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1. Intr oduction

Our aim is (1) to study how macroscopic elastic properties are
related to microscopic network properties, (2) to use simulation
results for testing and improving theories for rubber elasticity,
and (3) to validate analysis methods of experimental results on
polymer networks.

Our tool is molecular dynamics simulations of polymer networks
using a coarse grained model. Simulations provide ready access
to microscopic and macroscopic observables, and allows us to
accurately characterise the network conformations, connectivity,
and topology.

We make networks by cross-linking a melt of precursor chains.
Cross-links and entanglements con�ne the thermal �uctuations
of network strands, and cause strands to be localised in tubes.
The tubes are deformed when the sample is strained, which
determines the microscopic conformational strain response.
The macroscopic elastic properties are derived from strain
dependence of the network free energy, which is dominated by
the entropy of the thermal �uctuations of strands inside their
deformed tubes.

2. Visualisation

Visualisation of a randomly cross-linked network with 80precursor
chains of length 3500with 1400cross-links (yellow). 20%of the
precursor chains are coloured. The renderings shows (a) every
monomer in the network, (b) the primitive path mesh-work, and
(c) the conformations of �v e of the precursor chains.

Visualisation of the tube con�nement for three segments. The
visualisation shows how the tube deforms when the network un-
dergoes an uni-axial, volume conserving elongation � x = 1; 2; 4.

3. Theor y

The double tube theory of Mergell and Everaers treats chain lo-
calisation due to chemical cross-links (A) and entanglements (B)
with two correlated and additive con�ning potentials. The theory
predicts that the tube diameter is anisotropic and has a strain de-
pendence

d� 4
T (� � ) = d� 4

A + � 2
� d� 4

B : (1)

where � = x; y; z. The microscopic network deformation is de-
scribed by the mean-square distances r 2

� (n; � � ) on strands or ex-
tended paths through the network. The strain dependence of mi-
croscopic deformations is characterised by the ratio

f (n) =
r 2
� (n; � � ) � r 2

� (n)
� 2

� r 2
� (n) � r 2

� (n)
(2)

The double tube theory predicts microscopic deformations

f (y) = f X (y) +
d4
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[f B (y) � f X (y)] (3)

where y = r 2
� (n)=[2d2

T (� � )], f A(y) = 1 + (exp(� y) � 1)=y and
f B (y) = 1 + 0:5exp(� y) + 1:5(exp(� y) � 1)=y. The stress-strain
relation can be obtained from the microscopic deformations by
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4. Localisation

Localisation is observed by sampling the mean-square displace-
ments of cross-links g1;� (t; � � ) = h[r � (t; � � ) � r � (0; � � )]2i as func-
tion of strain.
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The �gure shows strain-dependent localisation of cross-links for
end-linked networks with strand length Ns = 20 (magenta 4 ),
Ns = 35 (red � ), Ns = 100(green � ), and Ns = 200(blue � ). (a)
Cross-link mean-square displacements as a function of time for
the unstrained networks. The localisation length d2

X is obtained
from extrapolating 0:5g1;� (t) to t = 1 . (b) Rescaled cross-link
mean-square displacements for all f Ns; � � g in comparison to the
�t function. (c) Strain dependence of the localisation length. The
lines are �ts of Eq. (1). (d) Strand length dependence of the lo-
calisation length dX (blue � ), dX ;A component (red + ), and dX ;B
component (green � ).

5. Micr oscopic deformations

The response of microscopic conformations to an macroscopi-
cally imposed strain is observed by sampling the mean-square
distances r 2

� (ji � j j; � � ) =


[r � ;i (t; � � ) � r � ;j (t; � � )]2

�
between

beads i and j as function of strain.
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The �gure shows the length scale dependent microscopic defor-
mation response. (a) Scaling plot of the degree of af�neness
of the microscopic deformations using the localisation length d2

X .
The reduced variable yX = r 2

� (n)=[2d2
X ] relates microscopic defor-

mations to the localisation length. The lines are f A (dashed) and
f B (solid). (b) Parallel and perpendicular microscopic deforma-
tions for the 2500� 100system for strain � = 1:5; 2; 3; 4 (symbols).
Lines are �t of Eq. (3). (c) Strain dependence of the tube diame-
ters. (d) Strand length dependence of tube con�nement dT (blue
� ), dT;A component (red + ), and dT;B component (green � ).

6. Stress-strain
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The �gure shows a Mooney-Rivlin plot of normal tensions as a
function of inverse strain 1=� : normal tensions sampled using
the virial tensor (large symbols), and “Gaussian” normal tensions
(small �lled symbols) vs. theoretical parameter-free predictions
based on the analysis of the microscopic deformations (a) pure
cross-link localisation (dT;B = 1 ), (b) pure entanglement locali-
sation (dT;A = 1 ), (c) double tube theory with both localisation
effects. Symbols and lines have a 10% and 30% error, respec-
tively.

7. Scattering
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The �gure shows a comparison between scattering for end-linked
and randomly cross-linked networks under strain. End-linked net-
works has a mono-dispersed strand-length distribution, whereas
randomly cross-linked networks has an exponential strand-length
distribution. Nonetheless, the scattering from the two types of
networks are surprisingly similar. Scattering predicted from the
double tube theory (solid line) is based on �ts of the microscopic
deformations. While the theory reproduces the scattering in the
Guinier regime (red symbols), it fails to correctly reproduce the full
q dependence. This can be traced to a failure of the assumption
of Gaussian strand statistics at short distances.

8. Conc lusions

� We have quantitatively traced the macroscopic stress-strain re-
lationship back to its microscopic origins in terms of the micro-
scopic network deformations and the effects of localisation. In
particular, we have shown how these depend on the strand-
length and the imposed strain.

� The interdependence of the localisation length characterising
the �uctuation of cross-links and the tube diameter has been
demonstrated. The tube diameter de�nes the cross over from
a liquid-like (strain-independent) state to a global solid-like
(af�nely deforming) state.

� The double tube theory is observed to accurately describe the
strain dependence of the localisation length and the micro-
scopic deformations. Furthermore, the strand length depen-
dence behaves as expected, e.g. that the entanglement tube-
component dominates in the limit of long strands.

� The parameter-free prediction for stresses based on the �ts of
the microscopic deformations are seen to be in good agree-
ment with the sampled stresses. Furthermore, we have shown
that neither cross-linker nor entanglement localisation alone is
suf�cient for making quantitative predictions of the stress-strain
relationship.

� Microscopic network conformations can also be measured us-
ing scattering techniques. Scattering spectra are dif�cult to in-
terpret. We can sample scattering for well-characterised net-
works, and test the experimental analysis methods. For in-
stance, the range of validity of theoretical expressions and ef-
fects due to real non-ideal networks.
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