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How many electrons in the picture?



How many electrons are needed for a quasi-particle? 



Outline and Results

• Ultra-short intro to FQH and anyons 

• FQH model wave functions  

• Quasiholes vs. quasi-electrons 

• Problem with quasi-electrons: screening 

• Some answers and a proposal
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• fractional Hall conductance 
• fractional electric charge 
• (fractional statistics) controversial!
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FQHE
Eisenstein et. al., 1990

experimental signatures:

• fractional Hall conductance 
• fractional electric charge 
• (fractional statistics) controversial!

only established experimental system 
with anyonic quasi-particles

2D electron gas 
low T 
strong magnetic field 
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3D: bosons & fermions 
2D: any exchange statistics allowed
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Anyons
Leinaas & Myrheim (1977), Wilczek (1982)

anyons are local quasi-particles: 
braiding phase is path independent for sufficiently large 
distances between anyons: deviations exponentially 
small in the distance between the anyons 

non-abelian anyons 
interplay of anyons and symmetry 
topological quantum computing

generalizations: 

…
3D: bosons & fermions 
2D: any exchange statistics allowed

identical (point) particles in 
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FQHE and model wave functions

incompressible quantum liquid (gapped, homogeneous) 
fractional charge quasi-particles
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usual work flow:  
‘guess’ model wave functions, for which we ‘know’ the properties 
verify their relevance by numerical simulations 
model wave function ↔ topological quantum field theory

systematic way of guessing model wave functions:
hierarchy schemes Haldane (1983), Halperin (1983) 
composite fermions Jain (1989) 
conformal field theory Moore & Read (1999) 
clustering conditions Bernevig & Haldane (2007) 
patterns of zeroes Wen (2012)

…
Laughlin (1983)
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Model wave functions and CFT
Laughlin wave function “looks like” conformal field theory correlator (Moore & Read 1991)
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Model wave functions and CFT
Laughlin wave function “looks like” conformal field theory correlator (Moore & Read 1991)
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Model wave functions and CFT

Moore-Read conjecture:  
QH wave functions are conformal blocks of unitary, rational CFTs 
topological properties manifest when using ‘minimal’ CFT 
statistical phase = monodromy 
Berry phase trivial (Aharonov-Bohm phase) 

bulk CFT  ↔ edge CFT (via 2+1 D TQFT) 
CFT provides efficient matrix-product-state representation of model wave functions 
(Zaletel, Mong 2012) [numerical simulations on the cylinder]

Laughlin wave function “looks like” conformal field theory correlator (Moore & Read 1991)

�qh = �
�

�

H(��)
�

j

V (zj)Obg�

=
�

�<�

(�� � ��)1/3
�

i,�

(zi � ��)
�

i<j

(zi � zj)
3e�

�
j |zj |2/(4�2)

V (z) = ei
�

3�(z)

H(�) = ei/
�

3�(�)



Model wave functions and CFT

Moore-Read conjecture:  
QH wave functions are conformal blocks of unitary, rational CFTs 
topological properties manifest when using ‘minimal’ CFT 
statistical phase = monodromy 
Berry phase trivial (Aharonov-Bohm phase) 

bulk CFT  ↔ edge CFT (via 2+1 D TQFT) 
CFT provides efficient matrix-product-state representation of model wave functions 
(Zaletel, Mong 2012) [numerical simulations on the cylinder]

Laughlin wave function “looks like” conformal field theory correlator (Moore & Read 1991)

�qh = �
�

�

H(��)
�

j

V (zj)Obg�

=
�

�<�

(�� � ��)1/3
�

i,�

(zi � ��)
�

i<j

(zi � zj)
3e�

�
j |zj |2/(4�2)

V (z) = ei
�

3�(z)

H(�) = ei/
�

3�(�)

From now on, focus on quasi-particles of Laughlin wave function
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Quasi-holes
unique definition / well-defined: 
zero mode of model hamiltonian 
correct position 
correct topological properties 

sharp fractional charge 
path-independent, fractional braiding statistics 

Laughlin quasi-hole

analytical: Arovas, Schrieffer, Wilczek (1984) 
generalization by Gurarie & Nayak (1997), Read (2009)

Kjønsberg & Myrheim (1999) numerical:



Quasi-electrons
Statistics properties: qe = qh-1

definition not unique (not zero-modes!) 
Laughlin Laughlin (1983) 
composite fermions Jain (2003) 
CFT  Hansson, Hermanns, Viefers (2009) 
clustering conditions Bernevig & Haldane (2009) 

all give different proposals}
CFT quasi-electron



Quasi-electrons
Statistics properties: qe = qh-1

definition not unique (not zero-modes!) 
Laughlin Laughlin (1983) 
composite fermions Jain (2003) 
CFT  Hansson, Hermanns, Viefers (2009) 
clustering conditions Bernevig & Haldane (2009) 

all give different proposals}
sharp fractional charge ✓ 
none of these theoretical proposals has the correct 
(topological) properties: 

braiding ✗ 
correct position  ✗ 

qe ≠ qh-1  ✗

CFT quasi-electron
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fluctuating, itinerant charges
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fluctuating, itinerant charges
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Constructing quasi-electrons

results in a quasi-local operator (anti-symmetrize over (nearby) electrons!)
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Constructing quasi-electrons

results in a quasi-local operator (anti-symmetrize over (nearby) electrons!)

it is the charge of         that is not properly screened!'̃(z)
<latexit sha1_base64="8IJo6sS//IPxZ3mOtFtThlqIvss=">AAAB+XicbVBNS8NAEJ34WetX1KOX0CJUhJJ40WPRi8cK9gOaUDababt0swm7m0IN/Sce9KCIV/+JN/+N24+Dtj4YeLw3w8y8MOVMadf9ttbWNza3tgs7xd29/YND++i4qZJMUmzQhCeyHRKFnAlsaKY5tlOJJA45tsLh7dRvjVAqlogHPU4xiElfsB6jRBupa9u+ZjxCf0RkOmCVx/OuXXar7gzOKvEWpFwr+RfPAFDv2l9+lNAsRqEpJ0p1PDfVQU6kZpTjpOhnClNCh6SPHUMFiVEF+ezyiXNmlMjpJdKU0M5M/T2Rk1ipcRyazpjogVr2puJ/XifTvesgZyLNNAo6X9TLuKMTZxqDEzGJVPOxIYRKZm516IBIQrUJq2hC8JZfXiXNy6rnVr17k8YNzFGAUyhBBTy4ghrcQR0aQGEET/AKb1ZuvVjv1se8dc1azJzAH1ifP1u9lO8=</latexit><latexit sha1_base64="adHlxjQ1NLq8eMuMLLs+uhOkGsg=">AAAB+XicbVDLSsNAFL2pr1pfUZduhhahIpTEjS6LblxWsA9oQplMpu3QySTMTAox9C9cunGhiFv/xF3/xuljoa0HLhzOuZd77wkSzpR2nKlV2Njc2t4p7pb29g8Oj+zjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HdzG+PqVQsFo86S6gf4YFgfUawNlLPtj3NeEi9MZbJkFWfLnp2xak5c6B14i5JpV72Lp+n9azRs7+9MCZpRIUmHCvVdZ1E+zmWmhFOJyUvVTTBZIQHtGuowBFVfj6/fILOjRKifixNCY3m6u+JHEdKZVFgOiOsh2rVm4n/ed1U92/8nIkk1VSQxaJ+ypGO0SwGFDJJieaZIZhIZm5FZIglJtqEVTIhuKsvr5PWVc11au6DSeMWFijCGZShCi5cQx3uoQFNIDCGF3iDdyu3Xq0P63PRWrCWM6fwB9bXD2UnlnU=</latexit><latexit sha1_base64="adHlxjQ1NLq8eMuMLLs+uhOkGsg=">AAAB+XicbVDLSsNAFL2pr1pfUZduhhahIpTEjS6LblxWsA9oQplMpu3QySTMTAox9C9cunGhiFv/xF3/xuljoa0HLhzOuZd77wkSzpR2nKlV2Njc2t4p7pb29g8Oj+zjk5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g9HdzG+PqVQsFo86S6gf4YFgfUawNlLPtj3NeEi9MZbJkFWfLnp2xak5c6B14i5JpV72Lp+n9azRs7+9MCZpRIUmHCvVdZ1E+zmWmhFOJyUvVTTBZIQHtGuowBFVfj6/fILOjRKifixNCY3m6u+JHEdKZVFgOiOsh2rVm4n/ed1U92/8nIkk1VSQxaJ+ypGO0SwGFDJJieaZIZhIZm5FZIglJtqEVTIhuKsvr5PWVc11au6DSeMWFijCGZShCi5cQx3uoQFNIDCGF3iDdyu3Xq0P63PRWrCWM6fwB9bXD2UnlnU=</latexit><latexit sha1_base64="UTliIJduRX4LKZKWnRM11dBYspI=">AAAB+XicbVBNS8NAEN3Ur1q/oh69BItQLyXxoseiF48V7Ac0oWw203bpZhN2J4Ua+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8MBVco+t+W6WNza3tnfJuZW//4PDIPj5p6yRTDFosEYnqhlSD4BJayFFAN1VA41BAJxzfzf3OBJTmiXzEaQpBTIeSDzijaKS+bfvIRQT+hKp0xGtPl3276tbdBZx14hWkSgo0+/aXHyUsi0EiE1TrnuemGORUIWcCZhU/05BSNqZD6BkqaQw6yBeXz5wLo0TOIFGmJDoL9fdETmOtp3FoOmOKI73qzcX/vF6Gg5sg5zLNECRbLhpkwsHEmcfgRFwBQzE1hDLFza0OG1FFGZqwKiYEb/XlddK+qntu3Xtwq43bIo4yOSPnpEY8ck0a5J40SYswMiHP5JW8Wbn1Yr1bH8vWklXMnJI/sD5/AEk+k2Y=</latexit>

Why are quasi-holes screened? plasma is screening 
fluctuating, itinerant charges

quasi-electrons: glue (fuse) inverse hole to an electron (shrink correlation hole):

V (z) = e
i
p
3'(z)

H(!) = e
i/
p
3'(z)+i2/

p
6'̃(z)
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Screening quasi-electrons

quasi-electrons: glue (fuse) inverse hole to an electron (shrink correlation hole):

Why are quasi-holes screened? plasma is screening 
fluctuating, itinerant charges

solution: remove the charge of        , that is, drop the zero mode! '̃(z)
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Screening quasi-electrons

quasi-electrons: glue (fuse) inverse hole to an electron (shrink correlation hole):

Why are quasi-holes screened? plasma is screening 
fluctuating, itinerant charges

correct localization 

correct statistics properties 

good density profile for qe's that are far apart 

for small distances, we need an additional ad-hoc 
change of the phases in MPS description

solution: remove the charge of        , that is, drop the zero mode! '̃(z)
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Screening quasi-electrons
Why are quasi-holes screened? 

quasi-electrons: glue (fuse) inverse hole to an electron (shrink correlation hole):

plasma is screening 
fluctuating, itinerant charges

solution: remove the charge of        , that is, drop the zero mode! '̃(z)
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correct localization 

correct statistics properties 

good density profile for qe's that are far apart 

for small distances, we need an additional ad-hoc 
change of the phases in MPS description
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Quasi-electrons – a proposal

‘Laughlin-like’ quasi-electron using conformal field theory 
starting point: modified Laughlin state Girvin & Jach (1984)
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Quasi-electrons – a proposal

‘Laughlin-like’ quasi-electron using conformal field theory 
starting point: modified Laughlin state Girvin & Jach (1984)
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local quasi-electron operator, all charges are screened: Pqe = ei�̄(⇠̄)
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Quasi-electrons – a proposal

‘Laughlin-like’ quasi-electron using conformal field theory 
starting point: modified Laughlin state Girvin & Jach (1984)
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correct braiding properties?

local quasi-electron operator, all charges are screened: Pqe = ei�̄(⇠̄)
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Summary and outlook

CFT description of Laughlin-like quasi-electron 
‣ explicit model wave functions for quasi-electrons 
‣ LLL projection using MPS (✓) 

‣ analytical understanding (?) 
N. Regnault (private communication)

MPS description of quasi-electrons 
‣ deficiency of CF/CFT quasi-electrons 
‣ remedied by properly screening the operators

Kjäll, Ardonne, Dwivedi, Hermanns, Hansson, J. Stat. Mech. (2018)

Comparison to lattice realizations A. Nielsen et al.
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