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72 Chapitre III. Étude de trois méthodes de calibration d’un réseau optique

dans les mêmes conditions que les expériences que nous envisageons plus tard, no-
tamment l’expérience du double puits dynamique. En effet, dans cette expérience,
nous voulons que les atomes se répartissent majoritairement dans la bande fonda-
mentale du réseau ; il faut donc pour cela charger adiabatiquement le condensat de
Bose-Einstein en augmentant progressivement (typiquement en quelques dizaines
de ms) la profondeur du réseau. Cela ne correspond pas du tout à l’expérience de
diffraction qui nécessite que le réseau optique soit appliqué brutalement, pendant
quelques dizaines de µs, sur les atomes.

III.2 Calibration par interférence entre paquets
d’ondes cohérents

Afin de nous rapprocher des conditions de l’expérience du double puits dy-
namique, nous étudions dans cette section une autre méthode de calibration qui
repose sur la figure d’interférence qui apparait lors de l’expansion du condensat
de Bose-Einstein depuis le réseau. Nous commençons donc, dans cette section,
par étudier le comportement après temps de vol d’un condensat dans un réseau
optique. Le protocole expérimental permettant cette étude est schématisé figure
III.8. Nous présentons ensuite les résultats obtenus sur notre dispositif.
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Figure III.8 – Protocole expérimental réalisé pour étudier la structure du conden-
sat de Bose-Einstein en présence du réseau dans l’espace des impulsions (i.e. après
temps de vol).

III.2.a Expansion d’un condensat depuis le réseau

Nous avons vu dans le chapitre II que, dans un potentiel périodique relative-
ment profond tels que ceux que nous considérons, la fonction d’onde décrivant
le condensat se localise à chaque minimum du potentiel. La description la plus
intuitive dans ce cas est la description par les fonctions de Wannier (cf. équa-
tion II.19). Cette description permet en effet de décrire le système comme une
chaine de condensats de Bose-Einstein. Si Ns puits 5 sont peuplés de façon égale,

5. En pratique, Ns ∼ 30.
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comment celui-ci est réalisé expérimentalement. Nous détaillerons notamment
comment nous contrôlons les degrés de liberté nécessaires à la réalisation de l’ex-
périence du double puits dynamique.

II.2.a Création du potentiel périodique

Notre réseau optique résulte de l’interférence de deux faisceaux lasers contra-
propageants de même longueur d’onde λ = 1064nm et de même puissance P0.
L’intensité lumineuse au niveau des atomes s’écrit :

I(x) = 4I0 cos2
(2πx

λ
+ ∆θ

)

, (II.28)

où I0 = 2P0/πw2
0, avec P0 la puissance et w0 le waist des deux faisceaux contra-

propageants. Dans notre cas, w0 = 150µm ; ∆θ est ici la phase relative entre les
deux ondes planes qui interfèrent.

Comme nous l’avons vu dans le chapitre I, le couplage dipolaire entre l’in-
tensité lumineuse et le dipôle atomique nous permet de définir un coefficient de
proportionnalité χ entre l’intensité et le potentiel vu par les atomes (équation
(I.27)). Le potentiel ainsi créé s’écrit :

V (x) = −V0 cos2
(2πx

λ
+ ∆θ

)

, avec V0 = −4χI0. (II.29)

La période spatiale du réseau est alors d = λ/2 et sa profondeur est directement
contrôlable via l’intensité des faisceaux laser. Le contrôle de ∆θ nous permet de
plus de déplacer spatialement le réseau.

λ λ, ∆θ

V (x)d

Figure II.8 – Potentiel périodique créé par l’interférence entre deux faisceaux
contra-propageants de longueur d’onde λ.

Le potentiel V (x) décrit par l’equation (II.29) correspond à un réseau op-
tique infini. Néanmoins, expérimentalement, l’extension longitudinale du réseau
est limitée par la divergence gaussienne des faisceaux. On pourra typiquement
considérer que le réseau est uniforme à l’échelle de la longueur de Rayleigh
zR = πw2

0/λ ∼ 6 cm pour notre expérience. La taille de notre condensat étant
typiquement de 20µm, notre réseau peut être considéré comme infini.

Dans la suite de cette section, nous décrivons le dispositif expérimental mis
en place pour réaliser notre réseau optique.

II.2.b Dispositif expérimental

Le dispositif expérimental est représenté Figure II.9. Nous présentons d’abord
une vue d’ensemble du montage optique réalisé, puis nous nous intéressons au
contrôle électronique de la puissance I0 et de la phase relative ∆θ.
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where the first term accounts for the weak external potential
in which the BEC is produced. The external angular
frequency ωext results from the combined trapping of the
dipole trap and the magnetic gradient (ωext ¼ 2π × 25 Hz).
The second term accounts for the lattice potential with a
tunable time-dependent phase θðtÞ. EL ¼ h2=ð2md2Þ is the
lattice characteristic energy and s is a dimensionless param-
eter characterizing the lattice depth.
The lattice can be suddenly spatially shifted by a phase

θð0þÞ ¼ θ0 (θ0 ¼ 90° corresponds to a shift of half a
period). This phase jump is performed on a short time scale
(a few nanoseconds) compared to all other time scales in the
system. This shift triggers an oscillation of the BEC in the
lattice. We analyze this oscillation by suddenly switching off
all trapping potentials followed by a tTOF ¼ 25 ms time of
flight. This provides a measurement of the in-trap atomic
momentum distribution. The observed pattern results from
an interference of the BECs located at each lattice site and
is characterized by peaks associated with the momenta
pn ¼ nh=d with n an integer (positive or negative) and
separated by a distance htTOF=ðmdÞ ¼ 215 μm [28].
For the experimental data presented in Fig. 1, we used

an initial shift of d=4 (i.e., θ0 ¼ 45°) and repeated the
sequence for various holding times in the shifted lattice. In
this way, we access the dynamics of the BEC inside the

lattice. After ∼25 μs of evolution in the lattice, the atoms
return to the bottom of the potential wells, acquiring their
maximum momentum in the meantime. This results in a
shift of the maximum peak towards the right (see point B in
Fig. 1). Atoms then evolve towards the opposite turning
point that is reached at C. A quarter of period later, we
observe two peaks (D1 and D2) and not just one, revealing
in momentum space the splitting of the wave packet that
occurred at C: a part of the wave packet (D1) continued its
oscillatory motion and another part of the wave packet (D2)
tunneled through the barrier and kept as a consequence its
positive momentum. The potential barrier therefore acts as
a beam splitter. Interestingly, the second interaction with
the beam splitter that occurs at the next turning point (E)
generates, by constructive interference, only one packet
with a negative momentum.
We start by investigating the oscillatory motion inside

the lattice. The dipole motion of a condensate in an optical
lattice has been studied experimentally in Refs. [29–31] for
an initial displacement of the condensate by a few tens of
micrometers, i.e., more than its size, and in the low depth
limit s < 1.2 (with our notation). To compare the oscillations
that result from such a large displacement, a hydrodynamic
formalism was used, which substitutes a continuum formu-
lation to the discretized formulation involving the wave
functions in each site [32,33]. The frequency of the dipole
mode in this model is given by ωdip ¼ ðm=m%Þ1=2ωext,
wherem% is the effective mass, a quantity that was extracted
from the experimental data [29]. In such experiments, the
micromotion of the wave packets inside each lattice site does
not play any role on the center-of-mass motion. This is to be
contrasted with the case studied in this Letter for which we
have a small displacement (a few tens of nanometers) and a
deeper optical potential (s ∼ 3.2). Under those conditions,
the micromotion plays a major role and the continuous
approach of Ref. [32] is no more adapted. Furthermore, the
quantum dynamics that takes place inside each well cannot
be mapped on the classical dynamics [34]. Indeed, despite
the relatively large lattice depth, the tunnel effect still plays
an important role on the out-of-equilibrium dynamics that
we investigate. For an initial shift of d=4, it increases the
oscillation period compared to the classical case (see Fig. 2).
We investigated quantitatively the extra inertia provided

by the lattice using numerical simulations of the 1D
Gross-Pitaevskii equation [35]. For this purpose, we solve
the dimensionless equation i∂~tψ ¼ ½ð−Δþ ~ω2

extX2Þ=
2 − γcos2ðπX=4þ φÞ þ βjψ j2'ψ , where the time is nor-
malized to ~t ¼ ~ωt with ~ω−1 ¼ md2=ð16ℏÞ ¼ 24.3 μs for
our parameters, ~ωext ¼ ωext= ~ω, and γ ¼ π2s=8. The precise
value of the interaction strength β requires a model for the
effective reduction of dimension [36] and a precise knowl-
edge of the number of atoms per site, which differs from
site to site because of the external confinement. Assuming a
transverse Thomas-Fermi profile, we find β ≲ 1. The dipole
oscillation period T normalized to ~ω−1 is plotted in

(a)

(b)

FIG. 1. (a) Time sequence showing the evolution of the wave
packet in the lattice after a sudden displacement (5 μs time
interval between each picture). The data presented are averaged
over two iterations. The images are taken after a 25 ms time of
flight. (b) Sketch of the center-of-mass motion of the packets in
each well. Their splitting by tunneling at the turning points is
represented as dashed lines.
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126 Chapitre V. Dynamique dans un réseau renormalisé

J0(u) =
1
π

π
∫

0

cos(u sin(τ))dτ. (V.5)

L’expression du potentiel moyen ressenti par les atomes est donc :

⟨V (x, t)⟩ = −sEL (1 + J0(2θ0) cos(kLx)) . (V.6)

Nous voyons que l’effet de la modulation de phase est de renormaliser la
profondeur du potentiel périodique. Cette renormalisation dépend de l’amplitude
de modulation et se présente sous la forme d’une fonction de Bessel. Deux points
sont intéressants pour la discussion qui va suivre :

– La fonction de Bessel J0(2θ0) s’annule pour plusieurs valeurs : 2θ0 = 2.40,
2θ0 = 5.52 etc. La modulation de phase nous permet donc a priori de
supprimer totalement l’influence du réseau optique.

– Le deuxième point intéressant est que la fonction de Bessel J0(2θ0) peut
prendre des valeurs négatives pour lesquelles nous obtenons donc une pro-
fondeur effective seff négative ce qui implique que les minima initiaux du
potentiel deviennent des maxima.

V.1.b Résultats expérimentaux

Nous souhaitons observer expérimentalement la renormalisation de la profon-
deur du potentiel périodique par modulation de phase. Le protocole expérimental
que nous utilisons est représenté figure V.2.
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Figure V.2 – Protocole expérimental utilisé pour étudier l’effet d’une modulation
de phase haute fréquence. Le condensat de Bose-Einstein est chargé adiabatique-
ment dans le réseau modulé à la fréquence ωm avec une amplitude θ0.

Après avoir produit un condensat de Bose-Einstein, nous chargeons ce dernier
dans un réseau de profondeur s = 5, dont la phase est modulée à ωm = 2π × 500
kHz, avec une amplitude θ0 fixe. Après le chargement et le maintien dans le
réseau, nous coupons tout confinement et observons la figure d’interférence créée
par l’expansion de la chaine de condensats. Nous répétons cette opération pour

Renormaliza0on-of-the-laAce-depth-

V.1. Modulation haute fréquence : renormalisation de la profondeur 127

−1 0 1

0

50

100

150

200

250

300

350

θ 0
(˚

)

ordre d’interférence

Figure V.3 – Profil d’interférence obtenu en fonction de l’amplitude de modula-
tion θ0. Chaque ligne correspond à la densité spatiale intégrée selon l’axe vertical
pour une valeur d’amplitude de modulation θ0 donnée.

différentes amplitudes de modulation θ0. Les résultats de cette expérience sont
représentés figure V.3.

Cette expérience est très similaire dans son principe de détection à l’expé-
rience, présentée dans le chapitre III.2, d’interférence entre paquets d’ondes co-
hérents. Nous avons montré dans ce chapitre que nous pouvons effectuer une
pseudo-calibration de la profondeur en fonction de la population dans les ordres
d’interférence ±1, renormalisée à la population dans l’ordre 0 : P1. Nous avons
obtenu P1 = 0.074 seff, avec seff la profondeur renormalisée du réseau. Cette
pseudo calibration nous permet ici de traduire l’évolution de la population dans
les ordres ±1 en une variation de profondeur effective seff ressentie par les atomes
du fait de la modulation de phase. C’est ce qui est représenté figure V.4.
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Figure V.4 – Évolution de la profondeur effective en fonction de l’amplitude de
modulation de phase θ0. La profondeur effective du réseau est déduite de la popula-
tion dans l’ordre d’interférence P1 grâce à la pseudo calibration P1 = 0.074seff ob-
tenue dans le chapitre III. Points expérimentaux (•). La courbe rouge correspond
à l’ajustement des points expérimentaux par la fonction de Bessel Am × |J0(2θ0)|,
avec Am le seul paramètre d’ajustement.
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deur du potentiel périodique par modulation de phase. Le protocole expérimental
que nous utilisons est représenté figure V.2.
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Figure V.2 – Protocole expérimental utilisé pour étudier l’effet d’une modulation
de phase haute fréquence. Le condensat de Bose-Einstein est chargé adiabatique-
ment dans le réseau modulé à la fréquence ωm avec une amplitude θ0.

Après avoir produit un condensat de Bose-Einstein, nous chargeons ce dernier
dans un réseau de profondeur s = 5, dont la phase est modulée à ωm = 2π × 500
kHz, avec une amplitude θ0 fixe. Après le chargement et le maintien dans le
réseau, nous coupons tout confinement et observons la figure d’interférence créée
par l’expansion de la chaine de condensats. Nous répétons cette opération pour
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dans les mêmes conditions que les expériences que nous envisageons plus tard, no-
tamment l’expérience du double puits dynamique. En effet, dans cette expérience,
nous voulons que les atomes se répartissent majoritairement dans la bande fonda-
mentale du réseau ; il faut donc pour cela charger adiabatiquement le condensat de
Bose-Einstein en augmentant progressivement (typiquement en quelques dizaines
de ms) la profondeur du réseau. Cela ne correspond pas du tout à l’expérience de
diffraction qui nécessite que le réseau optique soit appliqué brutalement, pendant
quelques dizaines de µs, sur les atomes.

III.2 Calibration par interférence entre paquets
d’ondes cohérents

Afin de nous rapprocher des conditions de l’expérience du double puits dy-
namique, nous étudions dans cette section une autre méthode de calibration qui
repose sur la figure d’interférence qui apparait lors de l’expansion du condensat
de Bose-Einstein depuis le réseau. Nous commençons donc, dans cette section,
par étudier le comportement après temps de vol d’un condensat dans un réseau
optique. Le protocole expérimental permettant cette étude est schématisé figure
III.8. Nous présentons ensuite les résultats obtenus sur notre dispositif.
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Figure III.8 – Protocole expérimental réalisé pour étudier la structure du conden-
sat de Bose-Einstein en présence du réseau dans l’espace des impulsions (i.e. après
temps de vol).

III.2.a Expansion d’un condensat depuis le réseau

Nous avons vu dans le chapitre II que, dans un potentiel périodique relative-
ment profond tels que ceux que nous considérons, la fonction d’onde décrivant
le condensat se localise à chaque minimum du potentiel. La description la plus
intuitive dans ce cas est la description par les fonctions de Wannier (cf. équa-
tion II.19). Cette description permet en effet de décrire le système comme une
chaine de condensats de Bose-Einstein. Si Ns puits 5 sont peuplés de façon égale,

5. En pratique, Ns ∼ 30.
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Figure V.6 – (a) : figures d’interférence obtenues après chargement et maintien
dans le réseau modulé avec une amplitude θ0 = 55˚. (b) : figures d’interférence
obtenues suite au chargement dans le réseau modulé avec une amplitude θ0 =
55˚puis à la modification soudaine θ0 = 55˚→ θ0 = 85˚. Le temps de maintien
t = 0 correspond à l’instant où l’amplitude de modulation est modifiée.

quasi-symétrique de la chaine de condensats. En effet, nous mettons le système
hors équilibre de telle sorte que les atomes se retrouvent aux maxima du potentiel
périodique et la chaine de condensats commence alors à osciller. Nous avons ainsi
mis en évidence le signe de la profondeur effective ressentie par les atomes lors
de la modulation de phase rapide du potentiel périodique.

L’ensemble de nos observations expérimentales est donc en accord avec le fait
que, à haute fréquence de modulation de phase, la profondeur du potentiel moyen
ressenti par les atomes est seff = sJ0(2θ0).

V.2 Modulation basse fréquence : renormalisa-
tion du taux tunnel

Étudions à présent la réponse du condensat de Bose-Einstein à une modulation
de phase du réseau à basse fréquence. Rappelons que la forme du potentiel que
nous créons est la suivante :

V (x, t) = −sEL cos2
(

πx

d
+ θ0 sin(ωmt)

)

. (V.7)

Lorsque ωm < (ωr,ω0), La réponse du système est très différente du cas pré-
senté dans la section précédente. En effet, cette fois c’est le taux tunnel J qui est

V.2. Modulation basse fréquence : renormalisation du taux tunnel 129

−1 0 1

0

50

100

−1 0 1

0

50

100

T
em

ps
de

m
ai

nt
ie

n
(µ

s)

Ordre d’interférence

T
em

ps
de

m
ai

nt
ie

n
(µ

s)

Ordre d’interférence

(a) (b)

Figure V.6 – (a) : figures d’interférence obtenues après chargement et maintien
dans le réseau modulé avec une amplitude θ0 = 55˚. (b) : figures d’interférence
obtenues suite au chargement dans le réseau modulé avec une amplitude θ0 =
55˚puis à la modification soudaine θ0 = 55˚→ θ0 = 85˚. Le temps de maintien
t = 0 correspond à l’instant où l’amplitude de modulation est modifiée.

quasi-symétrique de la chaine de condensats. En effet, nous mettons le système
hors équilibre de telle sorte que les atomes se retrouvent aux maxima du potentiel
périodique et la chaine de condensats commence alors à osciller. Nous avons ainsi
mis en évidence le signe de la profondeur effective ressentie par les atomes lors
de la modulation de phase rapide du potentiel périodique.

L’ensemble de nos observations expérimentales est donc en accord avec le fait
que, à haute fréquence de modulation de phase, la profondeur du potentiel moyen
ressenti par les atomes est seff = sJ0(2θ0).

V.2 Modulation basse fréquence : renormalisa-
tion du taux tunnel

Étudions à présent la réponse du condensat de Bose-Einstein à une modulation
de phase du réseau à basse fréquence. Rappelons que la forme du potentiel que
nous créons est la suivante :

V (x, t) = −sEL cos2
(

πx

d
+ θ0 sin(ωmt)

)

. (V.7)

Lorsque ωm < (ωr,ω0), La réponse du système est très différente du cas pré-
senté dans la section précédente. En effet, cette fois c’est le taux tunnel J qui est

V.2. Modulation basse fréquence : renormalisation du taux tunnel 129

−1 0 1

0

50

100

−1 0 1

0

50

100

T
em

ps
de

m
ai

nt
ie

n
(µ

s)

Ordre d’interférence

T
em

ps
de

m
ai

nt
ie

n
(µ

s)

Ordre d’interférence

(a) (b)

Figure V.6 – (a) : figures d’interférence obtenues après chargement et maintien
dans le réseau modulé avec une amplitude θ0 = 55˚. (b) : figures d’interférence
obtenues suite au chargement dans le réseau modulé avec une amplitude θ0 =
55˚puis à la modification soudaine θ0 = 55˚→ θ0 = 85˚. Le temps de maintien
t = 0 correspond à l’instant où l’amplitude de modulation est modifiée.

quasi-symétrique de la chaine de condensats. En effet, nous mettons le système
hors équilibre de telle sorte que les atomes se retrouvent aux maxima du potentiel
périodique et la chaine de condensats commence alors à osciller. Nous avons ainsi
mis en évidence le signe de la profondeur effective ressentie par les atomes lors
de la modulation de phase rapide du potentiel périodique.

L’ensemble de nos observations expérimentales est donc en accord avec le fait
que, à haute fréquence de modulation de phase, la profondeur du potentiel moyen
ressenti par les atomes est seff = sJ0(2θ0).

V.2 Modulation basse fréquence : renormalisa-
tion du taux tunnel

Étudions à présent la réponse du condensat de Bose-Einstein à une modulation
de phase du réseau à basse fréquence. Rappelons que la forme du potentiel que
nous créons est la suivante :

V (x, t) = −sEL cos2
(

πx

d
+ θ0 sin(ωmt)

)

. (V.7)

Lorsque ωm < (ωr,ω0), La réponse du système est très différente du cas pré-
senté dans la section précédente. En effet, cette fois c’est le taux tunnel J qui est

128 Chapitre V. Dynamique dans un réseau renormalisé

Sur la figure V.4, la profondeur effective seff est ajustée par la fonction Am ×
|J0(2θ0)|. En effet, comme nous procédons au chargement adiabatique du réseau
déjà modulé, nous n’avons pas accès ici au signe de la fonction de Bessel. L’ajus-
tement est en très bon accord avec les données expérimentales avec pour seule
variable d’ajustement Am.

Pour valider la description théorique en terme de potentiel moyenné dans le
temps, nous devons donc encore démontrer la signature du changement de signe
de la fonction de Bessel. Pour cela, nous appliquons le protocole suivant :

– Le condensat de Bose-Einstein est chargé adiabatiquement dans un réseau
de profondeur s = 5, modulé avec une amplitude θ0 = 55˚. La profondeur
effective ressentie par les atomes est alors seff = 1.6 (voir figure V.5).

– Après le chargement adiabatique, nous modifions subitement l’amplitude
de modulation θ0 = 55˚→ θ0 = 85˚(voir figure V.5). Pour cette amplitude
de modulation, la profondeur effectivement ressentie par les atomes est la
même en valeur absolue mais est négative selon le modèle théorique de
potentiel moyenné dans le temps. Les atomes ne se retrouvent alors plus
aux minima du potentiel périodique mais aux maxima.

– Nous observons ensuite le comportement du condensat dans ce nouveau
potentiel périodique.
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Figure V.5 – Protocole de mise en évidence du signe de la profondeur effective
seff en fonction de l’amplitude de modulation θ0. La flèche orange représente le
changement d’amplitude de modulation mis en œuvre pour déterminer le signe de
la profondeur effective.

Ce protocole est résumé sur la figure V.5. La flèche orange correspond au
changement d’amplitude de modulation que l’on effectue après le chargement
adiabatique. Les figures V.6.a et V.6.b permettent de comparer l’évolution de la
figure d’interférence en fonction du temps de maintien dans le cas où nous ne
faisons pas ce changement d’amplitude de modulation (a) et dans le cas où nous
le faisons (b). Dans le premier cas, le chargement étant adiabatique, les atomes
sont à l’équilibre, piégés aux minima du potentiel périodique (figure V.6.a). Par
contre, lorsque nous inversons le signe de la profondeur effective (figure V.6.b),
nous voyons apparaitre la signature dans l’espace des impulsions d’une oscillation
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In this supplementary material, we provide an analysis of
the out-of-equilibrium initial conditions investigated in the ex-
periments in terms of Bloch bands and states. We then show
results of numerical simulation to discuss: (i) the interfer-
ence pattern for one and two wells, (ii) the onset of the quasi-
isochronism as a function of the number of populated wells,
and (iii) the fraction of atoms that tunnels through the barri-
ers. A quantitative comparison of the Kapitza-Dirac diffrac-
tion method for the lattice depth calibration with the method
based on the period measurement after a phase shift is de-
tailed. A section is devoted to the results of other experiments
and numerical simulations using the same offset technique in
an optical lattice but for various other lattice depths. The last
section is devoted to a simple semiclassical analysis of the
traversal time for a single barrier.

BAND ANALYSIS
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FIG. 1: (Color online). Band diagram for an attractive potential lat-
tice of depth s0EL

with s0 = 3.21. Bound level (green dashed line)
and unbound level (red solid line)

The data presented in the main article have been carried
out in an optical lattice of depth s0EL

with s0 = 3.21. The
corresponding band diagram is plotted in Fig. 1: only the two
lower bands are entirely bounded, the bottom of the third band
is slightly negative. The timescales associated to the energy
diagram are: h/(E2(k = 0) � E1(k = 0)) = 78.7 µs and
h/(E3(k = 0)� E2(k = 0)) = 163 µs.

As already explained, the initial state is prepared by a sud-
den shift of the optical lattice: ✓(0+) = ✓0. It is instructive to

work out the population ⇡

n

(✓0) of this initial state projected
on the Bloch states |n,q = 0i for different initial conditions
i.e. different initial angles ✓0. They are summarized as his-
tograms for n = 1, ..., 6 for the various initial angles that
have been used in the experiment. For the two lowest an-
gles, ✓0 = 20

o and ✓0 = 30

o, the population in the bound
Bloch states (represented in green) is respectively 98.3 % and
93 %. The dynamics is therefore completely dominated by the
two lowest bound states. Increasing the angle, the proportion
of the initial wave function projected on the unbound Bloch
states increases; it reaches 35 % for ✓0 = 50

o.
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FIG. 2: (Color online). Probability of the initial state to be in the
Bloch states |n,q = 0i for the six first bands n = 1, ..., 6.

NUMERICAL SIMULATIONS

In Fig. 3, we represent the dynamics of the wave packet in-
side one well and two wells after an initial offset ✓0 = 20

o.
As in the experiment, the simulation incorporates a time-of-
flight, so that the pictures reflect the momentum space. The
non harmonic character of a single well is apparent in the den-
sity plot for which the amount of stripes increases with time.
It is worth noticing that with only two wells we recover a den-
sity plot qualitatively close to the experiment performed with
a lattice: we indeed observe the tunneling packet and its delay
with respect to the reflected packet, and the MZI effect.

In Fig. 4, we represent the density line p = 0 as a func-
tion of the normalized time for different trapping conditions
(this line corresponds to the central line - see for instance
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Fig. 2(a) as a function of the depth parameter s for various
values of the interaction parameter β and external confine-
ment ~ωext ( ~ωext ¼ 1=262 corresponds to the experimental
situation). Remarkably, the curve that gives the renormal-
ization of the dipole frequency appears to be independent of
the external potential strength in the limit ωext ≪ h=ðmd2Þ
(see Ref. [37]). This property differs from the low depth
result [29,30,32]. Additionally, the dipole mode that we
excite turns out to be independent of the strength of the
interaction. This well-known feature for a single well
remains valid for our chain of coupled wells. This was
also pointed out in Ref. [32] for large amplitude oscillations
in the low depth limit. We have numerically checked these
two properties, and we can therefore precisely infer the
potential depth from the first dipole oscillation period.
We experimentally measure a period T ¼ 106$ 4 μs
( ~ωT¼4.36$0.14), which corresponds to s0¼3.21$0.12
according to Fig. 2(a) (arrow). For this depth, the potential

accommodates for two bound states [37]. An independent
calibration based on Kapitza-Dirac diffraction has been
performed on a large range of lattice depths and is in perfect
agreement with our method that combines time period
measurement and numerical simulation (see Ref. [37]).
Another consequence of the collective nature of the

dipole oscillation is the quasi-independence of the oscil-
lation period on the initial angle θ0 (see Ref. [37]). This is
illustrated in Fig. 2(b) where we compare for different
initial angles θ0 the period measured experimentally, the
result of the numerical simulation in the same condition as
in the experiment and with the calibration explained above,
and the classical prediction. Within the error bars, the
oscillation period of the dipole mode is constant in the
wide range of angle that we studied (30° ≤ θ0 ≤ 80°), an
observation confirmed by numerical simulations (see
Ref. [37]). This is to be contrasted with the classical
prediction where the nonharmonicities of the wells yield
an oscillation period that strongly depends on the initial
angle. Furthermore, the BEC being put in a far out-of-
equilibrium state by the initial sudden displacement, we
numerically checked that its relaxation towards equilibrium
does not modify the oscillation dynamics studied above:
the relaxation occurs on a time scale of a few milliseconds,
thus much larger than the oscillation period.
Let us analyze further the experimental time sequence of

Fig. 1. We observe that the centers of the packetsD1 andD2

do not coincide in time. The packet D2 that has tunneled
through the potential barrier is delayed with respect to D1.
The independence of the period on the initial angle θ0
ensures that the time delay that we measure is not affected
by anharmonicities. The analysis in momentum space
facilitates the precise measurement of the time delay since
the two packets that split on the barrier acquire an opposite
momentum after a quarter of a period. We investigated
systematically this delay through a set of experiments, with
a 1 μs time step, for which the initial angle, and thus the
initial sudden displacement of the lattice, is varied. The data
are presented in Fig. 3(a). We observe that when increasing
θ0, the relative delay between the reflected (D1) and
tunneled (D2) wave packets decreases. Indeed, as intui-
tively expected from a semiclassical approach, for a larger
shift angle, the thickness of the potential barrier at the
turning point decreases and the turning point corresponds
to a higher energy [see Fig. 3(b)]. To extract the time delay
between the wave packets, we determine the maximum of
the density distributions of the D1 and D2 wave packets
(see the inset of Fig. 3) using as a guide a Gaussian fit of the
density distributions. For θ0 ≥ 60°, the delay cannot be
measured precisely because of the small thickness of the
barrier, which yields a partial overlap of packets B and D2.
The numerical simulations are in very good agreement
with the experimental data without any adjustable param-
eter once the calibration has been carefully performed
[see Fig. 3(c)]. The error bars on the numerical simulations

(a)

(b)

FIG. 2. (a) Collective dipole mode period measured in dimen-
sionless units as a function of the lattice depth (normalized to the
lattice characteristic energy EL) for various values of the
external potential and the interactions: ~ωext ¼ 1=50 (triangle),
~ωext ¼ 1=262 (square), β ¼ 0.1 (open symbol), and β ¼ 1 (filled
symbol). The proximity of the curves enables one to extract
precisely the optical lattice depth (dashed line). The dotted curve
corresponds to the classical oscillation period [34]. (b) Oscillation
period as a function of the initial angle θ0 (which accounts for
the initial sudden displacement of the lattice): experimental
points (filled square), numerical simulation with the calibration
presented in (a) (empty square), and classical prediction
(dotted line).
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FIG. 5: (Color online). (a) Density plot obtained from the numerical
simulation in the conditions of the experiment. Population in the
different momentum classes ⇧�1 = �h/d (H), ⇧0 = 0 (⌅) and
⇧1 = h/d (N) at the times that correspond to the maximum of the
density of the D1 (b) and D2 (c) packets (see white dashed lines on
(a)).

LATTICE DEPTH CALIBRATION

A standard method to calibrate in situ the depth of an op-
tical lattice with a Bose Einstein condensate consists in using
Kapitza-Dirac diffraction. For this purpose, one shines the
optical lattice of depth V0 for a short amount of time ⌧ and
observes the subsequent free evolution of the BEC. The spa-
tial period d of the lattice generates a diffraction pattern of
step htTOF/d when the expansion lasts for a sufficiently long
time tTOF to be dominated by the velocity field and no longer
by the initial size. For short and intense pulses, the popula-
tion in the different diffraction orders is well accounted by the
so-called Raman-Nath regime for which the atomic motion is
neglected during the light-matter interaction. In this limit, the
zeroth order vanishes for a given pulse duration. This zero
enables one to infer the lattice depth directly. In practice, ⌧ is
varied from 1 to a few tens of µs and tTOF is on the order of
20 ms. Figure 6a provides an example of such a time sequence
for a lattice depth s = 2.8.

At low depth (s < 5.5), the zeroth diffraction order does not
vanish anymore. To get a reliable calibration, one should ex-
plore the diffraction pattern on longer time where the Raman-
Nath approximation breaks down. In practice, we fit the pop-
ulation of each diffraction order with the appropriate Mathieu
function[2–4] (see Fig. 6b).

In Fig. 6c, we summarize a set of experimental data
for which we compare the lattice depth obtained from the
Kapitza-Dirac diffraction method (black squares) with the one

deduced from the measurement of the period combined with
numerical simulations as explained in the main text. We ob-
tain a very good agreement between the two methods. Our
method provides a calibration curve well fitted by

!̃T (s) = (a+ bs+ cs

2
)e

ds (1)

with !̃ = 16~/(md

2
) = 24.3 µs, a = 11.975, b = �1.54017,

c = 0.2583 and d = �0.2502. Using this relation it is there-
fore possible to infer the depth s from the experimental mea-
surement of the period T .
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FIG. 6: (a) Evolution of the Kapitza-Dirac diffraction pattern with
the pulse duration. Each horizontal line of the image corresponds to
a time sequence in which the BEC is exposed to the lattice during
the pulse duration and the picture is taken after a 20 ms time-of-
flight. (b) Example of fit analysis of the diffraction order for s = 2.8,
we clearly see that the zeroth order does not vanish as a function
of the pulse duration. (c) Comparison between the Kapitza-Dirac
diffraction method (black square) and the period measurement (see
text) to determine the optical lattice depth without any adjustable
parameter.

THE DIFFERENT PARAMETER RANGES

The parameter space on which the tunnel delay is observed
depends on both the lattice depth and the initial angle. In this
section, we propose extra experimental (Fig. 7) and numeri-
cal data (Fig. 8) to detail the different situations encountered
when the depth of the optical lattice is increased. We have
indicated the threshold depths s

n

below which n bands are
entirely bound: s1 = 0.8875, s2 = 3.0375, s3 = 6.425 and
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130 Chapitre V. Dynamique dans un réseau renormalisé

renormalisé [141] :
Jeff = J × J0(K0), (V.8)

avec J le taux tunnel en l’absence de modulation de phase, J0(x) la fonction de
Bessel d’ordre 0 et K0 = θ0!ωm/EL (où K0 a été ici adaptée à nos notations par
rapport à [141]). Cette relation a été démontrée expérimentalement par la mesure
de la vitesse d’étalement de la fonction d’onde du condensat dans le réseau modulé
[140]. La fonction de Bessel J0(K0) est négative pour 2.4 < K0 < 5.2. Dans cet
intervalle, le taux tunnel effectif Jeff est lui aussi négatif. Cette situation n’est
pas accessible via un potentiel statique et entraine une modification drastique
de la structure de bande associée au potentiel périodique. En effet, la relation
de dispersion de la bande d’énergie fondamentale est liée au taux tunnel Jeff par
(voir chapitre II) :

E0(k) = −2Jeff cos(kd). (V.9)

Un taux tunnel négatif entraine donc l’inversion de la courbure de la bande
fondamentale dans la première zone de Brillouin tel que représenté qualitative-
ment sur la figure V.7.a. Dans l’espace réel, cela se traduit par l’impression d’une
phase alternée d’un puits de potentiel à l’autre (d’où le nom de staggered state,
état en quinconce). Cette inversion de courbure a une influence sur la figure d’in-
terférence issue de l’expansion de la chaine de condensats depuis le réseau.
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Figure V.7 – (a) : Schéma qualitatif de l’influence d’un taux tunnel négatif
sur la forme de la bande fondamentale E0(k). En bleu, la forme de la bande
fondamentale pour un taux tunnel positif. En rouge pointillé, la forme de la bande
fondamentale associée à un taux tunnel négatif. (b) : Figure d’interférence obtenue
après 1 ms de modulation de phase avec K0 = 4.75. (c) : Figure d’interférence
obtenue après 6 ms de modulation de phase avec K0 = 4.75.

Les deux figures V.7.b et V.7.c correspondent à la figure d’interférence obte-
nue après expansion de la chaine de condensats depuis le réseau modulé en phase
avec une pulsation ωm = 2π × 1.5 kHz et une amplitude θ0 = 160˚. Cela corres-
pond à K0 = 4.75. La différence entre ces deux images est qu’elles correspondent
respectivement à un maintien de la modulation de 1 ms (b) et 6 ms (c). Dans les
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transformation ψ̃ℓ !→ ψ̄ℓ = Tℓψ̃ℓ with

Tℓ = exp

[

−imℓd

!k
ϕ̇(t)

]

, (22)

we finally obtain i! ˙̄ψℓ(t) =
∑

ℓ′ H̄ℓ,ℓ′(t)ψ̄ℓ′(t) with the new Hamiltonian matrix elements

H̄ℓ,ℓ′(t) = −J

{

δℓ′,ℓ+1 exp

[

−imd

!k
ϕ̇(t)

]

+ δℓ′,ℓ−1 exp

[

+
imd

!k
ϕ̇(t)

]}

. (23)

Recalling that ϕ̇(t) = ωϕ0 cos(ωt), we are now entitled to replace these periodically

oscillating matrix elements by their average over one period of the driving,

H̄ℓ,ℓ′ =
ω

2π

∫ 2π/ω

0

H̄ℓ,ℓ′(t)dt = −JJ0

(

2πmωϕ0

!k2

)

(δℓ′,ℓ+1 + δℓ′,ℓ−1) , (24)

which involves the Bessel function J0(ξ) = π−1
∫ π
0 cos(ξ sin u)du. As a consequence, the

effective hopping matrix element between adjacent wells of the lattice will change sign if

the argument of the Bessel function is tuned across one of its zeroes. In particular, this

argument is obtained as 2πmωϕ0/(!k2) ≃ 3.3 for the driving frequency ω = 0.12!k2/m

and the relative amplitude ϕ0 = 1.4π under consideration, which implies that the Bessel

function acquires a negative value ≃ −3.5 The effective inter-well hopping matrix element

JJ0[2πmωϕ0/(!k2)] is therefore negative for the parameter set that we consider in this study.

This favours the formation of a staggered, i.e. antiperiodic, state which minimizes the total

hopping energy within this effective time-averaged Hamiltonian.

While this staggered state cannot be directly populated starting from a perfectly periodic

initial state within a mean-field description of the condensate, the presence of quantum noise

that is inherent in the Truncated Wigner method provides an effective quantum bath to

which excess energy can be dissipated in order to relax to the new staggered ground state.

This intepretation is well confirmed by the numerical results.

IV. CONCLUSIONS

In summary, our numerical study revealed clear signatures for the formation of staggered

states within Bose-Einstein condensates that are subjected to a periodically shaken optical

lattice. While these signatures are well visible within a Truncated Wigner simulation of the

atomic cloud, they are not encountered if the evolution process of the condensate is computed
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effective hopping matrix element between adjacent wells of the lattice will change sign if

the argument of the Bessel function is tuned across one of its zeroes. In particular, this

argument is obtained as 2πmωϕ0/(!k2) ≃ 3.3 for the driving frequency ω = 0.12!k2/m

and the relative amplitude ϕ0 = 1.4π under consideration, which implies that the Bessel

function acquires a negative value ≃ −3.5 The effective inter-well hopping matrix element

JJ0[2πmωϕ0/(!k2)] is therefore negative for the parameter set that we consider in this study.

This favours the formation of a staggered, i.e. antiperiodic, state which minimizes the total

hopping energy within this effective time-averaged Hamiltonian.

While this staggered state cannot be directly populated starting from a perfectly periodic

initial state within a mean-field description of the condensate, the presence of quantum noise

that is inherent in the Truncated Wigner method provides an effective quantum bath to

which excess energy can be dissipated in order to relax to the new staggered ground state.

This intepretation is well confirmed by the numerical results.

IV. CONCLUSIONS

In summary, our numerical study revealed clear signatures for the formation of staggered

states within Bose-Einstein condensates that are subjected to a periodically shaken optical

lattice. While these signatures are well visible within a Truncated Wigner simulation of the

atomic cloud, they are not encountered if the evolution process of the condensate is computed

10

in the context of guided atom laser propagation processes across atomic quantum dots [4].

We shall briefly describe this method as well as the experimental setup that we intend to

simulate in Section II. Sections III and IV are respectively devoted to the presentation and

discussion of the obtained numerical results.

II. DESCRIPTION OF THE SETUP

We consider a Bose-Einstein condensate of 87Rb atoms that is confined within a one-

dimensional optical lattice. This lattice is subject to a periodic shaking that is suddenly

switched on at t = 0. The corresponding effective optical potential is given by

Vlatt(x, t) = V (0)
latt {1 + cos [kx+ ϕ(t)]} (1)

with k = 2π/d where d = 532 nm is the spatial periodicity of the lattice and

ϕ(t) = ϕ0 sin(ωt)θ(t) (2)

is the time-periodic phase shift that characterizes its shaking (with θ(t) denoting Heavy-

side’s step function). The atoms are, furthermore, exposed to a weak harmonic confinement

potential V|| along the longitudinal direction. Restricting ourselves to one spatial dimension,

i.e., assuming that the atoms of the condensate only populate the transverse ground mode

of the trapping configuration, we thereby obtain the many-body Hamiltonian

Ĥ(t) =

∫

dxψ̂†(x, t)

[

− !2

2m

∂2

∂x2
+ V (x, t)

]

ψ̂(x, t)

+
g

2

∫

dxψ̂†(x, t)ψ̂†(x, t)ψ̂(x, t)ψ̂(x, t) (3)

defining

V (x, t) = Vlatt(x, t) + V||(x) , (4)

which yields the evolution equation

i!
∂

∂t
ψ̂(x, t) = − !2

2m

∂2

∂x2
ψ̂(x, t) + V (x, t)ψ̂(x, t)

+gψ̂†(x, t)ψ̂(x, t)ψ̂(x, t) (5)

for the field operator ψ̂(x, t) describing the trapped Bose gas. Here, m = 1.456 × 10−25 kg

is the mass of the 87Rb atoms and g = 2!ω⊥as is the approximate effective one-dimensional

3

-4 -2 0 2 4

102

104

106 (a2)

-4 -2 0 2 4

(b2)

-4 -2 0 2 4
k
ν
 / k

(c2)

-4 -2 0 2 4

(d2)

102

104

106

k 
x 

m
om

en
tu

m
 d

en
si

ty

(a1) (b1) (c1) (d1)

FIG. 3: Snapshots of the momentum density of the condensate as a function of the wave number

kν for (a) ωt = 0, (b) ωt = 30, (c) ωt = 60, and (d) ωt = 90, calculated using the Gross-Pitaevskii

equation (upper panels) as well as the Truncated Wigner method (lower panels).

are determined through

ρ̃(kν) =
Nw

k

[

|ψ̃ν(t)|2 −
1

2

]

, (17)

within the Truncated Wigner approach, where

ψ̃ν(t) =
1√
N

N/2−1
∑

l=−N/2

ψl(t)e
2πiνl/N (18)

represents the spatial Fourier transform of ψl and kν = νk/Nw with ν ∈ Z is the wave

number associated with the momentum component ψ̃ν . They would straightforwardly yield

the time-of-flight images if atom-atom interaction was switched off as well at t = t1; in

practice, they provide a reasonable first-order approximation of the expected experimental

images [11].

Figure 2 shows that the momentum density undergoes periodic oscillations in accordance

with the time-periodic shaking of the lattice. Only integer multiples of the characteristic

wave number scale k = 2π/d are effectively populated in the Gross-Pitaevskii simulation

shown in the upper panel, since the condensate wavefunction is approximately a periodic

8
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Cold atoms provide powerful and versatile tools for
quantum simulators of many-body systems [1–4]. They
give access to the rich out-of-equilibrium dynamics of in-
teracting quantum systems.

A remarkable progress has been achieved with the
renormalization of the tunneling rate in time-dependent
double well potentials and optical lattices with the peri-
odic shaking of the potential energy landscape [6–8]. It
has opened many new possibilities for quantum simula-
tions with the possibility to engineer e↵ective Hamilto-
nians [9]. This includes the realization of the Hofstadter
model [10] and of the Haldane model [11], or the inves-
tigation frustrated magnetism [12] just to name a few
recent examples.

The renormalization of the tunneling rate can be read-
ily understood in the context of a one-body analysis.
However, the transition that may occur involve the role of
interactions. The most simple example is provided by the
phase modulation of a 1D optical lattice in a regime for
which the the tunneling rate becomes negative. In this
regime, a dynamical instability generates a new quan-
tum state, commonly called a staggered state for which
neighbouring sites acquire opposite phases. This phase
transition can be readily observed in momentum space
after a time of flight expansion. The di↵raction peaks
[13] observed as a result of the spatial periodicity of a
static optical lattice are modified: new peaks in between
the former static peaks are observed (see Fig. 1). In-
terestingly this transition cannot be account for with a
standard mean-field approach. In this article, we inves-
tigate experimentally the nucleation of such staggered
states and compare our result with a time-dependent be-
yond mean-field approach. The nucleation of vortices in
a BEC using the rotating spoon technique [14–16] pro-
vides another example of phase transition triggered by
a dynamical instability. However in this latter example
the kinetics of the transition could not be studied as a
function of the density since the rotation weakens the
transverse 2D confinement. We report hereafter a one-
fold variation of the nucleation time of staggered states
by the control of the density, and investigate experimen-
tally and numerically the limit of the e↵ective Hamilto-
nian approach.

Our experiments have been realized on our rubidium-
87 BEC machine that relies on a hybrid (magnetic and
optical) trap [18]. It produces pure BECs of 105 atoms in
the lowest hyperfine level F = 1,mF = �1. The 1D op-
tical lattice is generated by superimposing two counter-

h/d

h/d

h/d

Time
FIG. 1: Absorption image of the BEC released from the trap
after applying a proper phase modulation (yielding to an ef-
fective negative tunneling rate) for increasing amounts of time
and after a 25 ms time of flight. Each line of the picture has
been averaged over 4 runs.

propagating laser beams at 1064 nm (lattice spacing
d = 532 nm) to the horizontal optical guide of the hybrid
trap. The relative phase between the two arms of the
lattice is controlled in time via synthesizers whose fre-
quencies are imprinted on light using acousto-optic mod-
ulators. With a sinusöıdeal phase modulation of tunable
amplitude '

0

, the atoms experience the potential:

V (x) =
1

2
m!

2

ext

x

2� V

0

2


1 + cos

✓
2⇡x

d

+ '

0

sin(2⇡⌫t)

◆�

where d = 532 nm is the lattice spacing and !

ext

accounts
for the longitudinal confinement of the optical guide.
As a result of the modulation, the tunnel rate J is

renormalized by a Bessel function,

J̄ = J ⇥ J

0

✓
⇡'

0

h⌫

EL

◆
(1)

where EL = h

2

/(2md

2) is the lattice characteristic en-
ergy. This result is readily derived from a one-body anal-
ysis [5] but turns out to remain valid in the presence of
two-body interactions. A qualitative picture of the im-
pact of this renormalization on the physics of the system
can be worked out perturbatively with the expression for
the energy of the lowest band using the Peirls substitu-
tion: E

0

(k) = �J cos(kd). For J > 0 the minimum of
the band stands at k = 0, and the Fourier transform
of the wave function consists in a comb of wave vectors
centered about k = 0 and with a step 2⇡/d. For J < 0,
the minima lands on the border of the Brillouin zone at

Bogolubov-spectrum-

2

k = ±⇡/d. When the sign of J is changed through phase
modulation, the system is put in a metastable state. Its
further evolution requires interactions. The mechanism
for nucleation of the staggered states has been identified
has a dynamical instability also referred to a paramet-
ric instability triggered by interactions. As a result of
this mechanism atoms with k = 0 are transferred in a
superposition of states of wave vectors ±⇡/d.

A simple 1D model of a BEC in an optical lattice with
periodic boundary provides the renormalization of the
tunnel rate (??). Its Bogolubov mode analysis reveals the
physics of the instability. We find the following dispersion
relation:

(~!)2 = 4J̄(1� cos kd)(J̄(1� cos kd) + nU) (2)

where U = This relation predicts stable oscillatory quasi-
particle dynamics for J̄ > 0. A dynamical instability (!
becomes imaginary) is encountered when J becomes neg-
ative. In that case, tiny initial populations of quasipar-
ticle modes that satisfy the relation J̄(1� cos kd) < 0 <

J̄(1�cos kd)+nU experience an exponential growth with
time. For nU > �4J̄ , this growth is more pronounced
for the staggered Bogoliubov mode defined by kd = ±⇡,
which describes an antiperiodic Bloch function within the
lattice; the population of this staggered modes grow with
the Lyapunov exponent � = (�8J̄(2J̄ +nU))1/2/~. This
expression has stimulated two experiments described be-
low on the dependence of the nucleation time of the stag-
gered states with the value of J̄ and with the atomic
density.

A side e↵ect of the dynamical instability mechanism is
the increase of the width of the peaks resulting in an ef-
fective increase of the temperature REFS ??. This e↵ect
can be clearly seen on our data. The inset of Fig. 2 con-
tains snapshot images of the time evolution. The size of
the staggered peaks is clearly larger than the one of the
initial side peaks at k = ±2⇡/d. Such an e↵ect cannot
be accounted for within the mean-field approach. This is
the reason why we have developed a beyond mean field
to get a quantitative comparison between the experimen-
tal results. Here we restrict to approach referred to as
the Truncated Wigner methods REFS [19]. EXPLAIN
METHOD + WHY IT IS MORE ADAPTER THAN
OTHER METHODS ?

In the regime for which J̄ < 0 and for di↵erent depths
V

0

: 0.8, 1.8, 2.6, 3.2 EL, we have observed experimen-
tally the transition for staggered states. To access the
nucleation time, we process in the following manner, we
plot on the same graph the mean populations ⇧̄

1

(t) =
(⇡�⇡/d + ⇡⇡/d)/2 and ⇧̄

1/2(t) = (⇡�⇡/2d + ⇡⇡/2d)/2 as a
function of time, where ⇡k refers to the population at mo-
mentum k that can be directly extracted from the exper-
imental images obtained after a su�ciently long time-of-
flight. The time, t?, at which the two curves cross defines
what we called the nucleation time (⇧̄

1/2(t
?) = ⇧̄

1

(t?)).
It corresponds to the point for which the contrast for the
peaks at k = ±⇡/d and k = ±⇡/2d is identical.

The first experimental study that we have performed

deals with the nucleation time of staggered states for dif-
ferent values of the renormalized tunneling rate J̄ . We
have explore the dynamics at the border of the zone for
which J̄ becomes negative. The Lyapunov exponent pre-
dicts a divergence of the time required to populate the
staggered states. We have indeed observed a strong in-
crease of the nucleation time when we approach an am-
plitude of modulation that corresponds to the zero of the
Bessel function (see Fig. 2).
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FIG. 2: (a) Renormalization factor of the tunnel rate. (b)
Nucleation time of the staggered states for various negative
values of the tunneling rate J̄ . The smaller J̄ the larger the
nucleation time. Inset: example of experimental images of a
sequence in which the evolution in momentum space is moni-
tored as a function of time. The transition towards the stag-
gered state can be clearly identified. Those data are acquired
in a optical lattice of depth 2.6E

L

and a driving frequency 1.5
kHz.
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FIG. 3: Nucleation time as a function of the peak atomic den-
sity for an optical lattice of depth 2.6E

L

, a driving frequency
1.5 kHz and an amplitude of modulation '0 = 160o.

A natural question concerns the frequency domain over
which the average performed to get the renormalized tun-
nel rate remains valid. The two lowest frequencies that
characterized the dynamics in the optical lattice are: (1)

dependence#in#tunnel#rate,#J,#and#in#the#density#
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k = ±⇡/d. When the sign of J is changed through phase
modulation, the system is put in a metastable state. Its
further evolution requires interactions. The mechanism
for nucleation of the staggered states has been identified
has a dynamical instability also referred to a paramet-
ric instability triggered by interactions. As a result of
this mechanism atoms with k = 0 are transferred in a
superposition of states of wave vectors ±⇡/d.

A simple 1D model of a BEC in an optical lattice with
periodic boundary provides the renormalization of the
tunnel rate (??). Its Bogolubov mode analysis reveals the
physics of the instability. We find the following dispersion
relation:

(~!)2 = 4J̄(1� cos kd)(J̄(1� cos kd) + nU) (2)

where U = This relation predicts stable oscillatory quasi-
particle dynamics for J̄ > 0. A dynamical instability (!
becomes imaginary) is encountered when J becomes neg-
ative. In that case, tiny initial populations of quasipar-
ticle modes that satisfy the relation J̄(1� cos kd) < 0 <

J̄(1�cos kd)+nU experience an exponential growth with
time. For nU > �4J̄ , this growth is more pronounced
for the staggered Bogoliubov mode defined by kd = ±⇡,
which describes an antiperiodic Bloch function within the
lattice; the population of this staggered modes grow with
the Lyapunov exponent � = (�8J̄(2J̄ +nU))1/2/~. This
expression has stimulated two experiments described be-
low on the dependence of the nucleation time of the stag-
gered states with the value of J̄ and with the atomic
density.

A side e↵ect of the dynamical instability mechanism is
the increase of the width of the peaks resulting in an ef-
fective increase of the temperature REFS ??. This e↵ect
can be clearly seen on our data. The inset of Fig. 2 con-
tains snapshot images of the time evolution. The size of
the staggered peaks is clearly larger than the one of the
initial side peaks at k = ±2⇡/d. Such an e↵ect cannot
be accounted for within the mean-field approach. This is
the reason why we have developed a beyond mean field
to get a quantitative comparison between the experimen-
tal results. Here we restrict to approach referred to as
the Truncated Wigner methods REFS [19]. EXPLAIN
METHOD + WHY IT IS MORE ADAPTER THAN
OTHER METHODS ?

In the regime for which J̄ < 0 and for di↵erent depths
V

0

: 0.8, 1.8, 2.6, 3.2 EL, we have observed experimen-
tally the transition for staggered states. To access the
nucleation time, we process in the following manner, we
plot on the same graph the mean populations ⇧̄

1

(t) =
(⇡�⇡/d + ⇡⇡/d)/2 and ⇧̄

1/2(t) = (⇡�⇡/2d + ⇡⇡/2d)/2 as a
function of time, where ⇡k refers to the population at mo-
mentum k that can be directly extracted from the exper-
imental images obtained after a su�ciently long time-of-
flight. The time, t?, at which the two curves cross defines
what we called the nucleation time (⇧̄

1/2(t
?) = ⇧̄

1

(t?)).
It corresponds to the point for which the contrast for the
peaks at k = ±⇡/d and k = ±⇡/2d is identical.

The first experimental study that we have performed

deals with the nucleation time of staggered states for dif-
ferent values of the renormalized tunneling rate J̄ . We
have explore the dynamics at the border of the zone for
which J̄ becomes negative. The Lyapunov exponent pre-
dicts a divergence of the time required to populate the
staggered states. We have indeed observed a strong in-
crease of the nucleation time when we approach an am-
plitude of modulation that corresponds to the zero of the
Bessel function (see Fig. 2).

1 2 3 4 5-0.2

0.2
0.4
0.6
0.8

120 130 140 150 160
0

2

4

6

8

10

12

14

10 ms

(a)

(b)

J0(x)

N
u
c
l
e
a
t
i
o
n

t
i
m

e
[
m

s
]

'0

(c)

FIG. 2: (a) Renormalization factor of the tunnel rate. (b)
Nucleation time of the staggered states for various negative
values of the tunneling rate J̄ . The smaller J̄ the larger the
nucleation time. Inset: example of experimental images of a
sequence in which the evolution in momentum space is moni-
tored as a function of time. The transition towards the stag-
gered state can be clearly identified. Those data are acquired
in a optical lattice of depth 2.6E

L

and a driving frequency 1.5
kHz.
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FIG. 3: Nucleation time as a function of the peak atomic den-
sity for an optical lattice of depth 2.6E

L

, a driving frequency
1.5 kHz and an amplitude of modulation '0 = 160o.

A natural question concerns the frequency domain over
which the average performed to get the renormalized tun-
nel rate remains valid. The two lowest frequencies that
characterized the dynamics in the optical lattice are: (1)
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k = ±⇡/d. When the sign of J is changed through phase
modulation, the system is put in a metastable state. Its
further evolution requires interactions. The mechanism
for nucleation of the staggered states has been identified
has a dynamical instability also referred to a paramet-
ric instability triggered by interactions. As a result of
this mechanism atoms with k = 0 are transferred in a
superposition of states of wave vectors ±⇡/d.

A simple 1D model of a BEC in an optical lattice with
periodic boundary provides the renormalization of the
tunnel rate (??). Its Bogolubov mode analysis reveals the
physics of the instability. We find the following dispersion
relation:

(~!)2 = 4J̄(1� cos kd)(J̄(1� cos kd) + nU) (2)

where U = This relation predicts stable oscillatory quasi-
particle dynamics for J̄ > 0. A dynamical instability (!
becomes imaginary) is encountered when J becomes neg-
ative. In that case, tiny initial populations of quasipar-
ticle modes that satisfy the relation J̄(1� cos kd) < 0 <

J̄(1�cos kd)+nU experience an exponential growth with
time. For nU > �4J̄ , this growth is more pronounced
for the staggered Bogoliubov mode defined by kd = ±⇡,
which describes an antiperiodic Bloch function within the
lattice; the population of this staggered modes grow with
the Lyapunov exponent � = (�8J̄(2J̄ +nU))1/2/~. This
expression has stimulated two experiments described be-
low on the dependence of the nucleation time of the stag-
gered states with the value of J̄ and with the atomic
density.

A side e↵ect of the dynamical instability mechanism is
the increase of the width of the peaks resulting in an ef-
fective increase of the temperature REFS ??. This e↵ect
can be clearly seen on our data. The inset of Fig. 2 con-
tains snapshot images of the time evolution. The size of
the staggered peaks is clearly larger than the one of the
initial side peaks at k = ±2⇡/d. Such an e↵ect cannot
be accounted for within the mean-field approach. This is
the reason why we have developed a beyond mean field
to get a quantitative comparison between the experimen-
tal results. Here we restrict to approach referred to as
the Truncated Wigner methods REFS [19]. EXPLAIN
METHOD + WHY IT IS MORE ADAPTER THAN
OTHER METHODS ?

In the regime for which J̄ < 0 and for di↵erent depths
V

0

: 0.8, 1.8, 2.6, 3.2 EL, we have observed experimen-
tally the transition for staggered states. To access the
nucleation time, we process in the following manner, we
plot on the same graph the mean populations ⇧̄

1

(t) =
(⇡�⇡/d + ⇡⇡/d)/2 and ⇧̄

1/2(t) = (⇡�⇡/2d + ⇡⇡/2d)/2 as a
function of time, where ⇡k refers to the population at mo-
mentum k that can be directly extracted from the exper-
imental images obtained after a su�ciently long time-of-
flight. The time, t?, at which the two curves cross defines
what we called the nucleation time (⇧̄

1/2(t
?) = ⇧̄

1

(t?)).
It corresponds to the point for which the contrast for the
peaks at k = ±⇡/d and k = ±⇡/2d is identical.

The first experimental study that we have performed

deals with the nucleation time of staggered states for dif-
ferent values of the renormalized tunneling rate J̄ . We
have explore the dynamics at the border of the zone for
which J̄ becomes negative. The Lyapunov exponent pre-
dicts a divergence of the time required to populate the
staggered states. We have indeed observed a strong in-
crease of the nucleation time when we approach an am-
plitude of modulation that corresponds to the zero of the
Bessel function (see Fig. 2).
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FIG. 2: (a) Renormalization factor of the tunnel rate. (b)
Nucleation time of the staggered states for various negative
values of the tunneling rate J̄ . The smaller J̄ the larger the
nucleation time. Inset: example of experimental images of a
sequence in which the evolution in momentum space is moni-
tored as a function of time. The transition towards the stag-
gered state can be clearly identified. Those data are acquired
in a optical lattice of depth 2.6E

L

and a driving frequency 1.5
kHz.
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FIG. 3: Nucleation time as a function of the peak atomic den-
sity for an optical lattice of depth 2.6E

L

, a driving frequency
1.5 kHz and an amplitude of modulation '0 = 160o.

A natural question concerns the frequency domain over
which the average performed to get the renormalized tun-
nel rate remains valid. The two lowest frequencies that
characterized the dynamics in the optical lattice are: (1)
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#equa>on#to#account#for#the#dynamics#of#BoseNEinstein#condensates.#
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Figure 3: Snapshots of the momentum density of the condensate as a function
of the wave number kν for (a) ωt = 0, (b) ωt = 30, (c) ωt = 60, and (d)
ωt = 90, calculated using the Gross-Pitaevskii equation (upper panels) as
well as the Truncated Wigner method (lower panels).
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