
where we introduced =/ as the values of the reaction extents at the interface. Equa-

tion (4.11) represents a set of local conservation laws for the fluxes of reaction extents.
It states that molecules have to be provided (or removed) by the mismatch of the
fluxes while moving the interface between two phases and having a finite difference
in the volume fraction at the phase boundaries. Summing up, we have to distinguish
between two cases:

i All conserved quantities are continuous at the interface. In this case, which
requires a very specific choice of interaction parameters and molecular vol-
umes, Eq. 4.8 does not constrain the interface velocity of volume fraction pro-
files that are stationary with respect to Eq. (4.2). For a given value of the radius
R, we have to determine 20/ values of the volume fractions at the interface,
0!/ and the velocity R. To this aim, we use the M + 1 local equilibrium con-
ditions in Eq. (4.9), plus the (M — R) conservation laws in Eq. (4.10), together
with the R interface conditions in Eq. (4.11).
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ii At least a conserved quantity jumps at the interface. In this case, according
to Eq. 4.8, the assumption that volume fraction profiles are stationary states
of the dynamics in Eq. (4.2), implies that the interface velocity vanishes. Even
if, within the stationarity assumption of the volume fraction fields, we cannot
study the slow relaxation kinetics of R(t), we can still make use of the effective
droplet model to find the stationary radius R* and the corresponding interface
values <I>£/ I To this aim, we use the same set of constraints, namely the M +1
local equilibrium conditions in Eq. (4.9), the M — R global conservation laws
in Eq. (4.10), and the R interface conditions in Eq. (4.11).

4.2.2 Spinodal instability at the centre of chemically active droplets

As an example, we study the ternary mixture already introduced in the previous
chapters, composed of the solvent, Cy, and two components A and B. We allow the
chemical reaction A = B and impose A and B to have the same molecular volume
vqa = vp = vuvg. We chose the conserved quantity ¢ = ¢yt = ¢4 + ¢p and the
reaction extent { = ¢p/v. We do not restrict the choice of interaction parameters
and molecular volumes and allow jumps in the conserved quantity at the interface:

1ot 7 ¢l According to the discussion in the previous chapter, this implies that the
interface velocity R must vanish, at steady state of Eq. (4.2). Nevertheless, we can
resort to the effective droplet model to determine the stationary radius and volume
fraction profiles associated with a chemically active droplet and discuss its stability.
For a ternary mixture, the reaction-diffusion equations in Eq. (4.2) read

Orpa = DV g4 — Kglioa + Kipos (4.12)
Oidp = DVIN2pp + K ida — K{pon . (4.12b)

In principle, the diffusion coefficients D;; and the rate coefficients k;; depend on
the boundary values ® 4 around which we expanded, via Eq. (4.4) and Eq. (4.3b),
respectively. In the following, we consider the possibility that both coefficients differ
between the phases, however, for simplicity, we neglect any further volume fraction
dependence of D;;(®;) and k;;(P;) in each phase. This assumption greatly simplifies
the determination of the boundary values ®; without altering the qualitative results
that can be obtained within the effective droplet model. Here, for simplicity, we
have set DL/ ' — 0 fori # j and chosen equal diffusion coefficients for A and B,
D;/ I pl/u, Furthermore, we have set ¢;, defined in Eq. (4.3¢c), to be zero in both
phases. The last assumption should be taken with care since it implies that we can
linearise the volume fractions around values corresponding to phase equilibrium

and chemical equilibrium simultaneously. With these assumptions, the stationary
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solutions have the general form

1/ : 1/11 1/11
a sinh(rA cosh(rA
¢I/H( ) ; —|—CL12/H + aé/ﬂ (T ) +a£1/11 (7, ) , (4.13a)
1/ : 1/11 1/10
¢I/H( ) = Ba [ Ta I/II _ag/n sinh (rA"1) —ai/ﬂ cosh (rA1) . (413b)
kS r T r
AB
with
Y 4 gl
AVIE [ 24 7131 i (4.14)

and !/ integration constants to be fixed via boundary conditions. Imposing van-

ishing flux at the droplet centre and identifying ¢! = ®!, we can recast the solutions
in phase I as:

LKL, — dLEL 5 ig(\lr) . oL+ ol
kfélB +khy G0OLR) PR kL,

Pkl p — Phkpa io(A'r) 9+ @)
Kl + kG, doOWR) PR R,

Phy(r) = (4.15a)

Pp(r) =

(4.15b)

where ip(z) = sinh(x)/z denote the spherical modified Bessel function of the first
kind and Oth order. In phase II stationary solutions read:

QUL — UL 1y (A Rgys)io (ATr) + iy (AT Rsys ko (A7)

11 _
Palr) = kljB + k:%A kl()\HRsys)io(/\HR) + il(/\HRsys)kg()\HR) 116
3l ¢ @l (4.16a)
kAB IIA IJIB )
kip+kpga
0 — OUEY 5 — SUEY , ki (A Rys)io (A7) + i1 (A Ry )ko(Allr)
K p + k% k(AT Reys)ig(ATR) + i1 (AT Rys ) ko (ATR) L16b
<I>H +(I>H ( . )
kBA IIA ﬁg )
kap +kpga

where ®1 <I>% are the interface volume fractions at r = R and Rsys is the system size.
Moreover, ko(z) = exp(—x)/z is the spherical modified Bessel function of the second
kind and Oth order. The spherical modified Bessel function of the first and second
kind and first order (i; and ko, respectively) are defined through i;(z) = ij(z) and
ki (z) = —k{(z). The A and B fluxes read

jZI/II( ) = —DI/H&«#/H. (4.17)

Now we can self-consistently determine the boundary values <I>¥/ I 'and the interface

position R making use of the following (M + 1) conditions:
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¢ Phase equilibrium

pa({25}) = na({25}), (4.182)
s ({25)) = ms({2]1) . (4.18b)
L({®;}) = D{@}}) +25. (4.18¢)

¢ Global material conservation

mﬁm—/wwwwm

/ (4.18d)
= o (@l + Op) B+ (@lf + o) (RE, - BY)] .
¢ Conservation across the interface
i =—Js- (4.18¢)
In the following, we introduce the time scale
T = R, /D" (4.19)

that will be the natural unit to measure rates. Two examples of the radial profiles ¢ 4
and ¢p resulting from the solution of the equations above are displayed in Fig. 4.2
a) and b), for two different values of k!, ;. Due to chemical reactions, moving away
from the interface » = R, the volume fractions can vary from the values <I>£/ I around
which we have linearised. The variation becomes significant at distances from R
comparable with the length scale 1/A\!, introduced in Eq. (4.14). In both cases il-
lustrated, the reaction-diffusion length scale A is much larger than the system size,
1/A1 ~ 10Rsys, corresponding to flat profiles outside of the droplet. On the other
hand, 1/\! ~ 0.6 Rsys in a) and 1/ AL~ 0.3Rsys in b). As a result, A and B profiles
vary mildly in a) while in b) the volume fractions at the droplet centre (red and blue
circles) and at the » = R (red and blue triangles) differ significantly. In Fig. 4.2 c) we
plot volume fraction variations in the dense phase, on top of the phase diagram, for
the same parameters used in a) and b). Since we imposed phase equilibrium across
the interface, the volume fractions at » = R (circles) must lie in the proximity of
the binodal. The discrepancy is to the presence of surface tension 7. As mentioned
before, chemical reactions lead to variations of the volume fraction profile with r.
In particular, the volume fraction at the droplet centre may lie in the spinodal re-
gion, as is the case for parameters in b). Inside the spinodal region, homogeneous
states become unstable for any perturbation. Thus, if volume fractions at r = 0 cross
the spinodal line, spontaneous demixing occurs at the droplet centre. In Fig. 4.2
d) we depict the dependence of the volume fractions at the centre ¢;(0) on the rate
kY 5, highlighting the value k*, corresponding to crossing the spinodal. In Fig. 4.2
e) we depict the variation of the interface radius as a function of the rate k!, 5, again
highlighting k*. Values above k* are dashed since in this regime the droplet state
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becomes unstable.

We have shown that for k!, > k* chemical reactions lead to volume fractions at
r = 0 that lie in the spinodal region. This would correspond to spontaneous demix-
ing at the droplet centre, and thus the emergence of a third phase. We speculate that
indeed for k!, > k* the stationary state of the system is composed of three phases
separated by two interfaces. Unfortunately, to study this regime we cannot resort to
the set of linearised equations in Eqs. (4.18). In fact, there we considered D! to be
constant, as given by the expression in Eq. (4.4). On the other hand, if the volume
fractions in the dense phase deviate from their boundary values, this approximation
can lead to contradictions. This becomes evident when the droplet centre crosses the
spinodal, leading to a negative diffusion coefficient considering equations linearised
around ¢;(0). For this reason, in the next session, we will introduce a new theoretical
framework that will reveal to be useful for characterizing the stationary state in the
regime k!, > k*.
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FIGURE 4.2: Chemical reactions lead to spinodal instability at the droplet centre.
a) and b) concentration profiles corresponding to kY ; = 0.01 and kY, ; = 0.05. Solid
and dashed lines represent stable and unstable solutions of Egs. (4.18), respectively.
c) Concentrations at the interface R(circles) and at the droplet centre (triangles) for
the parameters corresponding to a) and b) plotted on top of the phase diagram.
For high values of the rate k!, ;, the volume fractions at the droplet centre cross
the spinodal region thus the droplet state becomes unstable. The dependence of
R and of the volume fraction at the centre on kY ; are plotted in panels d) and e),
respectively. Here, £* denotes the onset of the spinodal instability at the droplet
centre, where the droplet state becomes unstable. For this reason, we dash values
of the radius and volume fraction at the centre above k™.

4.2.3 Describing vacuoles within the effective droplet model

We study now the case of a spherically symmetric system composed of three phases,
separated by an inner and an outer interface at position Rj, and Royt, respectively.
We will call phase I the domain from 0 to Rj,, and phase II the domain from Ryt
to Rsys, the system boundary, and phase III the shell between Ri, and Rou. We
focus on the ternary mixture described in Sec 4.2.2 and previous chapters. Again, we
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assume the interfaces among different phases to be infinitely thin and solve reaction-
diffusion equations analogue to Eqs. (4.2), namely

Do = DOV2pA — kS 404 + kS poB (4.20a)

Qo = D*V2pp + k& a4 — kS50, (4.20b)

in the phases o« = LI, III. In the following, we will use the superscripts “I”, “in”,
“out”, and “II” to indicate quantities evaluated at R,_, R", Ry, Rl respectively.

For example, with this notation, the volume fractions at the boundaries read

P} = ¢i(r — R.), (4.21a)
" = ¢;(r — RY), (4.21b)
O = ¢ (r — Ry, (4.21¢)
ol = ¢i(r — RE,) (4.21d)

for i = A, B. The stationary solutions of the reaction-diffusion equations (Eq. (4.20))
in phases I and II are identical to those presented in Eq. (4.15) and Eq. (4.15), respec-
tively. The stationary profiles inside of the shell, instead, read

((I)outkHI (I)%utk,gIB) [kO (/\IHRin)iO (/\IHT) _ iO ()\IHRin)kO ()\IH’I")]

11
¢a(r) = (kIH kIHA) ko (AT Rip )ig (AT Rowt) — io(ATLRin koA Ry )]
(@, — DIBEIL ) [ko( AT Rout)io (A1) — ig(A™ Rowe ko (A'F)]
(KL + KL koA R )ig (AT Rout) — io(AM Rin ) ko (A Roy)] (4.220)
4 (4 D — %= B i Row
(K1 + FEy) (Rout — Rin)r
+ kIII (@%ut + q)oBut)Rout — (‘I)i,fll + (I)ij_g)Rin
(kgIB + k%’IA)(Rout - Rin) ’
iy — (P = PR IO ™ Rin)io A1) — io (N Rin o ()]
(k,III kIII ) [ko(/\HIRin)lo()\HIRout) _ IO(AIIIRin)kO()\IHRout)]
((I)mkHI CI)mk:IH ) [ko ()\IHRout)iO ()\IHT) o iO ()\HIRout)kO()\IHT)]
(k,III + kIII ) [ko()\HIRin)iO()\HIRout) _ io()\HlRin)kO()\IIIRoutﬂ (4.22]3)

L (9] + P — U — OUYY) Rin Rout
T T Y
(Kyn + ks (R Rin)r
‘AB BA out in
L (P9 + P Rour — (P} + ®F) Rin
(K4 + ) (Rowt — Rin)
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where we have imposed no flux boundary conditions at » = 0 and, since we restrict
to closed systems, at r = Rsys. Furthermore, we have introduced

JolI + JelI
or _ AB BA
A = [ AP (4.23)

Ji(r) = —D%0,¢ (4.24)

70

The currents read

with o = LILIII. We can now study the interfaces kinetics fixing R;, and determine
the boundary values cj)%, ii“, oM, ?, the outer interface position Rjn, and the inter-

face velocities Rout and Ry, making use of the following conditions:

* Phase equilibrium across the inner interface R;,

pa({®}}) = pa({2}), (4.25a)
ps({25}) = ms ({2, (4.25b)
m({el}) = m({eh}) + 2% . (4.25¢)

¢ Phase equilibrium across the outer interface Ryt

aa({e5}) = ma({25}) (4.25d)
e ({25"Y) = as({2]}) (4.25¢)
L({85"}) = L({e}) + 20 (4.250)

e Global material conservation

Frot Vags = / AV (64 + 05). (4.25g)

* Unicity of the inner interface velocity Rin

S 7 b FRPR b
Ry, = o gl = T Tor . (4.25h)

e Unicity of the outer interface velocity Rout

LR
Rout = Ny = Ny . 4.251
out @%m _ (I)g T (I)%Ut _ @Ié T ( )

As demonstrated for the case with one interface only, see Eq. (4.6)), at stationary
state, the current associated with the conserved quantity ¢, namely

Jiot = =D Vg, (4.26)
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must be constant in the phases. For closed system, this implies ji, = ji., = 0 while,
in principle, jiy does not have to vanish. Thus, we can rewrite the interface veloci-
ties, defined in Eq. (4.25h) and Eq. (4.25h), as

+ 111

. J R
Rin = —=%—1,, (4.27a)
tot ¢tot
: Jiot
Rout - TOH’&T . (4.27b)
tot — %tot

The last pair of equations allows slaving the velocities at the two interfaces:

in I
R _ R tot ¢t0t 4.08
out = Nin— 1 > (4.28)
tot — %tot

implying that if an interface velocity vanishes so does the velocity of the other inter-
face.

To determine the steady state radii (Rin, and Rout) and volume fraction profiles at
interfaces (qb%, in, v, qb?, the outer interface position , for ¢ = A, B), we solve the
set of equations in Egs. (4.25), supplemented with

Rin=0. (4.29)

As outlined above (see Eq. (4.28)), the last equation implies that both interface veloc-

ities simultaneously vanish.

An example of interface kinetics is reported in Fig. 4.3. For different values of Ry,
we solve the set of equations in (4.25) to get the corresponding outer interface po-
sitions Royt, the volume fractions at both interfaces and the interface velocities, Ri,
and Rout, respectively. In Fig. 4.3 a), we show Ry, and Ry as a function of Ry,. We

measure velocities in units of
vp = D"/ Ryys . (4.30)

The system admits two stationary radii (black dots) for which both velocities simul-
taneously vanish. The one at lower Rj,, with the (u) label, is unstable while at higher
Rin we find the stable one, labelled with (s). In Fig. 4.3 b), we depict the evolution of
both radii in time, initialising the system with R;, slightly higher than the unstable
value. After both radii increase, they saturate to the steady state value corresponding
to the stable point, see (s) black dot in Fig. 4.3 a). In panel c), we show the stationary
state volume fraction profiles, highlighting ¢4 and ¢p in blue and red, respectively.
Solid lines and dashed lines correspond to the stable and unstable stationary states,
black dots labeled as (s) and (u) in Fig. 4.3 a), respectively.
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FIGURE 4.3: Fuel-sustained chemical reactions can lead to the emergence of sta-
tionary vacuoles. a) Interface velocities as a function of the inner radius position
derived solving Egs. (4.25). We find two stationary points (black dots) at which
both velocities simultaneously vanish. The one corresponding to lower Ri,, la-
belled with (u), is unstable while the one at higher R;,, , labelled with (s), is stable.
b) Time evolution of both Ri, and Ry, starting from an initial condition in the
vicinity of the unstable point. Indeed the radii approach the stationary values cor-
responding to the stable point (s) highlighted in panel a). c) Stationary profiles
of the volume fraction ¢4 (in blue) and ¢p (in red) in the three phases I, II, and
III. Solid and dashed lines correspond respectively to the stable and unstable sta-
tionary solutions discussed in a). In d) we discuss the different stationary states
reached as a function of the B to A rate kp4 in the phase with higher ¢,. For low
rates, the system can be described by a single interface between a ¢.t-dense (I) and
a ¢or-dilute (II) phase. The position of the interface R, separating phases I and II,
depends on kY 5, as already shown in Fig. 4.2 e). At kY 5 = k*, the volume fractions
at the droplet centre cross the spinodal. Above k¥, the state stable is a vacuole com-
posed of three phases I, II (the one with higher ¢), and III. In this regime, green
shaded area, we plot the dependence of the two interface positions (R, and Royt)

on kL.

The shaded area between the two stable interface positions indicates phase III, the
prot-rich shell. Fig. 4.3 d) is an extension of Fig. 4.3 e), where we quantify the effect of
the rate kg A in the phase with higher ¢t. For low rates, the system can be described
by a single interface between a ¢i.-dense and a ¢ii-dilute phase, which we label
phase I and II, respectively. The interface position R, as well as the volume fraction
profiles, depend on k!, 5. For k!5 = k* the droplet centre crosses the binodal and

the droplet state becomes unstable. Above k¥, the stable state becomes a vacuole
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composed of three phases I, II (the one with higher ¢), and III. In this regime, we

]{ZIH

plot the dependence of the two interface positions (Ri, and Royt) on see the

green shaded area in Fig. 4.3 d).

4.3 Theory of active vacuole compared with experiments us-

ing chemically-active coacervates

4.3.1 Experimental system using active coacervates

Recently, the Boekhoven lab has performed a set of experiments in which spheri-
cal shells, that are reminiscent of active vacuoles described in the previous chapter,
were observed. Here, we shortly describe their experimental setup and compare the
theory presented in Sec. 4.2 with the experimental results.

a) DIC, 2H+ DIU n — 400

HaN NH,® 2‘& HN NH,®

w{ﬁ;»m Mm )

O:§:O
00O

Precursor 2H* HZO Product Polyanion

FIGURE 4.4: Chemical reaction network underlying active coacervate formation.
The chemical reaction involves the peptide (ac-FRGRGRGD) with +1 net charge,
which we refer to as “Precursor” in the following. The peptide can react with the
chemical fuel, N,N’-diisopropylcarbodiimide (DIC), to form the corresponding an-
hydride with +3 net charge, which we call “Product”. The reaction byproduct, DIU,
will be referred to as “waste”. In dilute solutions without fuel, the product is un-
stable and rapidly hydrolyzes to convert back to the precursor. At these conditions,
the half-life of the product can be estimated to be roughly 45 seconds. Both precur-
sor and product can interact with a polyanion, the poly sodium styrene sulfonate
(PSS), which has a net charge of -400, on average.

In Fig. 4.4, we present the chemical reaction network, that involves a peptide, namely
ac-FRGRGRGD (where F stands for phenylalanine, R for arginine, G for glycine, and
D for aspartic acid) that is made of three +1 charged groups and a group with —2
charge. This peptide will be referred to as the “Precursor” molecule. The precursor
can react with the chemical fuel, namely the N,N’-diisopropylcarbodiimide (DIC), to
form the corresponding anhydride that has only the three positively charged groups.
The anhydride will be referred to as the “Product” molecule. The product can also
hydrolyze to revert to the precursor. In dilute conditions, the equilibrium of the
first chemical reaction is shifted towards the product and the second towards the
precursor. As a consequence, once the fuel is supplied, it rapidly reacts with a pre-
cursor producing product molecules, that then decay back into the precursor. The
estimated half-life of the product is roughly 45 seconds. Both precursor and prod-
uct can interact with a polyanion, the poly sodium styrene sulfonate (PSS), made of
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negatively charged units. The average number of units is n = 400, thus polyanion

polymers have a net charge of —400, on average.

4.3.2 Phase diagram for coacervates

¢ [mM] c! [mM] c!' [ mM]

Pre | Pro* | Pm Pre Pro* Pm Pre Pro* Pm
20| O 5 12500 £ 907 0 403 £ 227 |5.76 £ 0.66 0 27+04
9 1 5 11443 £403| 231 +56 | 606 £205 | 3.2£0.3 [0.08+0.03]2.6 +0.2
0 2 5 0 700 £ 434 | 1486 + 227 0 0.78£0.08124 £ 0.0

TABLE 4.1: Concentrations measured in mM of precursor (Pre), stabilised product
(Pro*), and polyanion monomer (Pm), in vacuole forming systems. The first group
of columns contains concentrations averaged over the entire system volume. The
second group of columns contains concentrations inside the coacervates (phase I),
while the last group contains concentrations in the supernatant (phase II).

In a passive binary mixture composed of precursor and polyanion only, the experi-
mental quantification of phase behavior is straightforward. However, determining
the complete phase diagram for a system that also contains the product components
is challenging due to the rapid hydrolyzation of the product. To circumvent this
problem, the product was stabilised against hydrolysis by mutating the C terminal
aspartic acid for an asparagine. This chemical modification yields a peptide that
is stable and should have similar interaction propensities as the product. For suf-
ficiently high concentrations of precursor and stabilised product, the formation of
stable coacervates was observed. In Table 4.1, we display the concentrations of pre-
cursor (Pre), stabilised product (Pro*), and polyanion monomers. We chose to show
the concentrations of polyanion monomers and not of the entire polyanion chains,
to compare the number of similarly charged compounds. We show concentrations
averaged over the entire system volume but also inside and outside the coacervate
(phase I and II, respectively).

Here we aim at a minimal description of this experimental system. To this end,
we consider the case where all the precursor and product molecules cluster around
polyanion monomers being in excess. We identify the precursor and product be-
longing to these complexes as the effective components A and B. In Fig. 4.4 a), we
show a sketch of the precursor, the stabilised product, and polyanion, while in panel
b), we illustrate the effective components A and B. We further assume that coacer-
vates are made of A and B only and that the excess polyanion monomers which are
not surrounded by precursor or product are localised in the remaining supernatant
phase 1. These assumptions allow us to reduce the number of degrees of freedom
and describe the system as an effective ternary mixture composed of A, B plus the

'We can confirm this hypothesis by calculating the number of precursors and products per polyan-
ion monomer pa = Cpy/Chye, in the system composed of precursor and polyanion only, focusing on
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FIGURE 4.5: Phase behaviour of effective components A and B. a) Sketch of the
precursor, product, and polyanion, that get combined to form the effective com-
ponents shown to the right of panel a). In particular, component A is formed by a
precursor molecule plus a strand belonging to the polyanion. Component B is com-
posed of a precursor molecule surrounded by pieces of polyanion strands. Coun-
terions that make the system neutral are not shown. b) and c) depict the phase di-
agram for the two-component A and B. Data points from experiments performed
in the Boekhoven lab (TUM) are shown in green (including error bars related to the
HPLC concentration measurement). Theoretical fits using a ternary Flory Huggins
model are shown by green solid lines. Gray-shaded domains correspond to the
mixed domains based on the theoretical fits.

solvent, in which we include water, buffer, and the polyanion monomers in excess.
Furthermore, the concentrations of A and B are easy to calculate, since they arein 1-1
correspondence with the precursor and stabilised product concentrations. The Flory
Huggins free energy (see Eq. (2.3)) that best fits the experimental values corresponds

to the relative molecular volumes
va=15.9, vp=44.2, (4.31)
and the interaction propensities

x40 = 1.15kgT, xpo=0.869kpT, xap=—0.025kpT. (4.32)

the inside phase (first raw of Table 4.1). The same can be done in the system with the stabilised prod-
uct only, to get pg. We can now focus on the case in which both precursor and product are present,
and calculate the expected amount of polyanion in the coacervate phase, assuming that p4 and pp are
constant. The estimation yields cp,, = 715, which agrees with the measured value 606 + 205.
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The difference in relative molecular volumes can be explained considering that in
the effective component B, a product molecule is surrounded by more polyanion
monomers, as represented in Fig. 4.4 b). This is consistent with the data presented in
Table 4.1. Once the relative molecular volumes are known, we can convert concen-
trations to volume fractions and construct the binary phase diagram as a function of
the volume fractions ¢4 and ¢, see Fig. 4.4 c).

a) t = Omin t = 10min

buffer
polyanion
precursor

waste 10pm

t = 10min t = 30min

—
fuel

waste

FIGURE 4.6: Experimental realization of spherical shells with fuel-activated coac-
ervates. a) Microfluidic reactor composed of a water droplet loaded with bulffer,
polyanion, and precursor, in contact with an oil phase containing fuel. After a
rapid transient, the fuel concentration in the water phase can be considered con-
stant cg = 18mM. Due to the fuel-mediated production of the product, droplets nu-
cleate and start to fuse until a stationary state composed of a single drop is reached.
b) In larger microreactors the single drop state, reached after approximately 30min,
is not stable. After sinking to the bottom of the microreactor, it becomes a spherical
shell of uniform thickness. c) Snapshot of many reactors with different sizes, the
bigger ones containing spherical shells. d) top and e) lateral view of a spherical
shell sitting at the interface between the water droplet and oil phase.
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4.3.3 Vacuole formation in coacervate systems coupled to a fuel reservoir

In the last chapter, we have studied the phase equilibrium of the system correspond-
ing to a fixed product and precursor amount in the absence of fuel. In this case, the
product component was stable due to a chemical modification. We introduced a
minimal description in terms of A and B effective components and used the exper-
imental data to shed light on their size and interaction propensities. In this section,
we now study the kinetics of the original system where the composition of A and B is
regulated by the fuel-driven chemical reaction network introduced in Fig. 4.4. Exper-
imentally, the fuel is provided by a reservoir. In particular, a microreactor-like setup
was used by preparing a stable emulsion of water droplets in a fluorinated oil phase,
as shown in Fig. 4.6 a), first panel. The water droplets (enclosed by a white circle)
contain buffer, polyanion, and precursor, but initially no fuel. At¢ = 0, 500 mM of
fuel was injected into the oil phase. The fuel rapidly diffuses into the droplets where
it reacts with the precursor. Since the solubility of fuel in water is 18 mM and thereby
much lower than the amount of fuel in the o0il phase, and its diffusion is very quick,
we consider the fuel concentration in the water phase constant cg = 18mM. Impor-
tantly, the reaction waste (DIU) crystallises in the oil phase. Therefore, this method
allows us to continuously maintain a steady fuel concentration and simultaneously
avoid the challenges typically encountered with waste accumulation. Within sec-
onds after preparing the microreactors, the coacervate droplets nucleate and start to
fuse.

We find that the long-time behaviour depends on the size of the microreactor. In
small microreactors, Fig. 4.6 a), the droplets coalesce until a stationary state com-
posed of a single drop is reached. We observe the formation of a single drop also
in larger microreactors, see Fig. 4.6 b), but this final drop is not stable. After about
30 minutes, it sinks to the bottom of the microreactor, and its core dissolves, giving
rise to a spherical shell of uniform thickness. The spherical shell remains stable for
at least 12 hours and thus can be considered a stationary state. Studying its fluo-
rescence recovery after photobleaching, showed that the shell is liquid. Once the
fuel concentration was lowered in the system, e.g., by diluting the fluorinated oil,
the amount of product decreases and the spherical shell gradually collapses until
the system become homogeneous (data not shown). In Fig. 4.6 c), we show many
polydispersed reactors, the bigger ones containing spherical shells. In Fig. 4.6 d)
and e), we show a top and lateral view of a spherical shell. Note that, at the interface
between the water droplet and oil phase, the wetting angle is approximately 90°.

4.3.4 Recapitulating experimental findings with the effective droplet model

We now use the theory outlined in Sec. 4.2 to characterise the steady state of the sys-
tem and benchmark the experimental findings. We resort to the simplified theory
that considers combinations of precursor, product, and polyanion strands leading to
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the effective components A and B, introduced in Sec. 4.3.2. The starting point of this
theory is the free energy density f, see Eq. (2.3). We neglect all other chemical species
and consider the fuel maintained at a constant concentration. The thermodynamic
parameters contained in f, namely the molecular volume ratios and the interaction
propensities, were obtained in Sec. 4.3.2 by fitting the experimental phase diagram,
see Eq. (4.32) and Eq. (4.31). The drawback of using effective components with dif-
ferent molecular volumes is that the chemical reaction between 1 precursor and 1

product gets translated into
vBA = vsB. (4.33)

In fact, this choice of stoichiometric coefficients leads to a volume-conserving reac-

tion.

The last thermodynamic parameter that the theory requires is surface tension. Since
a direct measure in the microreactors is not feasible, we use a value

v = 50uN/m?, (4.34)

which is in agreement with the literature on complex coacervation [53]. The missing
parameters entering the linearised equations (4.12) are the diffusion coefficients and
the reaction rates. As anticipated, we neglect their dependence on composition and
use for the effective components A and B the experimental estimates for the product
and precursor diffusivities, namely

DYy = D, = 0.03um?/s, D'l = DI =10um?/s. (4.35)

Getting an estimate for the chemical rates associated with the effective components
is not an easy task, given the difference between the chemical reaction in Eq. (4.33)
and the one involving the same amount of product and the precursor, shown in
Fig. 4.4. For the reaction from B to A we use the experimental value measured for
the product hydrolyzation, namely,

kyp =kig =0.015s1. (4.36)

The rate of precursor activation k, is fuel-dependent, as is clear from Fig. 4.4. We
assume the fuel concentration in the supernatant phase to be set by the solubility
of fuel in water ¢} = 18mM. This value, together with the experimental estimate
kact = cp 0.1s71, allows to get

kL =0.002s57t. (4.37)

Unfortunately, the amount of fuel in the vacuole phase is impossible to measure,
leaving us without knowledge of the precursor activation rate in phase I, k.. Good



Chapter 4. Controlling the shape of coexisting phases via molecular transitions 55

agreement with the experimental results is found setting
kia =0.0016571, Kk, = 0.0001657". (4.38)

Both values are not too far from the experimental estimate for the rate of precursor
conversion into the product. We are finally ready to apply the theory developed in
Sec. 4.2 to describe the transition from stable droplets to stable vacuoles. We first look
for stationary profiles corresponding to a single interface, solving the set of equa-
tions in (4.18). In Fig. 4.7, we plot two representative radial volume fraction profiles
corresponding to a) small reactors (Rsys = 15um) and b) big reactors (Rsys = 30um).
As the system size increases, the volume fractions ¢4 and ¢p (in blue and red, re-
spectively) in the centre of the coacervate phase (shaded area) deviate significantly
from their values at the coacervate interface R. The changes in volume fraction when
moving from the coacervate boundary R, indicated by dots in a), to the coacervate
centre at r = 0 are indicated with the triangular arrowhead, as well as plotted in the
phase diagram in Fig. 4.7 ¢). In the case of big microreactors, as in b), the coacer-
vate centre crosses the spinodal and the droplet state becomes unstable. The stable
state for these large values of Rgsys can be described by solving the Egs. (4.25), corre-
sponding to two interfaces. The stationary radial profile corresponding to Rsys = 30
is shown in Fig. 4.7 d). In this figure, the ¢io-rich shell is shaded in gray. Unfor-
tunately, experimentally, the spatial profiles of precursor and product are currently
not available preventing comparison with the theoretical profiles. Instead, the de-
pendence of the stable droplet radius on the microreactor volume and the onset of
the vacuole formation could be determined experimentally. These results are shown
in Fig. 4.7 e) (orange dots), together with the dependence of the inner and outer ra-
dius on reactor volume above the onset of the vacuole formation (blue dots). For
comparison, the orange and blue lines show the same quantities calculated within
the theory developed in Sec. 4.2.
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FIGURE 4.7: Theoretical description of active coacervate vacuoles agrees with the
experimental results. Radial volume fraction profiles representative of a) small
reactors (Rsys = 15um). and b) big reactors (Rsys = 30um). For large reactor sizes,
¢4 and ¢p (in blue and red, respectively) at the coacervate interface r = R (dots)
differ significantly from the values in the centre of the coacervate phase r = 0
(triangles). c) The discrepancy between the coacervate boundary R, indicated with
dots, and the coacervate center, indicated with the triangle at the arrow tip, are
plotted in the phase diagram. We show the variations corresponding to small and
large microreactors, with system sizes corresponding to a) and b), respectively. For
reactors bigger than a threshold, the coacervate centre crosses the spinodal and
the droplet state becomes unstable. d) The stationary radial profile for Rss = 30,
representative of large reactor sizes. The shaded area corresponds to the ¢yo-rich
spherical shell. In panel e), we locate the reactor size threshold corresponding to
the emergence of vacuoles. Orange dots display experimentally measured droplet
radius for different microreactor volumes, while blue ones the variation of inner
and outer radius measured as a function of the reactor volume, after the onset of
vacuoles. The same quantities derived from the theoretical analysis are depicted
with the orange and blue lines, showing good agreement with the experimental
data.
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Chapter 5

Controlling phase composition in the
limit of a large number of compo-
nents

In the previous chapters, we discussed how to study the composition of coexisting
phases in the presence of chemical reactions. Controlling the composition of coex-
isting phases becomes crucial when the number of components in a mixture and
the number of reactions among them rise. In this chapter, we use chemical reac-
tion networks to describe proteins that, in addition to driving phase separation, can
assemble and form aggregates of different sizes. This model is motivated by the
observation that many biologically relevant proteins form clusters, that can collec-
tively phase separate from the solvent [54, 55]. The interplay between phase separa-
tion and protein aggregation becomes particularly interesting in the limit of infinite
maximum aggregate size. This work is done in collaboration with Thomas Michaels
and Christoph Weber. The illustrations shown in this chapter are made with Bioren-

der.com
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5.1 Equilibrium theory of aggregation and phase separation

5.1.1 A chemical reaction network to describe aggregation

Here, we apply the theory developed in chapter 2 to that case in which the M com-
ponents are different aggregation states of the same molecule, resulting from the
formation of internal bonds. In particular, component C; represents the monomeric
form, C5 the dimer, etc etc. We focus on monomers with the same molecular volume
of the solvent, v; = vy leading to a scaling of the relative molecular volumes of the
form v; = i. Aggregates can convert into each other via monomer pick-up, described
through the set of A/ — 1 chemical reactions

Ci1+C;=Ciyq . (6.1)

This reaction network is exemplified in Fig. 5.1 a), and its associated stoichiometric
matrix o;,, defined in Eq. (2.14), reads

a=1 a=2 a=3 ... a=M-1
-2 -1 -1 -1 Cy
+1 -1 0 0 Co
0 +1 -1 ... 0 Cs
=1 . . L . . (5.2)
0 0 0 -1 Cyv-1
0 0 0 +1 Cym

We chose the conserved quantity

M
Grot = Z bi (5.3)
i=1

which represents the total volume fraction occupied by the macromolecule in all
possible aggregation states. The reaction extents, defined in Eq. (2.18), can be chosen
to be

M
L= o (5.4

In a homogeneous mixture, £, can be related to the progress of the chemical reac-
tions, starting from an initial state composed of monomers only.
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5.1.2 Scaling laws in the multicomponent aggregation free energy

Recalling the form of the free energy density in Eq. (2.3), the key parameters of this
model are the internal free energy of aggregates, w;, and the interaction energies of
aggregates among themselves and with the solvent, x;;. We begin discussing a scal-
ing form for w;, with the cluster size ;. We recall that the internal free energies can
be interpreted as the free energy cost of producing i-th components. Discussing ag-
gregating particles, this descends from the formation of internal bonds, that keep a
cluster of size i together. For this reason, we introduce the number of oligomeriza-
tion domains per monomer, z. The total number of bonds formed in an aggregate of
size 7 receives contributions coming from monomers at the boundaries of the cluster,
which are i},), and the bulk ones, ¢ — i,. Monomers in the bulk can saturate all their
z oligomerization domains while, in general, monomers at the boundaries are able
to saturate only 2z}, < z of them, for steric reasons. Summing up, we get

'_Z(i—ib)—l—zbib _Z s Zi’
wi = 5 Aw = 5 Aw — (z zb)% Aw, (5.5)
where Aw is the free energy associated with the formation of a single bond, and the
factor 2 avoids double counting.

We introduce three species of aggregates with different spatial dimensions: rod-like
(d=1), disc-like (d=2) and spherical (d=3), see Fig. 5.1 b). These can be realised by
varying the number of oligomerization domains and their orientation. Rod-like ag-
gregates (d=1) are defined to have only two oligomerization domains with a fixed
orientation. They can be pictured as one-dimensional aggregates with no loops,
leading to i, = 2,z = 2, 2, = 1. Disk-like aggregates (d=2) are defined to have z > 2
coplanar oligomerization domains. For disks, the total number of monomers and
the number of boundary monomers scale respectively with the area and the perime-
ter of the aggregate. As a consequence, in d = 2, i, ~ V/i. Spherical aggregates (d=3)
are characterized by z > 2 oligomerization domains with no precise orientation. In
this case, the total number of monomers and the number of monomers at the bound-
ary scale with the volume and the area, respectively, leading to 4, ~ i2/3. Inserting
there the relations for i}, in Eq (5.5) leads to the following scaling relationships for
the internal free energies of rod-like (d = 1), disk-like (d = 2) and spherical (d = 3):

Aw
Here, ws = lim; , w; is a constant that does not affect both chemical and phase
equilibrium. In the bond free energy Aw, we include an enthalpic and entropic con-

tribution

Aw = ejnt — Sint1 - (5.7)
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For the scaling of interaction energies, we focus on the case
xij =0fori,j >0,  xio=x. (5.8)

Inserting both scaling ansatzes in the Florry Huggins free energy density defined in
Eq. (2.3), we get

M
Woo kT bi, O Aw @
— 2 rBL Pig %, =%
/ 0 Prot + 0 ; 7 7 kT il/d+ (5.9)

+ (1 = ¢ror) In (1 — ¢ror) + k:BiT brot (1 — ¢tot>:| )

with Aw defined in Eq. (5.7) Examining the free energy above, we notice that our
choice of interaction parameters led to an interaction term that depends only on
the total amount of macromolecule ¢i;. This corresponds to the case in which
monomers have the same interaction propensities independently of the aggregate
they belong.

5.1.3 Chemical equilibrium in homogeneous systems

We start by using the free energy in Eq. (5.9) to study aggregation equilibrium in
a homogeneous system. According to Eq. (2.28), the monomer transitions between
clusters are at equilibrium if

Hi

1

p1 =const. Vi=2..M, (5.10)

where ji; is the i-th exchange chemical potential defined in Eq. (2.5). Using the free
energy of Eq.(5.9) in Eq. (5.10) leads to the following expression for the volume frac-

tion of the cluster of size ¢ as a function of the monomer volume fraction ¢1:

Y Wi W .

¢i =1 @] exp ( i ioT +1 1) , (5.11)
. @ ‘ Aw d-1
=1 <¢*) exp <kBTZ d 1], (5.12)

where we have used the internal free energy (5.6) and introduced the volume frac-
tion threshold, ¢* = exp (Aw/kpT —1). As we will discuss in the following, ¢*
represents the ¢, value corresponding to the emergence of large clusters. Note
that, due to our choice of interaction scaling (Eq. (5.8)), the value of x does not in-
fluence chemical equilibrium. The equation above together with conservation of
monomers (5.3), allows us to calculate the volume fraction of each aggregate of size
i, i(¢rot), as a function of the conserved quantity ¢yot.

In Fig. 5.1, we show the cluster size distribution in homogeneous mixtures obtained
by solving numerically Eq. (5.11) together with Eq. (5.3), with a cut-off M = 50. As
anticipated, for dilute solutions corresponding to ¢t < ¢*, the size distribution is
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FIGURE 5.1: A volume fraction threshold separates two aggregation regimes in
homogeneous systems. a) Chemical reaction network associated with monomer
aggregation. b) Illustration of aggregates of different spatial dimensions. c) Clus-
ter size distribution for M = 50, at low total macromolecular volume fraction:
drot K ¢*. Irrespective of aggregate dimension, d, the macromolecules are mainly
in the monomer state, i.e., ¢1 =~ Pior. d) For ¢y > ¢*, the monomer concentration
saturates at ¢; ~ ¢* and large clusters begin to populate the system. For rod-like
aggregates (corresponding to d = 1in (5.6)), the distribution becomes peaked at an
intermediate value imax > 1 and then exponentially cut off. For disk-like and spher-
ical aggregates, d = 2, 3, the distribution becomes bimodal, with peaks ati = 1 and
i = M, the maximum cluster size (M = 50). This bimodal behaviour hints at the
emergence of a gelation transition in the limit A/ — oo. In the insets, we show ag-
gregate concentrations ¢; = ¢;/i, measured in units of 1/vy, and their scaling with
the aggregate size.

dominated by monomers while larger aggregates have vanishing volume fraction,
i.e., ¢1 = Pior- For dior > ¢*, the monomer concentration saturates at ¢; ~ ¢* and
aggregates begin to populate the system. Above this threshold, the size distribu-
tion depends crucially on cluster dimensionality d. For rod-like aggregates, d = 1
in (5.6), the distribution becomes peaked at a value M > 1 and then exponentially
cut off. For disk-like and spherical aggregates, d = 2,3 in (5.6), the distribution be-
comes bimodal peaked at ¢ = 1 and at ¢ = M, the maximum cluster size (M = 50
in Fig. 5.1). The emergence of this threshold and the behaviour of the system at
high density can be exemplified in the case of rod-like aggregates (d=1), in the limit
M — oo, see App. C. There we find an explicit form for the volume fraction distri-
bution ¢; = ¢i(Prot) and we show that, at ¢t = ¢*, the cluster size corresponding to

the maximum of this distribution (imax) becomes greater than 1.

For d = 2,3 the bimodal behaviour observed at ¢yt ~ ¢* for M = 50 suggests
that, in the limit M — oo, the system undergoes a gelation transition. This transi-

tion is defined as the emergence of an aggregate that is comparable with the system
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size [56, 57]. In App D we discuss a criterion to confirm that indeed gelation occurs
for ¢ior ~ ¢*. To precisely locate this transition point and describe what happens
above the transition, we have to relax the assumption that the system is homoge-
neous. In the next section, we are going to describe systems that can spatially com-
partmentalise as the result of phase separation, applying the theory presented in
Sec. 2.1.

5.1.4 Phase and thermodynamic equilibrium

As discussed in Chapter 2, np, phases are at equilibrium in an incompressible, multi-
component if the exchange chemical potentials i; (defined in Eq. (2.5)) and the os-
motic pressure (Eq. (2.7)) balance in each phase:

i ({85}) = mi({65}) (5.13)
I({6i}) = I({ef}) (5.14)
where the index « runs over all phases different from I, i.e. o = II,...,n,. For

a detailed discussion see Sec. 2.1.2. We now focus on mixtures at thermodynamic
equilibrium, i.e. when aggregation and phase equilibrium hold simultaneously. As
outlined in the previous section, aggregation equilibrium allows finding each vol-
ume fraction as a function of the total macromolecule amount, i.e. ¢; (¢tot) (combin-
ing Eq. (6.11) and Eq. (5.3)). The free energy density (2.3), in turn, can be written
as a function of the conserved variable, ¢iot. Chemical equilibrium also restricts the
maximum number of coexisting phases, see Eq. (2.31) and related discussion. In the
case of aggregation, we have M solute components and M — 1 reactions, leading
to a maximum number of coexisting phases n; = 3. For this reason, we restrict to

P
two-phase coexistence and rewrite the phase equilibrium as:

(ror) = R(ibe) , (5.15)
my _ I

i ror) = K “ﬁ) ! 1( tot) (5.15b)
tot — d)tot

To exemplify the behaviour of the system at thermodynamic equilibrium, we dis-
cuss rod-like aggregates (d = 1) in the limit M — oco. As shown in App. C, in this
special case we can find an analytic expression for f (¢ot). Due to the presence of the
interaction term Y, the system can demix into two phases with different total volume

fractions @), and ¢!, given by Eqs.(5.15). By means of ¢l/!!, we can reconstruct the

whole assembly size distribution (j)i/ 1 via the set of equations coming from chemical

equilibrium, see Eq. (5.11) and Eq. (5.3).

We first focus on the regime where the interaction and internal energy scales are
comparable ejn =~ x. In Fig. 5.2 a), we show the phase diagram as a function of ¢t
and the rescaled temperature 7'/Ty with Ty = x/kp. The domain enclosed by the
binodal corresponds to phase separation while the colour code depicts the monomer
fraction ¢; / ror in each phase. The green dashed line is the volume fraction threshold
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¢*(T), at which intermediate-sized aggregates start to appear. These two curves de-
fine distinct regions in the phase diagram. In region “1” the system is homogeneous
and composed of monomers only, see Fig. 5.2 b) left, while in region “2” is homoge-
neous but populated by larger aggregates. In region “3” the system phase separates
but, in both phases, monomers dominate the size distribution, see Fig. 5.2 b) centre.
The intersection with the binodal line locates the temperature below which the total
aggregate volume fraction in the dilute phase lies below the threshold, qbg,t < ¢%,
while in the dense phase lies above ¢}, > ¢*. As described in the previous section
and Fig. 5.1, below this temperature we expect the cluster size distribution to signif-
icantly differ in the two phases. Indeed this is the case in region “4” as displayed in
Fig 5.2 b) right. In Fig 5.2 b)-c) we illustrate states corresponding to fixed ¢+ and de-
creasing temperature 7, starting from a homogeneous monomeric state, region “1”,
to a demixed state with the same composition, region “3”, and finally to a demixed
state with only monomers outside while inside larger aggregates are present, region
“4”. In Fig. 5.2 d)-f) we discuss the thermodynamic behaviour of linear aggregates
(d = 1), in the regime where the internal energy is much stronger than the interac-
tion scale ejn > x. Asis clear from the phase diagram presented in Fig. 5.2 d), for
a wide range of temperatures the aggregation threshold precedes in ¢ the dilute
branch of the binodal. In addition to cases already discussed above (Fig. 5.2 b) ), this
gives rise to region “5”, where both the dilute and the dense phase are enriched in
large aggregates, see Fig. 5.2 e), right panel. In Fig 5.2 f) we illustrates states corre-
sponding to fixed 7" and increasing ¢. Starting from a homogeneous monomeric
state, “1”, increasing the total aggregate volume fraction ¢ the system crosses the
volume fraction threshold ¢*, entering region “2”. Here, intermediate aggregates
appear, with the maximum and the average of the distribution ¢; scaling with v/¢ot,
see Appendix C. Finally, once ¢t > ¢b,, the system enters region “5”, where it
demixes in two phases both populated by intermediate aggregates.
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FIGURE 5.2: Phase diagram and for rod-like aggregates aggregate in the two
regimes eijnt ~ X and eint > X. a) Phase diagram in the regime e; >~ X, as a func-
tion of ¢t and the rescaled temperature 7'/Ty with Ty = x/kp. The coloured curve
represents the binodal, enclosing the phase separation regime, with the colour code
depicting the monomer fraction ¢ /¢ in each phase. The green dashed line is the
volume fraction threshold ¢*(T'), at which intermediate-sized aggregates start to
appear. b) Size distributions in different regions of the phase diagram, defined
by the interception of the binodal with the aggregation threshold. In region “1”
the system is homogeneous and composed of monomers only. In region “3” the
system phase separates, but in both phases, monomers dominate the size distribu-
tion, while in region “4” the dense phase becomes populated by intermediate ag-
gregates. Progressively lowering the temperature allows switching between these
regions, as depicted in ¢). In d)-f) we focus on the regime where the internal en-
ergy is much stronger than the interaction scale ey > x. In phase diagram a),
the aggregation threshold precedes in ¢ the dilute branch of the binodal. In this
regime, we can identify a new region, “5”, characterised by intermediate aggre-
gates in both phases. In e) we illustrate states representative of these regions, corre-
sponding to fixed T" and increasing ¢t Starting from a homogeneous monomeric
state, “1”, and increasing the total aggregate volume fraction ¢ the system enters
in region “2” where intermediate aggregates appear. Here, the sizes corresponding
to the maximum and the average of the distribution ¢; scaling with \/¢iot, see Ap-
pendix C. Finally, once ¢o¢ > gi){f)t, the system enters region “5” and demixes in two
phases, both rich in intermediate aggregates.
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5.1.5 The interplay between phase separation and aggregation equilib-
rium

We now fix the interaction propensity yx, the temperature and 7'/7j, and the total
macromolecule volume fraction ¢y to values corresponding to two-phase coexis-
tence at thermodynamic equilibrium. We then compare the aggregate size distribu-
tion (after averaging over both phases), with the distribution in the corresponding
homogeneous state, with the same values of 7" and ¢:. We recall that, due to our
choice of interaction propensity scaling in Eq. (5.8), the size distribution in the ho-
mogeneous system, Eq. (5.11), is insensitive to x. For this reason, the homogeneous
state can be thought of as an unstable state corresponding to the same x as the phase
separating one, which has not reached phase equilibrium yet, but also as the equilib-
rium state of a system with the same parameters as the phase separating one, except
suppressed hydrophobicity (x = 0).

In Fig. 5.3 a), we display results for rod-like aggregates (d=1) with the same param-
eters as in Fig. 5.2, /Ty = 0.2, and ¢yt = 0.016, just inside the binodal. There,
we compare the size distribution in the homogeneous system ¢;, with the weighted

average over compartments, defined as

VII

_ el

¢.

= a 5:16)

¢I

in the corresponding phase-separated system. Clearly, the two distributions differ,
proving that the presence of compartments can lead to larger aggregates. The differ-
ence in distributions can be quantified by means of the functional distance

6(h, g) = sup hi g |, (5.17)

i zihi B Zigi

that quantifies the distance among two normalised functions as the largest possi-

ble distance among values that they assign to the same element. This distance is
sometimes referred to as “statistical distance”. The distance between the homoge-
neous size distribution and the distribution defined in Eq. (5.16), depends on the
temperature 7" and the total volume fraction ¢+ chosen, which in turn determines
the droplet size. In Fig. 5.2 b) we display distance differences corresponding to dif-
ferent temperatures and droplet volumes. In the limits VI/V — 0 and V1/V — 1,
the phase-separated state approaches the homogeneous one, thus distribution dis-
tance vanishes. Notice that the volume corresponding to the maximum distribution

distance shifts towards lower values.

We now compare systems with the phase behaviour of systems with the same in-
teraction propensity x, but with increasing aggregation strength. This is achieved
by increasing the ratio eint/x containing the energy associated with internal bonds
eint See Eq. (5.7). In figure Fig. 5.2 c¢) we show the binodal lines corresponding to

eint/x = 0.5, —land — 2. We compare it to a binary mixture made of monomers
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and solvent only (black curve), which corresponds to an infinite energy penalty for
bond formation, i.e. eint/x — 0o. The region enclosed by the binodal, corresponding
to phase separation, expands even in the case of slightly penalised bond formation
eint/x = 0.5. This is can be explained considering that cluster formation, even if en-
ergetically disfavoured, reduces the mixing entropy (see the first term in (5.9)). In the
region enclosed by the back curve, we can compare the total droplet volumes in the
binary mixture (composed of monomers only), eint/x — 00, and in the mixtures with
aggregates eint/x = —1. Atlow ¢, V1/V is greater in the presence of aggregates
with respect to the binary mixture while, above the dashed grey line, aggregates lead
to smaller V!/V. Finally, in Fig. 5.2 d), we quantify the upshift in critical tempera-
ture and downshift in critical volume fraction observed lowering eint/x = —1, i.e.

making aggregates more energetically favourable.

Critical volume fractions lower than 1/2 and critical temperatures higher than 7j/2
are reminiscent of mixtures containing two components with unequal molecular vol-
umes. Indeed aggregation causes the average molecular volume of the species in the
mixture to exceed the solvent molecular volume. It must be noticed, however, that
in our theory the size distribution, and hence average molecular volume, is different

in the two phases.
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FIGURE 5.3: The interplay between phase separation and aggregation. a) Com-
parison between the size distribution in a homogeneous system, and in the cor-
responding phase-separated system (averaged in both compartments). Here, we
consider rod-like aggregates (d=1), M — oo, and the same parameters as in Fig. 5.2.
Furthermore, both distributions correspond to ¢+ = 0.016 and T'/T, = 0.2. We no-
tice that the presence of compartments can favour aggregate formation, even when
the corresponding homogeneous mixture is populated mainly by monomers. The
difference in distributions can be quantified by means of the functional distance de-
fined in Eq. (5.17). b) The magnitude of this distance depends on the droplet size,
and on the temperature chosen. The volume corresponding to the maximum dis-
tribution distance shifts towards lower values with decreasing temperature 7'/7°0.
The distributions separated by the maximum distance, for 7'/T0 = 0.2, are the ones
displayed in a). c¢) Comparison between three binodal lines corresponding to ag-
gregation energies ein/x = 0.5, —1, —2 (coloured curve) and the reference binary
mixture composed of monomers and solvent only (black curve). The latter can be
associated with the limit ejn/x — o0o. The region enclosed by the binodal, corre-
sponding to phase separation, expands even if aggregates are slightly penalised
eint/X = 0.5. This can be explained by the entropic advantage caused by size poly-
dispersity. Aggregation influences also droplet size: the area shaded in blue corre-
sponds to V!/V greater in the presence of aggregates with respect to the reference
binary mixture. On the other hand, above the dashed grey line (orange area) ag-
gregation lead to smaller V!/V. d) Dependence of the critical volume fraction and
critical temperature on the aggregation energy eint/x. Decreasing eint/x, T and ¢°
deviate from the reference values (black dashed lines) corresponding to a binary
mixture with monomers and solvent only (ejnt/x — ©0).
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5.1.6 Gelation transition in the limit of infinitely large aggregates

As outlined in discussing Fig. 5.1, in the case of a homogeneous mixture populated
by disk-like (d=2) and spherical (d=3) aggregates with maximum size M = 50, above
¢* the size distribution becomes bimodal. As shown in App. D, the peak appearing
at the upper bound M = 50 is a finite-size manifestation of the gelation transition
occurring in the limit M — oco. In App. D, we also introduced ¢%°, which estimates
the volume fraction corresponding to gel formation, after which the system cannot
be described as homogeneous anymore. We now study the onset of gelation in sys-
tems that can phase separate, and locate both these phase transitions in the same
phase diagram.

In the limit M — oo, calculating the phase diagram for 2- and 3-dimensional ag-
gregates becomes difficult. The reason is that, for d > 1 case, it is not possible to
calculate the series in Eq. (5.3). To cope with this limitation, introduce the following
free energy:

[8=f+ 5, (5.18)
where f is defined in Eq. 5.9, with M finite, and

foel = % 5 (1~ drot) (5.19)
can be thought of as the free energy of a state with no solvent, where all monomers
belong to an aggregate of size i — oco. In fact, the free energy in Eq. 5.9, in the limit
¢; = 0 for all finite 4, and ¢t = 1, gives f = woo/v9. We can now perform the
Maxwell construction (see Egs. (5.15)) using the free energy f® in Eq. 5.18, which
accounts for aggregates up to a finite cut-off M and for an infinitely large cluster.
In Fig. 5.4, we show the result of this construction for three different temperature
values. The phase diagram is displayed Fig. 5.5 a). There, the coloured curve rep-
resents the binodal, and its colour code depicts the monomer fraction ¢; /¢ in the
coexisting phases. The grey dashed line represents ¢°¢(T'), introduced in App. D. In
homogeneous systems, ¢°C estimates the volume fraction at which the gel appears.
In phase-separating systems, on the other hand, gelation can be considered as a spe-
cial case of phase coexistence between a dilute phase (the “sol”) in which ! < 1

and the gel phase, corresponding to ¢85! = 1.
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FIGURE 5.4: Free energy for disk-like (d=2) and spherical (d=3) aggregates. Il-
lustration of f°¢ defined in Eq. (5.18), for three different temperatures. This free
energy includes contributions coming from clusters up to size M = 50, f, and from
a macroscopic cluster, f el Here, dashed lines correspond to unstable free energy
branches, while black lines connect coexisting phases. Furthermore, we have set
weo = 0. a) At high temperatures both coexisting phases have ¢, < 1. b) At inter-
mediate temperatures, there are two ¢+ domains corresponding to the coexistence
of qualitatively different phases. For intermediate ¢ values, ¢ < 1 in both co-
sol

existing phases, as in a). At higher ¢, instead, a phase (the “sol”) with ¢i% < 1

coexists with the gel, corresponding to qbf’;l < 1. c) At lower temperatures, only the
“gel-sol” coexistence is present.

The area in the phase diagram where the gel is present is shaded in blue and labelled
as “sol-gel” in Fig. 5.5 a). There we show that at high ¢, lowering the temperature
leads to a transition from the homogeneous state to the sol-gel coexistence. Notice
that, in this regime, the binodal is very close to the volume fraction estimate #°C. For

intermediate volume fractions, instead, the system transit first in a region, shaded
light blue and labelled as “sol-sol” in Fig. 5.5 a), corresponding to two-phase co-
existence where ¢t < 1 in both phases. In Fig. 5.5 b) we display aggregate size
distribution representative of the “sol-sol” and “sol-gel” regions. Transitions from

the “sol-sol” to the “sol-gel” region are accompanied by a jump in the dense phase

total volume fraction ¢}, see Fig. 5.5 c) for an illustration.
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FIGURE 5.5: Gelation transition in phase separating systems. a) Phase diagram
for disk-like (d=2) and spherical (d=3) aggregates in the limit M — oo, as a func-
tion of ¢yt and the rescaled temperature T'/T; (with Ty = x/kg). The coloured
curve represents the binodal, obtained performing the Maxwell construction (see
Egs. (5.15)) on the free energy f*8, that accounts for the emergence of an infinite
cluster. The colour code depicts the monomer fraction ¢, /¢t in the phases. The
grey dashed line represents ¢°¢(T'), introduced in App. D. ¢°C is an estimate of the
volume fraction at which the gelation transition emerges in homogeneous systems.
In the region labelled as “sol-sol”, the system demixes into two phases both pop-
ulated mainly by monomers, see panel b), with ST < 1. In the region labelled as
“sol-gel”, on the other hand, a phase (the “sol”), obeying ¢;% < 1, coexists with a
phase (the “gel”) that is a macroscopic aggregate, occupying a finite portion of the
system (V8¢!/V) and containing no solvent (¢{9 = 1). The latter scenario is repre-
sented in panel b), right side. c) Lowering the temperature allows moving from the
“sol-sol” to the “sol-gel” region. This transition is accompanied by a jump in the

dense phase total volume fraction, from ¢}, < 1 to ¢f, = 1.

5.2 Aggregation kinetics at phase equilibrium

In this section, we consider systems that are initially composed of monomers only
and study their relaxation to thermodynamic equilibrium. We assume a finite bound
in aggregate size M and aggregates diffusion much faster than aggregate intercon-
version. The last assumption allows us to impose phase equilibrium at all times, and
study the slow aggregation kinetics in the presence of spatial compartments. To this
aim, we apply the theoretical framework developed in Sec. 2.2.2. We focus on control
parameters choice such that the initial mixture, composed of monomers in solution,
phase separates. Eq. (2.42) allows to write the evolution of volume fractions in both
phases as follows:

dg; ! VI, T /TN

(] . .

& =—g5; "+ 4+ Z]i . (5.20)
i=0

The rates rI/ ' can be found evaluating Eq. (2.43) with the stoichiometric matrix in

Eq. (5.2), to get:
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i=1
ryn =(i—1) ryzlll — zr%ﬂl, fori=2,.M —1, (5:21)

I/11 1/11
Tj\f[ = (M — 1)TA2,M—1'

where, 7; ;11 quantifies the net reaction flux associated with the reaction C + C; =
Ci+1, and reads

i AI,/H
7

Tit1,

kgT

i1 —1/H —i_I./H_ —I/11
lexp<( iy = o = | (5.22)

To gain some intuition on the reaction fluxes, we can substitute the expression for

the chemical potential derived from Eq. (5.9), leading to

. /11
VA SN V) | (S ¢iﬁrl K1 (5.23)
i1, — 4 i+1¢1./H 11/11 i ’

(A

Where we have introduced

Ki—exp(1- U Dwm —iwi—w) (5.24)
kgT
We chose A; = ¢;¢1K;/¢; A in order to recover a finite rate in the limit ¢;, ¢; < 1.

We can then recast the flux in Eq.s (5.22) as

/1 ¢! ¢I‘ﬂ
iy = A P K; - vl (5.25)
We finally identify K;, defined in Eq. (5.24) as the aggregation kernel. In general,
this kernel depends on the cluster size i, but in the simple case of rod-like assemblies,

d = 1in Eq. (5.6), we get a constant kernel !

Aw
K. =K = 14— . .
i exp( + kBT> (5.26)

Having obtained the form of ; ;41 as functions of the volume fraction, we determine
the diffusive currents jg/ I through Egs. (2.47). The expressions for sz I found in this

way guarantee that the mixture remains at phase equilibrium at all times.

In Fig. 5.6, we display an example of the slow relaxation to thermodynamic equi-
librium in a compartmentalized system, with a maximum aggregate size M = 15.

At t = g, the system is composed of two compartments at phase equilibrium, both

'This may be the reason why, in aggregation and fragmentation literature, size-independent kernels
define the so-called string model [58].
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filled with monomers and solvent. In a) and b) we show how the size distribution
in phases II and I, respectively, changes in time. At late times, the distributions ap-
proach their equilibrium values (black dots), calculated as described in Sec. 5.1.4.
The area below the curves in a) and b) represents the total macromolecule volume
fraction in the two phases, ¢l/Il. In Fig. 5.6 c) we show time traces of ¢!/!!, showing
that the ¢iot-dense phase (I) becomes denser while the dilute phase (II) becomes more
dilute. As a consequence, phase volumes change slightly, in a non-monotonous way,
see Fig. 5.6 d). In conclusion, for this choice of parameters, aggregates selectively ap-
pear in the dense phase, increasing its volume V! and total volume fraction ¢i.,, as
depicted in Fig. 5.6 €), we illustrate the changes in phase volume and composition as
aggregation proceeds. With our choice of parameters, aggregates selectively appear

in the dense phase, causing its volume V! and total volume fraction ¢}, to increase.
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FIGURE 5.6: Aggregation kinetics at phase equilibrium. Assuming that aggre-
gate diffusion is fast, we study the slow relaxation to chemical equilibrium in a
compartmentalized system. In a) and b) we show the time evolution of the size
distribution in phases II and I, respectively, starting from an initial state composed
of monomers and solvent only. Black dots show the equilibrium distributions cal-
culated in Sec. 5.1.4. c) As time proceeds, the total macromolecule volume fraction
in the two phases, ¢£QI changes. In particular, the ¢i-dense phase (I) becomes
denser while the dilute phase (II) becomes more dilute. Concomitantly, d) phase
volumes change slightly, in a non-monotonous way. In conclusion, for this choice
of parameters, aggregates selectively appear in the dense phase, increasing its vol-
ume V! and total volume fraction ¢.,,.
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Chapter 6

Conclusion and future perspectives

In this thesis, we studied the complexity of mixtures with more than two compo-
nents that undergo chemical reactions that relax towards equilibrium and that are
maintained away from equilibrium.

In chapter 2, we have started with a review of the mean-field approach to dis-
cuss thermodynamic equilibrium and reviewed the upper bound on the number
of phases that can coexist in a multi-component mixture at phase equilibrium. We
discussed how chemical equilibrium leads to a reduction in the number of degrees of
freedom needed to characterise the state of a mixture, and how this reduction affects
the maximum number of phases that can coexist. We then presented a few selected
approaches to study the relaxation dynamics toward the equilibrium state.

In chapter 3, we applied these concepts to a minimal system composed of a sol-
vent and a macromolecule that can exist in two different molecular states. We mod-
eled the conversion between these two states with a chemical reaction, and study
the equilibrium behaviour of the mixture. We have emphasised the qualitative dif-
ferences between the phase behaviour of binary mixtures and ternary mixtures at
chemical equilibrium, despite both their equilibrium state can be characterised by
the same number of degrees of freedom. In particular, we discussed how molecu-
lar transitions can control the relative amount of molecular states in both, the dilute
and the dense phase as a function of temperature, leading to a reentrant phase be-
haviour. Strikingly, if both components have similar interaction propensities with
the solvent, the dense phase can undergo a discontinuous switch between states
where most macromolecules are either in one or the other state. We then gener-
alised the mixture kinetics to account for the presence of a fuel component that is
maintained at a constant level. Continuous fuel replenishment leads to breaking the
detailed balance of the reaction rates. We then probed the kinetics of systems initially
at thermodynamic equilibrium, once the fuel is added to the system. In particular,
we have shown that a switch in phase composition can also be triggered via fuel — a
more likely control pathway in living cells in contrast to temperature. Furthermore,
driving the system out of equilibrium via fuel addition can change the number of
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distinct coexisting phases. In our example, in fact, releasing the constraints coming
from the Gibbs phase rule, which allows three-phase coexistence only for fine-tuned
values of the control parameters.

In chapter 4, chemical reactions with broken detailed balance of the rates lead to the
emergence of stationary states different from spherical drops. We have then intro-
duced the theoretical framework referred to as the effective droplet model and used
it to characterise ring-like patterns. Intuitively, rings emerge because, due to chemi-
cal reactions, the volume fraction at the centre of droplets can cross the spinodal line
and become unstable. Experimental evidence that similar patterns can emerge in
mixtures leading to the formation of coacervate droplets coupled to a fuel reservoir
has been recently found by the Boekhoven lab at TUM. For this reason, we conclude
the chapter by showing that our theoretical framework can be used to recapitulate
their experimental findings. Our key result is that we confirmed that such vacuoles
are indeed non-equilibrium steady states where continuous chemical and diffusive
fluxes prevent the vacuole from collapsing into a single spherical droplet.

In chapter 5, we developed a theory for aggregating units that can phase separate in
the presence of a solvent. In this theory, the number of components M is equal to the
maximum aggregate size. Furthermore, aggregates can convert into each other via
monomer pick-up, described through a set of (A — 1) chemical reactions. We first
characterise the equilibrium of the system in the limit M — oo. Focusing on two-
phase coexistence, we show that the aggregate size distribution, in general, differs
between the two phases. In particular, monomers are not necessarily the most abun-
dant species, and distribution tails can deviate from the exponential decay known
for classical assembly at dilute conditions. Third, we show that by lowering the tem-
perature, the system can gelate, i.e., the dense phase becomes a single macroscopic
aggregate. We then show an example of aggregation kinetics in the two phases, in
the limit where the exchange between the phases is fast compared to the transition
rate among clusters. In particular, we monitor two phases initially composed of
monomer and solvent only, showing the evolution of size distributions, total vol-
ume fraction in the phases, and phase volumes.

This work set the foundation to investigate several questions at the interface between
biology, chemistry, and physics in the future. For example, our framework for the in-
terplay between aggregation and phase separation can be extended to more complex
molecular assemblies that are composed of different monomers. Such monomers
could correspond to different nucleotides, thus paving the way to study the interplay
of oligonucleotide assembly and phase separation. Such studies are of particular im-
portance for biomolecular condensates in cells since they are composed of various
proteins, and mRNA of specific sequence patterns and lengths [9, 10]. Moreover,
such an extended framework could also be applied to investigate the role of phase
separation in the emergence of the first self-replicating RNA strands. Recently, we
applied a simplified framework to make the first step in this direction; see Ref. [18].
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Finally, our theoretical framework for aggregating and phase-separating mixtures
can be extended by fuel-driven chemical reactions, following the concepts laid out
in our studies of minimalistic chemical systems. We speculate that maintaining the
formation of sequence-dependent and phase-separating assemblies out of equilib-
rium will give rise to complex-shaped assemblies that can carry specific sequence
information — a complexity that is essential to understand processes in living cells
and crucial to engineering life-like processes, such as synthetic cells.
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Appendix A

Phase equilibrium in multicompo-
nent mixtures

Here we perform the minimization of the free energy of a system where n;, phases

coexist, namely
Tp
F = ZfO‘VO‘ , (A1)
a=I

where we have introduced the notation f* = f({¢$}), and the index a runs over all
coexisting phases, i.e. @ =1,...,n,. We impose volume and material conservation,

that read, respectively
Voi=> Ve, (A.2a)
V=) v (A.2b)

We adopt as independent variables v and {¢{'}, with « > I, and use the constraints
in Egs. (A.2) to express the dependent variables as

_Voi— Y VOO

¢ = : (A3)

V- Zoa>1 Ve
Vi=v -y ve (A.4)

a>1
From which we derive the following expression, for a > I
D¢} V! oPy ¢ — o
i _75@ , 2—— L , A.
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We minimise the total free energy in Eq. (2.8) with respect to variation of ¢, with
a>1

oF o (s N d(f°vh)

T 96e  0g £ ogp
o oft, of”
- ( 09} aqb?) 0

VI
= (—ub+ag)
(%

where we made use of the exchange chemical potential, defined in Eq. (2.5), and in-
troduced the notation i = p;({¢$}). Having justified Eq. (2.9a), we now minimize

the total free energy with respect to variation of V¢, with a > 1

oF o (V) d(fPVA)

ove — 9Va ove
B>1

__fl+za¢1( o)+

_ I 1 a aifla
—f+2 ¢+f Za¢1¢i

0=

(A.8)

=1 —m°,

where we have used Eq. (A.7), the definition of osmotic pressure in Eq. (2.7), and the
notation T1* = I1({¢%}). The last equality proves Eq. (2.9b)in the main text.
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Appendix B

Derivation of equilibrium fuel pro-
file

We impose fuel conservation by keeping the spatial average of Eq. (3.12) fixed and
equal to ¢r. This implies I" + Yoot = 1, with Gt being the total average volume
fraction of macromolecules (see Eq. (2.4)). In Eq. (3.12) we notice the coefficient T en-
codes correlations between fuel ¢r and total macromolecular material ¢ ;. Maximal
spatial correlation between ¢r and ¢y is reached maximizing T with the constraints
[ + Yoot = 1 and 0 < ¢p(z) < 1 everywhere in space. This leads to I' = 0 and
YT = 1/¢ir. Maximal anti-correlation between ¢r and ¢ is reached minimizing YT
with the same constraints, leading to I' = —T = 1/(1 — ¢0t). Finally, no correlation
between ¢r and ¢rot, i.e. fuel homogeneously distributed in the system, is achieved
for T = 0 and, due to fuel conservation, I' = 1. This explains the choices of I' and T
introduced at the end of Sec. 3.2.

At equilibrium and for the case where the fuel has only weak effects on the chemical
flux (i.e., k. ~ 0,k_, ~ 0), we can make the connection between the coefficients
I'and T in Eq. (3.12) and the fuel partitioning even more explicit. We recall the
definition of partitioning coefficient of the fuel component, Pz = qb% / gZ){:I, and of the
total concentration, Pt = ¢i.;/¢,. Here, I and Il denote the dense and the dilute
phase, respectively. We can express the fuel and total volume fractions in I and II,
respectively, in terms of the average fuel volume fraction ¢r that is considered to be
maintained at some constant value, and the conserved total volume fraction ¢oq:

¢ =G P, i, (B.1)
ol = Gidi (B.2)

where i = {F, tot}. The partition degree [59] reads

G=——r (B3)
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where the phase-separated volume reads, in the limit of dilute fuel
N |
vi= VM . (B.4)
d)tot — %tot
Evaluating Eq. (3.12) inside and outside the dense phase, we find:
Pr—1 )
= 1-— , B.5
e (1- 75 ®5)
G 1 Bl (B.6)

_@qgtotptot—l.

If the fuel partitions equally strong into both phases (Pr = 1, and thus (¢ = 1), we

getI' = 1and T = 0. Consistently, this corresponds to a homogeneous fuel profile,

¢r(x) = ¢r. For a fixed Pt > 1, the fuel partition coefficient Pr determines the

localization of the fuel. In particular, Pr > 1, corresponds to fuel co-localizing with

the total volume fraction ¢ with T > 0. On the contrary, when Pr < 1, the fuel and

the total volume fraction ¢, anti-co-localize with T < 0.
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Appendix C

One-dimensional aggregates infinite
size

In the case of rod-like aggregates (d = 1), we can analytically derive the size distri-
bution in the limit M — oo. In fact, for d = 1 the chemical equilibrium in (5.11),

simplifies to

bi=i (f;l) &, (C.1)

And the series defined in the conservation law, (5.3), can be explicitly computed,

leading to

Dot = 3 - (C2)

This can be inverted leading to

1422 /1440
o1 _ ¢ Ly (C.3)

* Prot
o 2%

As anticipated, in the regime ¢t < ¢*, this leads to monomers taking up all the
mass, namely ¢ >~ ¢y, while for ¢ > ¢* we get ¢1 ~ ¢*, and bigger aggregates
start to be populated, see Fig. 5.1. The maximum of the volume fraction distribution
in (C.1) can be obtained imposing 9;¢; = 0, leading to

. 1 Dtot
max _ L [t C4
=@ T\ e (4

Where the approximation is obtained using (C.3) and expanding for ¢io/¢* > 1.
The average can be calculated as well from its definition (i) = > i¢;/ > ¢;, leading

to

le 3 — ¢1/¢* ~ 9jmax (C5)

(i) = brot (1 — p1/0*)3
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again using (C.3) and expanding for ¢it/¢* > 1. We can derive an expression for
the free energy as a function of the conserved quantity alone ¢, making use of
Eq.(C.1) together with Eq.(C.3)

- kBT (1 - (btot) ln(l - (btot) + (btot In d)fi
V0 )

®1 X
1/ + kBT¢tot(1 — Prot)

f
(C.6)
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Appendix D

Gelation transition for two and three-
dimensional aggregates

We now prove the existence of a gelation transition for 2 and 3-dimensional aggre-
gates, in the thermodynamic limit. For this purpose, we recall (5.11) and we scruti-

nize the series

G 2 (o Aw a1
Zgﬁi:Zz(#) exp(k;}z d —1>. (D.1)

We notice that when N — oo, this series in converges only if ¢ /¢* < 1. Thus we get

an upper bound for the series, namely

> > . Aw ,d—1 _ SG
;@S;zexp(kBTzd —1>:¢ ) (D.2)
Approximating the series with the integral, we get an estimation of ¢°¢

6—6Aw+3Aw?—Aw?) |,
¢SG{2( A Do q=2,

3 Aw? * _
T2 (272A£}+Aw2) ¢ d=3.

(D.3)

As outlined in the main section, the gelation transition occurs at ¢SG ~ Q*.
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