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1. Introduction

Let u(T) be the solution for the Schrodinger equation

(¢thor — H(T, x, gaw))u(T) =0, u(0)=wv.

In the theory of Fourier integral operators, we write u(T') as

d
’U,(T) = (%) /Rd /Rd K(T,w, 50, wg)’U(wg)d.’L‘odg().

Using the phase space path integral, we formally write K (T, x, &g, xo) as

K(T, x, &, o) = / e%¢[q’p]D[Q9 p].

Here (q,p) : [0, T] — R2??is the path with q(0) = x¢, ¢(T) = « and p(0) = &,

®la, p] =/[OT)p(t)-dq(t) — [OT)H(t,q(t),p(t))dt,

and the phase space path integral / ~ D|q, p] is a sum over all paths (g, p).



Our results Using piecewise bicharacteristic paths, we prove the exis-

tence of the phase space path integrals

/ ei%97 p(q. pDlq, pl,

with general functional F'[q, p| as integrand. More precisely, we give a fairly
general class F such that for any F'[q, p| € F, the time slicing approximation

converges uniformly on compact subsets of the endpoints (x, &y, xg).-

Other mathematical definitions of phase space path integral

e Daubechies-Klauder The definition via analytic continuation
from the phase space Wiener measure.

e Albeverio-Guatteri-Mazzucchi

The definition via Fresnel integral transform

e Smolyanov-Tokarev-Truman The definition via Chernoff formula e e e



2. Existence of phase space path integrals

Assumption| H(t,z,£) : R Xx R x R? — R, BgagH(t, x, £):continuous

020 H (t,z,€)| < Cap(l + |z| + [€])mxElatBl0),

Examples

h
H (t, 33, -0z) = Z (aj, k(t) 8 6wk + bj (), awk + ¢jk(t)x;Tr)

],k 1

+ Z(ag(t) =0, + b;(t)x;) + c(t, ).

71=1
Here a;(t), b x(t), cjr(t), a;(t), bj(t) and 8%c(t, ¢) are real-valued

continuous bounded functions.



We can produce many Flq,p| € F

We will define the class F in the last section. Because, even if we do not

state the definition of F here, we can produce many functionals F'[q, p| € F.

Examples of F|q,p] € F

(1) The functionals of (t,q) independent of p,

Flq] = B(t,q(t)) € F, Flg,p]=1€ F.

Tll
(2) The Riemann integrals F'[q,p] = B(t,q(t),p(t))dt € F.
T/

(3) If B(t,x,€&) is bounded, then Fq,p| = elr Blta®)pt)dt ¢ F

Theorem 1| F(q,p],G|q,p] € F — Flq,p| + Glq,p], Flq,p]G|q,p] € F.



The time slicing approximation

Let Aro = (Ty41,Ty,...,T1,Tp) be any division of the interval [0, T'].
Arog: T =T5,1 >T;>--->Ty >Tp=0.
Set tj = T} — 1}_1 for ] = 1, 2, c ooy J -+ 1. Let |AT,0| = Maxj<j<Jj+1 tj.

Set 41 = x. Let x; € R4 and &; cReforj=1,2,...,J +1.

(T, x2) (Ty,xy) ® (T, )

Tla 1 ®
( ) (T37 CU3)

(0, zo) ‘

TO =0 Tl T2 T3 TJ T = TJ+1
The time slicing on (¢, g)-space




The bicharacteristic paths Assume k2d(T; — T;_1) < 1/2.

Let qr,;,_, (¢, xj,§j-1), Pr;,1;_, (t, T, €j—1) satisfy the canonical equation

atQTj,qu (t) — (aEH) (ta qu,Tj—l’ ﬁTjaTj—1)7
8tﬁTj,Tj_1(t) — _(833H) (t7 (jTj,Tj_17ﬁTj,Tj_1)7 1—:’]'—1 S t S 1}7

qu,Tj—1(1}) = Ly ﬁTj,Tj—1(T7'—1) = &§j-1-

®(T,x)

(0, zo) ‘

To =0 T, .+ T T =Ty,
The bicharacteristic path qr,r,_, (¢, x;,§;j-1)




The piecewise bicharacteristic paths We define

dar, = QAT,O(t’ Tj+15&Ts L1580, 330)7 PAry = pAT,O(ta TJ+15ETs s L1, 50) by

qAT,o(t) — QTj,Tj_l(tﬁ wj’ €j—1)? 1—3—1 < t S 1-:,7'? qAT,O(O) — Lo

pAT,o(t) — ﬁTj,Tj_l(t? Ly, Ej—l)a Tj—l S t < 1-'17', ] = ]_,2, .o .,J,J + 1.

(Ts, x2) ;y(:ﬁ , T)
Tla I
( ) (T37 263)
(0, xo)
TO =0 T1 T2 T3 TJ T = TJ_|_1

The piecewise bicharacteristic path dAr,



Feynman path integrals exist

Theorem 2| Let T sufficinetly small. Then, for any F|q,p| € F,

(%) / ei?l4? Fq, p|Dlq, p]

1\ L] ] .
S . zPlq Y
= lim ( ) /R . el AT AT Fga g 0y PAL] | | d§jdx;

|Ar|—0 \ 27Th .
J=1

converges unifomly on compact sets of (x, &g, x¢), i.e., well-defined.

Remark| Even when F'[q, p] = 1, each integral of right hand side of (x)

does not converge absolutely. (Oscillatory integral)

/ 1d€jdib‘j = OO
R2d

Furthermore, the number J of integrals (division points) tends to infinity.

OO0 X 00 X 00 X OO0 X seeeeeees , J — oc.



Remark| The functionals ¢[ga; o, PAr,ls Flqar, Pas,] are functions, i.e.,

¢[QAT,07 pAT,o] — quT’O(wJ—l—la €J7 TJyeees&1,T1, €Oa wO)a
F[QAT,Oa pAT,O] — FAT,O(CBJ—H’ E7sTgye-ey&1,T15 &0, CBO)a

In order to treat the integrals one by one as an operator, the Trotter

formula uses a sum of functions as an approximation, e.g.,

J+1 532_1
Z(wj —xj1)€-1— (t; —tj_1) 5 (t; — tj—1)V(zj-1).
j=1

However the operator does not distinguish the configuration paths and the

phase space paths.

In our approach, treating the multiple integral directly, we keep the phase
space paths in the functionals ¢[gar ., Parls Flgary, Par,] of the multiple

integral.



3. Interchange of the order with Riemann integrals

Theorem 3| m > 0,0 < T' < T"” < T, B(t,z):[0,T] x R* — C,

0SB (t, x):continuous, |05B(t,x)| < Co(1 4 |z|)™, Let T sufficiently small.

Then

/ ei9la7] ( "B q(t))dt> Dlg,p] = / : ( / ei?ler B ¢, q(t)m[q,p]) dt

T’ T’

Remark| We can also interchange the order with an analytic limit.

Therefore, if |09B(t,z)| < C,,

/ erdlapl i i Blra)drprg o

o0 i\ " T Tn )
= Z (—) / d’Tn/ d’Tn_1°'°/ d’Tl
— \h/ Jo 0 0

X /e%¢[q,p]B(Tna Q(Tn))B(Tn—la Q(Tn—l)) *ee B(Tla Q(Tl))D[qa p] .



Proof of Theorem 3| For simplicity, set 0 =T < T" =T.

By Theorem 2, we have

/e%qb[q,p] (/OTB(t, q(t))dt) Diq, p]

1 dJ z¢[ ] T J
— 13 h qAT,O’pAT,O / B(t t\dt deé.dx.: .
|ATI,£T1—>0 (27Th) /deJ € . (¢, QAT,O( ) H §;dx;

j=1
We devide the interval [0, T'] into the subintervals [T;_1,T;], 1l = 1,2,...,J+1.

JHL 4o\ dd " | [T J
. 7Plq P —
= lim ( ) /dej el AT AT B(t, qn.n_,(t))dt I I dg;dz; .

=1 j=1



Since we do not approximate ¢r,1,_,(t) by the endpoint z; or z;_i,
B(t, qr,1;_,(t)) is continuous on [T}, T;_;|, together with all its derivatives in

x; and &;_1.

®(T,x)
[ [
(T}’ Ccl)
[
[
(Cn—la 33[_]) °
(0, xo) ‘

T =0 T, .t T T=T541
The particle moves continuously on [T;_;,T;]

Therefore, we can interchange the order of the Riemann integration on

[T;_1, T;] and the oscillatory integration on R?%/,



J+1

. J
- |A1Tiﬁl—>o Z /T <2ﬂ'h> /deJ eﬁ(ﬁ[qAT’O,pAT,O]B(t’ n.1,(t)) H dg;dx;di
: -1

J=1

dJ . J
N o A O

|A1o|—0 .
71=1
By Theorem 2, the convergence of the time slicing approximation is uniform

with respect to t on [0,T]. Therefore, we can interchange the order of

T
lim and/ ~ dt.
0

| A7 0|—0

dJ ) J
_/ P (%h) /deJ Mo PA OB (8, g, (1)) [ | déjda;dt

:/O (/ e%¢[q’p]B(t,q(t))D[q,p]> dt . [] }



4. Semiclassical approximation 7 — 0

Let 4kodT < 1/2. Then, for any (xj11,&) € R% x RY, there exists the

stationary point (x%,&£%,...,x],&]) of the phase function ¢a,,, i.e.,

(8($J,1a€J,1)¢AT,o)(wJ—I—la 537 3337 coey £I9 w;, f()) = 0.

We define Da,  (Ts41,&0) by

DAT,o(mJ-I—la 50) — (_1)dJ det(aggj,mJ,,,,,gl,ml)¢AT,0) (wJ—l—lv 2133, 637 sy CBT, 5;7 SO) g

Lemma| There exists a limit function D(T, x, &) such that

1820, (Dagy(x, &) — D(T,x,&))| < CaglAz|T,

0

We use this limit function D(T, x, &) = |Alirfl D, ,(x, &) as a Hamiltonian
T,0—0 ’

version of the Morette-Van Vleck determinant.



Theorem 4|(Semiclassical approximation 7 — 0)

Let T be sufficiently small. Then, for any F|q, p] € F,

/ er?'OP Fq, p|Dlq, p] = er?lirorro(D(T, x, &) Y2 F[qr.0, pro]+hY (5, z, £0, 20)).

Here qgro = qro(t, x, &0, o), Pro = Pro(t, x, &) is the piecewise bicharacter-
istic path for the simplest division 0 < T' and
1020 Y (T, h, w, &9, @0)| < Cayp(1 + || + |€o| 4 |20])™ -

® (T, )

(0, xo)

TO =0 T = TJ+1
The path gr for the simples division 0 < T'.



5. Proof of Theorem 1,2.,4

In order to prove the convergence of the multiple integral

| 1\ /2 ; J
(*) IA}_rlgln—m (ﬁi) /deJ eh(p[qAT’O,pAT’O]F[qATaO’p Ar,] H dg;dz;
9 j:1

OO0 X 00 X OO0 X OO0 X seeeeeees s, J — 00
mathematically, we have only to add many assumptions.
e We have no assumption for F'[q, p|] € F until this section.
e We will probably have at least one example F[q,p] = 1
as the solution for the Schrodinger equation.
Do not consider other things.
e Then the class 7 will become large as a set.

e If lucky, 7 may contain other examples.



Since the oscillatory integral is defined by the integration by parts,

we repeat the integration by parts for the multiple oscillatory integral.
We add ¢ |oj|, |Bj—1| < M ’ so that

the multiple integral (x) can be controlled by

CXOXCOCXCXeeoeoeen: , J — o0

Tentative Assumption| Let m > 0. For any integer M > 0, there exist

Apnr > 0, Xpr > 0 such that for any |ojl, |B;1| <M, 53=1,2,...,J,J + 1,

J+1
|(H 6§;8€J?_11)F(£BJ+1, §1s- 51, &0, 2130)|
7=1
J+1

< Apr(Xon)" TN+ (o] 4 1€5-1]) + [@ol)™

j=1



By the stationary phase method, the main term of integral with respect

to (&1, 1) implies the division T =Ty, > T3 > -+ > To>Ty = 0, i.e.,

1\ %2 i
(ﬁ> / 2d ehqﬁ[qAT,O,pAT’O]F [qAT,O’ pAT,O]dglda31
R

_ e%¢[q(AT,T2’0)’p(AT,T2a0)]

D, 1, o(x2, 50)_1/2F[Q(AT,T2,0)7 P(aArr,,0)] T M(Remainder).

Repeating this process with respect to (&2, x3), ..., (£5,25), we get

the main term e%qb[qT’O’pT’O]DAT’O (x, &) Y2F[qr0, pr,o] of Theorem 4.

(Ty, 2) @y(T , )
(T37 wS)
(0, xo)
To =0 T Ts T3 Ty T =Ty

The main term of integral with respect to (&1, x)



Furthermore, we add ¢ any A7 ’ and small terms ¢ ¢; > so that

the multiple integral (x) can be controlled by

C, independent of J — oo.

Tentative Assumption| Let m > 0. For any integer M > 0, there exist

Apnr > 0, Xps > 0 such that for any Agy, any |o|, |Bj-1] < M,

13=1,2,...,J,J +1,
J+1

|(H 83;82?__11)FAT’0(£BJ+1, €J7 REREIE 507 mO)l
j=1
J+1 . J+1
< AM(XM)J+1(H(tj)mln(lﬁj—ﬂ,l))(l 1 Z(|w3| +1&1]) + o)™
Jj=1 j=1

Remark| Note that ga,,(t) = x; — t;§;—1 when T;_; <t < Tj.

I do not treat the example Flq,p] = B(t,q(t),p(t)) because I do not know

how to have sharp ¢(t) and p(t) at the same time ¢t.



At last, we add ¢ u; ’ for the difference with respect to the height F|q, p]

so that the multiple integral (x) becomes a Cauchy sequence. []

Assumption of F[q,p] € F| Let m > 0, u; > 0, Z‘H'll u; < U < oo. For any

integer M > 0, there exist Ap; > 0, Xps > 0 such that for any Az, any

|aj|7 |/3j—1| <M,j3=1,2,...,J;,J+1and any 1 < k < J,

J+1
ﬁ
|(H agj - 1)FAT0($J—|—17€J7 93317509 wO)l

J+1 J+1
< Apr(Xpn) "] [ @) 0P (1 > (o] + 1€5-1]) + |o])™
Jj=1 j=1
as R
|(H 6$;3§J?:11)8kaAT,O(mJ-|—1a €755 T1, &0, T0)|
j=1
J+1

< A (Xar) g (] [ (&)™ 050 D0) @+ Y (] + 1€5-a]) + Jazo)™ -

ik j=1



