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son Model 1

Hy =H, +Hi+H; onL?(Rdx)®F J

with
Hy, = (—(1/2)A + V(x)) ® 1
Hf=1® [pw(k)a*(k)a(k)dk

H; (o(k)e** @ a(k) +h.c.), o#d UV cutoff

V2 IR /o)
e self-adjoint on D(Hp) N D(Hy) if |alw™1/2, [plw™?! € L?

@ unique, strictly positive ground state ¥ € L? @ F if |olw—3/? € L?
IR cutoff [Spohn 1998]
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li-Fierz Model with spin 2

1
Hpr = 5 (0 iVel-eA)*+Vel+leH

(=
1 e

with

Aux) == fz/eﬂk] (\/u%lk‘xw(k,j)juh.c.)dk

j==1

. . k, k.
> eulkiiles k) = s~ s

j=+1

ground state: Bach-Frohlich-Segal 1999, Griesemer-Lieb-Loss 2001
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@ derive and prove qualitative behaviour of system, i.e.,
(V,AV)12 7
for A of interest

@ how serious are IR & UV cutoffs, i.e., does there exist a ground
state in L2(RY, dx) ® F if cutoff conditions are lifted

@ how robust are qualitative properties, i.e., by removing cutoff do
ground state expectations change

Method: use tools of stochastic analysis via Feynman-Kac formula

- rough paths analysis
- Lévy processes

- cluster expansion
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man-Kac formula for Nelson's model 4

use jointly ground state transform and Wiener-Ité transform
@ e ™ — P(¢);-process R >t — X, € RY
path measure  dN?(X) = e~ Js VXIS aWy, (X)

@ e~ — Ornstein-Uhlenbeck process R >t — & € S'(RY)
path measure G, Eg ft(f)] =0

/ f )) lefw(k)|tfs\dk

@ Hi (& 0)(x)

(F e 0y — [ Fo &6, &) e BEI0RANP « g)

Pt = path measure int. syst.
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ucture of path measure 5

mixture of Gaussian and Gibbsian
Pr() = [ PrCOING) on € (1T TLRY x S'(RY)

with

dNr = ZlT e S W(Xt—Xs,t—s)dtdsd'/V—TQ

Zr = /ei fIT(&*Q)(Xz)dtd(NIQ X G) = /ei - W(erXs,tfs)dtdst;)

Weeg — L [ 0P

k - el g
4 o wli0) cos(k - x)e d

EN:THIH NT - EIP:Tlim Pr
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bs measure on path space 6

ife = [ o(x)dx small and V(x) ~ |x|**, a > 1, then

(1) 3N =limg, o N7,

(2) N uniquely supported on C(R,RY)

(3) N-as. [X| < Cllog(Je] + 1)) + Q(x)
(4) 3C,y> 0 s.t. VF,G bounded

sup |F|sup |G|
< ¢ SUP ISP 4]
covy (F(X;),G(X:)) < C ls—tph +1

(5) VT > 0, Ny < N° and dN7/dN°® — dN/dN®

L-Minlos 2001, Betz-L 2003
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two pictures 7

Fock space quantization
o H°:=I2(R? x S'(RY),dP°) ~ L2(R4,dx) ® F
o HN ~ HN

o P~V

Euclidean quantization
o M :=L*(R4 x S'(RY),dP)

o Ep[F(Xo,%)G(X,, &) = (F, T,G)x

T, = e~Hewe — FEyclidean Hamiltonian, s.a., semibd

@ 1 is g.s. of Heye; unique since T; positivity improving
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sround state expectations: general theorem 8

dp
0 2 _
P<P = o=

B s.a. inL2(G), Ex [||B 605 ||§2(G)] < 00, g€ L=(RY)

(.80 B @)y = By [Mpg(Xp) 2o Jo™ Wi Hesmis]

with
Mg = (: eS@) . B . eba) :)
' 12(6)

G = —/ o(k) cos(k - X;)e~“®lH g
RE

Betz, Hiroshima, Minlos, L, Spohn 2002




son number distribution 9

with

c F — Fln , pni=(2,1@m,®

I _/HZ “SBdk, w _/ / W(X; — X;,s — t)dsdt

(1) pn=(1/n!) By [(—2w)" €]
(2) pa<(I/nhe
(3) ((I)aeaN(I))Ho <00, Vo >0

for massive bosons  p, > (D"/n!)e”!, D <1




erage field strength and fluctuations

with
X = zpz/@(x,g)zdg(g), V= —1/w?

(1) (2,6(k)@)po = (271')‘15/(;{)(4)(1()2

(2) <<1>,§<x><1>>Lz<po><x*vw*g><x>~|i|, a5 [x| — o0

(3) field fluctuations increase on coupling particle to field




article localization

with f,g € H°

i i ~
(fre"™g)po < e (HfIILZ(G)ve P||g”L2(G))L2(N°)

with V(x) ~ |x|?*, 3 C1,Co > 0
X(X) S C], e—C2|x|a+1
if total charge small, then 3 C3,C4 > 0

X(x) Z C3 e_C4|x|a+1




R divergence: general

Hy is IR divergent if has no ground state in H° J

suppose N exists; then: Hy is IR divergent <= P L P° J

L-Minlos-Spohn 2002a

FK for PF




dSES

no IR assumption; if d = 3, then

(1) particle charge small = Hy IR divergent

(2) 020, limy o V(x) =00 = Hy IR divergent

ifd > 4, then Hy has unique g.s. ® € H° and ®* = dP/dP°

e Hy IR divergent <= Hy has no ground state in L>(R%) @ F
@ in3D H° % H resp. Hy % Heue

@ in>3D H°~H resp. Hy ~ Heye
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IR-renormalization

with h s.t. h € R, even, bd and h(0) = 1

ren __ @\(k) ikx 7
=] — (ek —h(k))@a(k)+h.c.
BRIP 7 (i 7
- | A ) (ek —h(k)) ®1

+H,®1+1®H;

is unitary equivalent with Hey and has a unique strictly positive ground
state

L-Minlos-Spohn 2002b
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divergence

point charge limit  o(x) — §(x)
scaling charge distribution  ga (k) = o(k/A)
UV limit A — o

ground state energy (perturbatively)

WA .
Ep=—e / 200 u)(k)+|k|2/2dk—|—0(e) log A
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operator renormalization

Gross transform

S L
V2w(k) wk) + [k[>/2

Gross transformed Nelson Hamiltonian

(eik"‘ © a(k) + h.c.) dk
eTHye T = terms dependent on a vector potential + Ep

HY = Jim (e Hye ™ —E\)

— 00

exists, and for small e is self-adjoint and bd below

Nelson 1964
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gularized functional interaction

interaction (ill defined) W(x,t) = — [5s 1/(2]k|) cos(k - x)e~ ¥t dk

1 1 2
€ - __ _—_ ¢kl - x)e Ikl
We(x,t) 5 /R3 2|k|e cos(k - x)e dk, >0

Ve >0, V[-T,T] CR
Wi(X _2/ dt/ V(X — X, t — s)dX;
+4T<,05(0,0) 2/ Sps(X _X—T,t+T)dt
—-T

with @-(X,t) = — [os (/K| (|| + [K|2/2)) e~ cos(k - x)e~ ¥l dk
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normalized functional interaction

Wi(X) = Wi(X) — 4T¢.(0,0)

(1) WE(X) converges to a random variable Wo(X) as e — 0
(2) with p(x,t) = [os (Ik|(|k] + [k[*/2)%)~ Leos(k - x) (e kIl — 1)

W2X) = / /v2 — X, t —5)dX;
+ 2/ Vo(Xr — X, T — s)dX; — 20(Xr — X_1,2T)
—-T
T
+ 2/ Vip(Xe — X_r,t + T)dX,
—-T
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ormalized Gibbs measure

e small = VNVIO (X) exponentially integrable wrt Brownian bridge

VT >0, smalle > 0, x,y € R3

3 dur(Xy) = w lim dy (Xx,)
] o~ Wi (X)— 1, V(Xo)ds i
= w—lim Z:(x,) %)
e*W?(X)*ffTV(Xs)dS
= = dW?y(X).
ZT(x7y) )
Gubinelli-L 2007a&b
FK for PF




Formula for PF model with spin

(F,e” " G) =
lime' " E%7 / dx [e Jov(B)ds / JoF(Bo, 00)e¥ ) J.G(B;, o, )dP°
Q

e—0
o=+1

v

with

3 t t
Uy(e) :—ieZ/ A#(js)\(~—Bs))dBf—/ Hon(Bs, 05, 5)ds
=10 0

t+
+/ log (_Hoff(BSa —(75_,5) - gwe(Hoff(B& —O’s_,S))) dNj
0
or=o(-1)N, o =+1
Hon(x,0,5) = —%083(]'3)\(- —x))

Hogi(x, ~0,) = =5 (BI (A (- =) = ioBa(iA(- = x))):




ynsequences

E(0, /B2 + 82,0, B3)
max E(O, B%‘FB%,O,BQ) SE(A,BlszaBS)'
E(0,/B%+ B2,0,51)

HHH

small enough o >0 = (¥,eN¥) < 00

Hiroshima-L 2007a&b
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