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We report a rigorous theory to show the origin of the unexpected periodic behavio

the consecutive differences between prime numbers. We also check numerically our fi

ensure that they hold for finite sequences of primes, that would eventually a

applications. Finally, our theory allows us to link with three different but important t

Hardy–Littlewood conjecture, the statistical mechanics of spin systems, and the c
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Prime numbers have fascinated scientists of all times, and their history i
related to the very history of Mathematics. Recently, the interest in prime
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from Cryptology [1] to Biology [2,3] or quantum chaos [4,5], where the fine s
in primes must reflect properties of very high Riemann zeros. But, despite
advances in number theory, many properties of the prime numbers
unknown, and they appear to us as a random collection of numbers witho
structure. In the last few years, some numerical investigations related w
statistical properties of the prime number sequence [6–9] have reveal
apparently, some regularity actually exists in the differences and inc
(differences of differences) of consecutive prime numbers. For instanc
oscillations are found in the histogram of differences as we shown in Fig. 1a
figure, one can see some spikes located at positions 6, 12, 18, and so on. A
behavior was reported by Kumar et al. [6], who showed that the histo
increments has also a similar periodicity; in this case there are some gro
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Fig. 1. (a) Histogram of differences for the first million of consecutive prime numbers. Filled black bars

correspond to 6; 12; 18; . . . (b) Histogram of the increments (differences of differences). We have not

plotted the negative part of the x axis in (b) to simplify comparison between both figures. In this work we

are not concerned with the decreasing trend, but rather with the periodic oscillations observed.



increments given by 0, �6, �12, etc. (see Fig. 1b). These novel and promising
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findings have been thought to provide new information about the un
unpredictable distribution of prime numbers and its potential applications.

The aim of this work is twofold: on the one hand we demonstrate
apparent regularities observed by these authors do not reveal any structur
sequence of primes, and that it is precisely a consequence of its randomness
other hand, we show that this randomness provides a new kind of pre
patterned behavior that we can characterize explicitly and compute analyti

The paper is organized as follows: first, we introduce a theoretical frame
calculate the properties of consecutive differences of prime numbers. After
check numerically the validity of the theory when finite sequences of pr
computed, and discuss some of the main results obtained. Finally, conclus
summarized.
2. Theory

imes by
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the m-
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9; 23; 29;

(2)

(3)
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between
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Essentially, we will be dealing with the sequences obtained from the pr
subtracting them iteratively. Our findings are based on two basic results: the
is the fact that every prime p43 is p ¼ �1 ðmod 6Þ (i.e., there exists an intege
that p ¼ 6N � 1); the second one, a theorem by Dirichlet which states that,
pair of numbers a and q with no common divisors, there are infinitely man
p ¼ a ðmod qÞ. In addition, these primes are roughly equidistributed for each
value of a [10]. Setting q ¼ 6 this means that p ¼ þ1 ðmod6Þ and p ¼ �1
equally likely. In a probabilistic language, if Pnðþ1Þ denotes the fraction o
ppn which are þ1 ðmod 6Þ (hence Pnð�1Þ ¼ 1� Pnðþ1Þ), then

lim
n!1

Pnð�1Þ ¼
1

2
.

Despite the apparent lack of structure that this result suggests, the numerica
concerning differences between primes cited above inspired us to sea
regularities in the sea of randomness of the prime number sequence.

Now, we build the sequence of differences of consecutive primes, D

sequence of differences of consecutive differences, Dð2Þ and, in general,
differences, DðmÞ, defined as differences of consecutive ðm� 1Þ-differenc
instance, taking the sequence of primes greater than 3 : 5; 7; 11; 13; 17; 1
31; 37; . . ., we find

Dð1Þ ¼ 2; 4; 2; 4; 2; 4; 6; 2; 6; . . . ,

Dð2Þ ¼ 2;�2; 2;�2; 2; 2;�4; 4; . . . .

Note that all numbers are even because all primes pX3 are odd.
The structure of these m-differences becomes clearer when we write them

6 (this choice will be clarified below). Hereafter, we will term d ðmÞ the integer
�2 and 2 such that d ðmÞ ¼ DðmÞ ðmod6Þ. As all the numbers in the sequences
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reader will have noted that the origin of the periodicity seen in the histog
differences is a consequence of the fact that every prime number is �1 ðmod6
explicitly, we will find a 0 in the dð1Þ sequence whenever two consecutive pr
both of the type þ1 or both �1. Conversely, we will find þ2 (respectively �
when consecutive primes are �1 and þ1 (respectively, þ1 and �1). Then, g
(1), the probability of finding a 0 in the sequence is twice that of finding þ
We want to remark that we have made the only extra assumption that con
primes can be �1 independently, i.e., the correlations between consecutive pr
negligible. Nevertheless, this is a hypothesis that we expect to hold for ve
sequences of primes (average correlations will disappear for long enough seq
but that we cannot prove: this makes all our work a kind of conjecture, or
approximation. Note that, if we consider the prime numbers to be þ1
independently, taking the sequence in order (consecutive primes) m
difference with considering differences between any pair of given primes
they are not consecutive.

In the same way, we can rate the relative frequencies for the dð2Þ sequence
that the terms we are subtracting are not �1, but 0 and �2. Therefore, the fr
of an outcome to be 0 is 2=3 times that of the frequencies to be þ2 or �
corresponds to the grooves in the histogram of increments in Fig. 1b.

At this point, we can calculate iteratively the subsequent frequencies for
difference. Nevertheless, we provide an exact formula to calculate them at a
through the generating function of the d ðmÞ sequences. This task can be
because the m-differences satisfy some recurrence relations for a given piece
prime numbers. Let s0; . . . ; sm denote the value of those primes modulo 6,

dðmÞðs0; . . . ; smÞ ¼
Xm

k¼0

m

k

� �
ð�1Þksk .

So our search for 0 (respectively þ2 and �2) in the sequences requires coun
number of solutions to the equation dðmÞ ¼ 0 (¼ þ2 and ¼ �2). For a pro
distribution pt of a discrete variable t, we can define a generating function

GðzÞ ¼
X

t

ptz
t .

The probability distribution in which we are interested is PtðmÞ, whic
probability that a given sequence of mþ 1 consecutive primes has an m

ence d ðmÞ ¼ t, where t can only take values 0, 2 and �2. It’s associated ge
function is:

GmðzÞ ¼ P0ðmÞ þ P2ðmÞz2 þ P�2ðmÞz�2 .

We have made the assumption that the si in a sequence ðs0; . . . ; smÞ

independent, so the probabilities PtðmÞ are proportional to the number of se
such that d ðmÞðs0; . . . ; smÞ ¼ t. Using this, we can write the generating functi
(forgetting the factor 2�ðmþ1Þ, which accounts for the total number of



sequences ðs0; . . . ; smÞ) as
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GmðzÞ ¼
X

s0¼�1

. . .
X

sm¼�1

fzd ðmÞdðd ðmÞ � 0Þ þ zdðmÞdðd ðmÞ � 2Þ þ zdðmÞdðd ðmÞ þ

which using dðdðmÞ � 0Þ þ dðd ðmÞ � 2Þ þ dðd ðmÞ þ 2Þ ¼ 1 turns to be

GmðzÞ ¼
X

s0¼�1

� � �
X

sm¼�1

zdðmÞ .

This function has some interesting properties. For instance, Gmð1Þ ¼ 2mþ1

all the possible sequences of primes that we need to evaluate to determine the
frequencies of 0 and �2. Similarly, ð1=6Þ

P5
n¼0 Gmðe

npi=3Þ gives us on
combinations of primes for which d ðmÞ ¼ 0. In other words, it helps us to c
(performing the sums) the relative frequency of zeroes in the m-difference s

P0ðmÞ ¼
1

3
1þ

Ym
k¼0

cos
p
3

m

k

� �� �
þ
Ym
k¼0

cos
2p
3

m

k

� �� � !
.

Using a similar argument it can be shown that Pþ2ðmÞ ¼ P�2ðmÞ ¼ ð1� P

Fig. 2 shows P0ðmÞ for the first m ¼ 1000 m-differences.
The quasi-periodic behavior displayed by P0ðmÞ is also remarkable. This b

arises from the properties of the binomial coefficients appearing in Eq.
the periodicity of the cosine. Thus, a maximum of P0ðmÞ is found when
the elements in a row of Pascal’s triangle (except the first and the last, w
always 1) are multiples of 3. So, the maxima are located at m ¼ 3n and the m
m ¼ 2 � 3n, where n ¼ 0; 1; 2; . . .. These maxima and minima can be easily i
graphically in Fig. 3, which represents a kind of Sierpinski’s gasket obtain
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Fig. 2. Relative frequency of appearing P0ðmÞ for the first m ¼ 1000 m-differences. Note that it displays a

quasi-periodic behavior with m.
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Fig. 3. Pascal’s triangle modulo 3: we take the numerical triangle where the small black triangles are

placed at those values that are non-zero ðmod3Þ. The resulting figure belongs to the family of Sierpinski’s

gaskets. Solid arrows show the empty rows (except the first and last element) that give maxima for m in

Fig. 2. Dashed arrows show empty rows except for the central element: they give the position of the

minima.
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that the correspondence between the properties of P ðmÞ and Pascal’s triang
shown to be rigorously deduced from the properties of the binomial coeffic

A connection can be found between our ideas and a classical numbe
conjecture due to Hardy and Littlewood [12] which states:

Conjecture 1 (Hardy and Littlewood [12]). Let b0; b1; . . . ; bm be m distinct

and Pðx; b0; b1; . . . ; bmÞ the number of groups nþ b0; nþ b1; . . . ; nþ bm betwe

x consisting wholly of primes. Then

lim
x!1

PðxÞ�Gðb0; b1; . . . ; bmÞ

Z x

2

dx0

ðln x0Þmþ1
,

where

Gðb0; b1; . . . ; bmÞ ¼
Y
pX2

p

p� 1

� �m
p� n
p� 1

� �
,

n ¼ nðp; b0; b1; . . . ; bmÞ is the number of distinct residues of b0; b1; . . . ; bm to mo

p are the prime numbers and n is a natural number.1

1As a curiosity, in the same reference Hardy and Littlewood make another conjecture which
pðxþ yÞ � pðxÞppðyÞ for all x and yX2, where pðxÞ is the prime counting function. It was shown by

Richards [13] that these two conjectures are incompatible with each other. The one we reproduce in the

main text is generally believed to be true.



Formula (11) can be rewritten using
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Gðb0; b1; . . . ; bmÞ ¼ CmHðb0; b1; . . . ; bmÞ ,

where

Cm ¼
Y

p4ðmþ1Þ

p

p� 1

� �m
p� 1�m

p� 1

� �
,

Hðb0; b1; . . . ; bmÞ ¼
Y

ppðmþ1Þ

p

p� 1

� �m
p� n
p� 1

� � Y
pjD;p4ðmþ1Þ

p� n
p� 1�m

� �

and D is the product of the differences of the b’s. By pjD we mean that D is
by p, Cm are known as the Hardy–Littlewood constants. Written in this form
dependence of G on the actual members of the group of primes is contain
But H is a finite expression, and in principle can be evaluated for all cases of
Moreover, as for fixed length m of a group of primes the other terms o
identical, the different frequency of appearance of each type of groups of t
length depends only on H. Note that this conjecture does not use that th
nþ b0; nþ b1; . . . ; nþ bm have to be consecutive, in that sense, it has no rela
with our results. But we have already said that our results should hold also
consecutive primes, due to the fact that they are only based in con
independent occurrences of þ1 and �1 primes. So we could try to
Hardy–Littlewood conjecture to compute the relative frequency of differen
of primes. We are interested in what we have called m-differences. A se
b0; nþ b1; . . . ; nþ bm differences between primes defines a m-difference of
and value

DðmÞðb0; . . . ; bmÞ ¼
Xm

k¼1

m

k � 1

� �
ð�1Þk�1bk .

Again, we denote d ðmÞ ¼ DðmÞ ðmod 6Þ. The relative frequency of appearan
given value 0, þ2 or �2 of d ðmÞ for a constant m is proportional to all
ðb0; . . . ; bmÞ that produce that value of d ðmÞ, and from Eqs. (10) and
contribution of each set is proportional to Hðb0; . . . ; bmÞ. We define then H
the sum of all the Hðb0; . . . ; bmÞ such that d ðmÞðb0; . . . ; bmÞ ¼ t. This H
proportional to the number of groups of consecutive primes nþ b0; nþ b1

bm which have d ðmÞðb0; . . . ; bmÞ ¼ t, and hence is proportional to the pro
PtðmÞ that a given m-difference has value t ðmod6Þ. Using this, we can writ

P0ðmÞ /H0ðmÞ ¼
X

8set bnd ðmÞ¼0

Hðb0; . . . ; bmÞ ,

Pþ2ðmÞ /Hþ2ðmÞ ¼
X

8set bndðmÞ¼þ2

Hðb0; . . . ; bmÞ ,



P�2ðmÞ /H�2ðmÞ ¼
X

Hðb0; . . . ; bmÞ . (18)
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8set bndðmÞ¼�2

From our results, we make the following conjecture concerning the
function H:

Hþ2ðmÞ ¼H�2ðmÞ �H2ðmÞ

and from it we make a final conjecture that relates explicitly our formula (9)
Hardy–Littlewood theory:

P0ðmÞ ¼
H0ðmÞ

H0ðmÞ þ 2H2ðmÞ
.

We have found no way to perform the infinite sums in (16–18), but we find
(20) a beautiful relation and an interesting open problem. This relation betw
theory and the well-established Hardy–Littlewood theory shows that we can
some information in our theory directly from Hardy and Littlewood’s develo
and therefore giving further strength to our point. From Eq. (14) we can
instance, that for m ¼ 1 (differences between consecutive primes), the proba
finding a difference of value D is proportional to

Q
pjDðp� 1=p� 2Þ. Hence,

the histogram a) of Fig. 1 by this factor, the periodicity disappears, as s
Fig. 4. The case m ¼ 1 is specially simple because the factor n is trivially 1,
just the value of the difference between primes. For higher m-differences the
is harder, as we can no longer set n and D just from the values of m and
difference we are interested in: in this case, for each D it is necessary to fin
groups ðb0; . . . ; bmÞ from which it can be obtained, and compute the who
Hðb0; . . . ; bmÞ associated with them. Our theory establishes a connection betw
local properties (in the sense that they only apply to single groups ðb0; . . . ; bm

Hardy–Littlewood theory and global properties we describe, namely
differences, which depend on all the possible groups ðb0; . . . ; bmÞ. It gives,
0 24 48 72 96 120 144
Difference between primes, ∆
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Fig. 4. Histogram of differences for the first million of consecutive prime numbers, divided by the factorsQ
pjD ðp� 1Þ=ðp� 2Þ.



Eq. (9), a prediction that is easily computed for any m, while from Hardy and
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Littlewood’s results it is very difficult to say anything beyond m ¼ 1.
3. Numerical results and discussion
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All the theoretical results presented in Section 2 stand if we consider the
sequence of primes. Now we consider the situation in which we pick a finite s
of primes. In such a case, we expect some deviations from the results presente
due to, for instance, the transient behavior known as Chebyshev’s bias. Ch
noted that at the beginning of the sequence there are more primes of type �1
type þ1. Moreover, Bays and Hudson [14] proved that the first tim
Pnðþ1Þ4Pnð�1Þ occurs for n ¼ 608; 981; 813; 029. This huge number is of t
of magnitude of 1013, bigger than 239 and higher than numbers used f
calculations without using specialized software. Nevertheless, this is a mi
result because the relative error of considering that Pnðþ1Þ ¼ Pnð�1Þ ¼ 1=2
1.6% for the first 1000 primes, about 0.2% for the first 10,000 and just 0.08%
first 100,000. This relative error continues to decrease for increasing nu
primes, so any finite sequence will reproduce our predictions with enough a
Moreover, from the work of Littlewood [15] it is now well known that the in
Pnð�1Þ4Pnðþ1Þ is reversed for infinitely many integers.

In Fig. 5 we show both theory and numerics. As we anticipated, there a
slight deviations but just at a small number of points. We have checked th
deviations reduce monotonically as we take larger sequences, due to the van
Chebyshev’s bias as we increase the sequence size (see inset in Fig. 5). One
may be that the error is significantly large in some cases, but note that this
not large enough to hide the periodicity in the sequences. For instance, for o
worst cases, m ¼ 1, we predicted P0ð1Þ ¼ 2P�2ð1Þ but, actually, we hav
numerically P0ð1Þ ¼ 1:62P�2ð1Þ. Thus, the periodicity modulo 6 is still transp
spite of the fact that its strength deviates from the predicted one.

The reason why we use 6 is that it is the first factor giving non-trivial info
about the prime numbers. The first number to give us information about the
says that the rest of the primes cannot be multiples of 2. The same appli
4 gives no new information, as it is 4 ¼ 22, so it only says that prime number
be multiple of 2. 5, of course, excludes its own multiples. 6 is the first produc
different primes, and hence, saying that the prime numbers are of the form
says that they cannot be multiples of 2 nor multiples of 3. From thi
observation, the fact that m-differences have to be 0 ðmod 6Þ or �2 ðmod6Þ i
derived. If we tried to repeat the same formalism with 4, we should see tha
primes are 4n� 1, which is the same as saying that they are 1 ðmod 2Þ, tha
numbers. m-differences would be 0 ðmod4Þ or �2 ðmod4Þ. But it has n
considering this difference of sign between þ2 ðmod4Þ and �2 ðmod 4Þ,
things are exactly the same. So we would only be able to talk about 0 ðmo
2 ðmod4Þ, which means that both of them are equiprobable, and so no pe
with period 4 should be observed, as in fact happens. Our results can be gen
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Fig. 5. Relative frequency of appearing P0ðmÞ for the first m ¼ 60 m-differences. Circles stand for the

theoretical value and pluses for the value obtained computing such m-differences for all the primes less

than 231. The arrows show more clearly the position of the maxima and minima exposed at Fig. 3. Inset:

numerical values of P0ð1Þ as a function of the length of the sequence analyzed. Although slow, the

convergence to the exact value (0.5) is monotonic.
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information about the sequence of prime numbers, the same happens wit
different products of primes. That is, our formalism can be exten
2� 5 ¼ 10; 2� 7 ¼ 14; 2� 11 ¼ 22; 2� 13 ¼ 26; 2� 3� 5 ¼ 30, etc., predic
ondary periodicities in the m-differences histograms. This periodicities have
been observed in Refs. [7,8], and are explained in the framework of our th

Moreover, we may also consider the case in which the differences are e
between non-consecutive primes provided that they are picked at rando
results will remain the same because all the differences are calculated modul
instance, a chaotic system with energy levels proportional to prime numb
display oscillations in the spectrum of the emitted light through radiative tra
because the frequency of the emitted light is proportional to the difference
energy levels (consecutive or not).

Another observation that supports our findings is the jumping ch
phenomenon: at the beginning of the prime numbers sequence, the mo
occurring 1-difference is 6. From 1035 it is 30, and there is evidence that from
10450 it is 210, etc. In Ref. [16] this phenomenon, also related w
Hardy–Littlewood conjecture, is studied in detail. Table 3 in this referenc
histograms of gaps between consecutive primes2 for primes next to 1030, 10

2In fact, probable primes.
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the periodicity of period 6 is clearly displayed, giving a numerical evidenc
findings far beyond our own numerical calculations. Note also that all the
jumping champions are multiples of 6, as should be expected.

Finally, we can reformulate all the presented findings referring to the fact
random structure of the �1 primes resembles the high-temperature (dis
phase of spin systems [17]. This analogy can be cast explicitly by mean
Hamiltonian

H � d ðmÞðs0; . . . ; smÞ ¼
Xm

k¼0

m

k

� �
ð�1Þksk .

Then, the generating function GmðzÞ is equal to the partition function of H,
identify the temperature as kBT ¼ �1= log z. Note that this would correspo
spin system defined on a one-dimensional lattice without interactions betwe
and subjected to an applied external field

Bk ¼
m

k

� �
ð�1Þk .

Likewise, we could take some advantage of the collected knowledge in spin
to gain some insight into the properties of the products between prime
products are the basis of some encrypting systems [1]. For instance, let us con
interacting Hamiltonian of the form

H ¼
X

i;j

Jijsisj .

where the coupling constants Jij would depend on the recurrence relations
sequences of products. We expect this kind of approach to hold because the
of two primes will also be of the form �1 ðmod6Þ.
4. Conclusions

primes,
ed on a
relations
uence of
viations
ermore,
secutive

umbers,
ccessive
ived and
orbits in
We have studied the general behavior of consecutive differences between
both theoretically and numerically. Our theoretical predictions are bas
theorem by Dirichlet and on a hypothesis that neglects a kind of cor
between prime numbers. In principle they are only valid for the whole seq
primes, but we find that they are also accurate for finite sequences. The de
found are due to the transient behavior known as Chebyshev’s bias. Furth
the theory is still valid if the differences are computed between non-con
primes, and Chebyshev’s bias will be less pronounced.

Our main conclusion is that the main feature of the sequence of prime n
namely, its randomness, hides an underlying behavior arising when su
differences are computed. Thus, new and interesting phenomena can be der
novel applications can be settled. For instance, the length of the periodic



quantum chaos is related to the zeroes of Riemann’s function and these with the
of their
e most
e related
njecture.
anics of

ferences
different
h of the
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prime numbers [5]. So, these new findings can be of interest in the study
statistical properties and engage with random matrix theory and th
outstanding problem in number theory: Riemann’s hypothesis [4]. We hav
our theory to established number theory through the Hardy–Littlewood co
We have also found a connection between our theory and the statistical mech
spin systems.

To conclude, we mention another interesting example in which the dif
between primes are crucial, which is related to the fact that the life cycles of
animal species are precisely prime numbers. In this case, the life or deat
species depends on this property [2].
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