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Dynamical local field, compressibility, and frequency sum rules for quasiparticles
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The finite temperature dynamical response function including the dynamical local field is derived within a
quasiparticle picture for interacting one-, two-, and three-dimensional Fermi systems. The correlations are
assumed to be given by a density-dependent effective mass, quasiparticle energy shift, and relaxation time. The
latter one describes disorder or collisional effects. This parametrization of correlations includes local-density
functionals as a special case and is therefore applicable for density-functional theories. With a single static
local field, the third-order frequency sum rule can be fulfilled simultaneously with the compressibility sum rule
by relating the effective mass and quasiparticle energy shift to the structure function or pair-correlation func-
tion. Consequently, solely local-density functionals without taking into account effective masses cannot fulfill
both sum rules simultaneously with a static local field. The comparison to the Monte Carlo data seems to
support such a quasiparticle picture.
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I. INTRODUCTION

The response of an interacting Fermi system with the
tential Vq to an external perturbation is the basic source
our knowledge about the interaction, and dynamical as w
as statical properties of the system. This response func
has been therefore a central issue of many-body theorie

The density response function gives the variation of
density in terms of the external potential,

dn~q,v!5x~q,v!Vext~q,v!. ~1!

The polarization is defined as the density variation in ter
of the induced potential,

dn~q,v!5P~q,v!dVind~q,v!, ~2!

where we suppress the notation of obviousq dependence in
the following. The induced potential itself is the sum of t
external potential and the effective interaction potent
@Vq1 f q(v)#dn,

dVind~v!5@Vq1 f q~v!#dn~v!1Vext~v!. ~3!

Therefore, from Eqs.~1!–~3! we have the relation betwee
response and polarization,

x~v!5
P~v!

12@Vq1 f q~v!#P~v!
. ~4!

The local fieldf q(v) describes the modification in the resto
ing force brought about by particle correlations. This fie
prevents the particles from sampling the full effect of inte
action at short distances.1

The dielectric function relates now the induced densit
to the external potential via

1

e~v!
511

Vqdn~v!

Vext~v!
[11Vqx~v!, ~5!

such that the dielectric function reads
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e~v!512
VqP~v!

12 f q~v!P~v!
. ~6!

The theoretical effort consists in determining the loc
field f q(v) which represents the local correlation and whi
depletes the induced potential asf q(v)52G(v)Vq . As
long as this local field is a dynamical one this is an ex
relation. The different theoretical treatments differ in th
local-field correction; for an overview see Ref. 2. Most
static approximations,f q[ f q(0)52VqG, have been pro-
posed in the past. It has started with the pioneering work
Hubbard,3 who first introduced the notation of local field an
took into account the exchange-hole correction resulting

GH5
1

2

q2

q21kf
2 5H 1

2

q2

kf
2 1o~q3!

1

2
1o~1/q2!.

~7!

While this expression has established a remarkable impro
ment of the dielectric function in the random-phase appro
mation~RPA!, it has been soon recognized insufficient due
the lack of self-consistency, which leads the pair correlat
function still to unphysical negative values. This has be
repaired by Singwi, Tosi, Land, and Sjo¨lander ~STLS!4 by
using exchange correlations,

GSTLS52
1

nE dk

~2p!3

~kq!

k2 ~Sk2q21!5H gq2

kf
2 1o~q3!

12g01o~1/q2!
~8!

with

g52
1

skf
E

0

`

dq~Sq21!, ~9!

wheres is the spin degeneracy and where the static struc
factor
©2002 The American Physical Society25-1
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Sq52E dv

npVq

Im e21~v!

12e2bv

5E dv

np

1

12e2bv
Im

P~v!

12@ f q~v!1Vq#P~v!
, ~10!

where the inverse temperatureb51/T is linked to the pair
correlation function via

gr215
1

nE dq

~2p!3 eiqr~Sq21!. ~11!

This provides a self-consistent problem in solving the diel
tric function, structure function, and static local field simu
taneously. The advantages of this result compared to
Hubbard result with respect to the pair-correlation funct
and large-wave-vector limit have been discussed in Ref
Recent comparisons with molecular-dynamics simulati
for a hard-sphere gas are presented in Ref. 6, where a
agreement is found for thermodynamical properties.

The expression~8! has been improved further by Patha
and Vashishta7 ~PV! demanding that the response functi
should fulfill the third-order frequency sum rule,8 which re-
sulted in

GPV52
1

nE dk

~2p!3

~kq!2

q4

Vk

Vq
~Sk2q2Sk!

5H 2

5
g

q2

kf
2 1o~q3!

2

3
~12g0!1o~1/q2!

~12!

leading to the improved small-distance limit discussed
Ref. 9. The difference at short distance inGSTLScomes from
the motion of particles inside the correlation hole, which
condensed in the dynamical behavior.10

If one takes into account the difference between unco
lated and correlated kinetic energies11,1 one obtains an addi
tional 2DE52(2/n2Vq)(Eint2E) term in GPV . This
comes from the difference between correlated and unco
lated occupation numbers, which can be expressed b
coupling-constant integration and can be linked via the vi
theorem to density derivatives of the pair-correlati
function.12,13

Parallel to the above discussions there have been diffe
improvements to the derivation of local fields from the vir
formula,9,11,14 which have resulted in expressions know
from density variations,

GVS5S 11an
]

]nDGSTLS, ~13!

with various 1/2<a<1, see Ref. 14. This procedure satisfi
the compressibility sum rule almost exactly.

In Ref. 11 it was shown for Coulomb systems that o
cannot construct a static local field factor which fulfills bo
limits, the compressibility and the third-order sum rule~32!,
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since it would violate the theorem of Ferrell,d2E0 /d(e2)2

<0. The same conclusions are obtained in Ref. 15 using
virial theorem.

Therefore the concentration is now mostly focused on
construction of dynamical local-field corrections.13,16–18The
quantum versions of the Singwi-Tosi-Land-Sjo¨lander,
GSTLS, and Vahishta-Singwi,GVS, theories have been dis
cussed in Refs. 16, 19, and 20. These lead to positive va
for the pair distribution function at short distances valid f
rather low densities.16 There the dynamical properties of th
dynamic local field have been focussed upon. While
high-frequency limit is monotonic and similar to STLS an
VS, the static limit can even exhibit peaked structures wh
can give rise to charge-density waves underlying the n
trivial character of the dynamical behavior. Unfortunate
even the dynamic quantum version of the Singwi-Tosi-Lan
Sjölander local field cannot fulfill the compressibility sum
rule.21 We will show here that from a dynamical local field
one can derive a static local field fulfilling both sum rul
simultaneously if one takes into account the effective ma
This will resolve the puzzle of sum rules.

Recent improvements in the response function have b
basically due to numerical studies of Monte Carlo22–25 or
molecular-dynamical simulations.26,6 An interesting first-
principles numerical scheme is to solve the time-depend
Kadanoff and Baym equations including an external field27

Due to the variation of internal lines, already a Born diagra
leads to a linear response which includes high-order vo
corrections fulfilling sum rules consistently. The third-ord
frequency sum rule regains importance for reduc
dimensional layered structures.25,28,29All results in this paper
here can be straightforwardly generalized also to redu
dimensions as given in Appendix B for one, two, and thr
dimensions. This could have an impact on recent discuss
of two-layered electron gasses.30–32

Here we want to return to the analytical investigations a
will show that there exists a possibility to fulfill with on
static local-field correction both requirements, the third-ord
sum rule and the compressibility sum rule. This is perform
by working within a quasiparticle picture determining th
effective mass appropriately. Within the frame of the qua
particle picture we will derive an explicit expression for th
dynamical local-field factor, which leads to the desired sta
limits. We obtain the identity

G5GPV1
2

n2Vq
~E2Eint!

[2
1

Vq
F]D

]n
2

1

2nm

] ln m

] ln n S P2~0!

P0~0!
2

q2

4 D G ~14!

with the moments of polarization given in Appendix B an
the effective massm(n) and self-energyD(n). It will pro-
vide a way to construct a quasiparticle picture by the kno
edge of the structure factor at small distances from exp
ments or simulations.26,22,6 This in turn leads to an eas
microscopic parametrization in terms of the effective ma
and quasiparticle energy shift, which could be compared
rectly to microscopic theories.
5-2



in
e

er
na
if
fr

ch

en
sy
s
t

s-
In
le
ve
ar
tiv
S
ar
is
m
tl
he
a
ns
he
ed
gt
di
he
le

i
e

ld
re
e

a-
t

tiv

rgy
t of
le

enta
ticle

d
are

the
ons

ns

by

y-
uch

ith
e.

the
on-
pri-
ve
m

DYNAMICAL LOCAL FIELD, COMPRESSIBILITY, AND . . . PHYSICAL REVIEW B 66, 075125 ~2002!
The underlying principle is analogous to that found
literature,33,34 where a response function was parametriz
explicitly fulfilling sum rules and different constraints. Oth
parametrizations can be found in Ref. 13 from variatio
approaches which are exact in the high-density limit. A d
ferent line of constructing the response function uses the
quency moments resulting in recurrence relations.35,36

Here in this paper we will give an alternative approa
which uses general parametrizations of the self-energy
terms of a functional that might depend on the density,
ergy, and current. We restrict here to a one-component
tem, though the generalization to multicomponent system
straightforward37,38 and is considered in differen
approaches.39–41

In the following section we review briefly the compres
ibility sum rule and the third-order frequency sum rule.
Sec. III we give the dynamical response for quasipartic
which is a special case of the general structure deri
earlier.42 We show that the correct compressibility appe
and the third-order sum rule can be satisfied if the effec
mass and quasiparticle energy is chosen appropriately.
tion IV will present some numerical results on the unpol
ized electron gas at zero temperature, and the compar
with Monte Carlo simulations are discussed. Section V su
marizes the results and in Appendix B we give frequen
occurring correlation functions and practical forms for t
calculation in one-, two-, and three dimensions. While
formulas in the main text are written for three dimensio
they hold for one and two dimensions as well. Only t
explicit correlation functions in Appendix B have to be us
as outlined there. Also the often required long-wavelen
expansion of these correlation functions is given in Appen
B1. Appendix C finally is devoted to a short sketch of t
perturbation theory and the derivation of the used sum ru
for one, two, and three dimensions.

II. DETERMINATION OF STATIC LOCAL-FIELD
FACTOR

Let us discuss two different boundaries for the static lim
of the local field. This will be the compressibility and th
third-order frequency sum rule.

A. Compressibility

First we have to know how the compressibility shou
look. This is particularly simple in the quasiparticle pictu
which we will use. In the quasiparticle picture the on
particle distribution function is a Fermi distribution

F~p!5~eb(p2/2m1D2m)11!21, ~15!

where the density-dependent effective massm and the self-
energy shiftD are obtained either from microscopic calcul
tions or, as proposed here, from the sum rules. Thorough
paper we will understand now the masses as effec
masses.
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From microscopic approaches, the effective self-ene
shift and the effective mass are derived from the real par
the self-energys(p,v), which determines the quasipartic
energye via

e5
p2

2m0
1s~p,e!. ~16!

The velocity of the quasiparticles is given by]e/]p, which
leads to the definition of the effective mass

1

m
5

1

m0
1

1

p
]ps

12]vs
U

v5e f ,p5pf

, ~17!

where the momenta and energy are set to the Fermi mom
and energy after derivatives. Consequently the quasipar
energy can be approximated bye'p2/2m1D with the ef-
fective mass ~17! and the energy shiftD5s(pf ,e f)
1pf

2/2(1/m021/m). This approximation has to be replace
by thermal averaging when finite temperature systems
considered. A useful method would also be to read off
quasiparticle parametrization from current parametrizati
of the momentum distribution.43,44

Using the definition of the compressibility one obtai
directly from Eq.~15!

K5
1

n2

]n

]m
52

b

n2E dp

~2p!3 F~p!@12F~p!#

3S F]D~n!

]n
2

p2

2m

] ln m

]n G ]n

]m
21D

5
K0

11n2
]D

]n
K02

3

2

] ln m

] ln n

, ~18!

where the free compressibility is K0
5(b/n2)*@dp/(2p)3#F(p)@12F(p)#. Alternatively, the
energy shiftD and the effective mass can be expressed
the Landau parameter.

In the following section we will present a consistent d
namical response function for the quasiparticle picture s
that the correlations are parametrized by quasiparticles w
an effective mass, an energy shift, and a relaxation tim
From this we will obtain the correct compressibility~18!
from the dynamical response via the static limit obeying
frequency sum rules. Actually, a static local field can be c
structed provided we choose the effective mass appro
ately. This will lead to a method for determining the effecti
mass from the structure factor, which is well known fro
Monte Carlo simulations or experiments.

The conventional compressibility sum rule45 reads, using
limq→0P(0,q)52n2K0 and Eq.~6!,
5-3



he

th
a

e

nd

he

the
es

all-

cal
e-

to

m.
ncy
ct-
as
lar-
as

KLAUS MORAWETZ PHYSICAL REVIEW B 66, 075125 ~2002!
2 lim
q→0

2

pVq
E

0

`dv8

v8
Im e~v8!5 lim

q→0
Re

P~0,q!

12 f q~0!P~0,q!

52 lim
q→0

n2K0

11 f q~0!n2K0

[2n2K, ~19!

such that we can expect from the correct result~18! that the
static local field has the form

lim
q→0

f q~0!5
]D

]n
2

3

2n2K0

] ln m

] ln n
. ~20!

We will present a dynamical local field which leads in t
static limit exactly to this desired result~20!.

B. Frequency sum rules

The sum rules can be easily read off from the fact that
response function is an analytical function in the upper h
plane and falls off with large frequencies faster than 1/v2

such that the compact Kramers-Kronig relation reads

E dv8
x~v8!

v82v1 i0
50 ~21!

closing the contour of integration in the upper half plan
From this, one has

Rex~v!5E dv8

p

Im x~v8!

v82v
5

^v&
v2 1

^v3&
v4 1••• ~22!

with the moments

^v2k11&5E dv

p
v2k11 Im x~v!. ~23!

The first two moments are known exactly to be~Appen-
dix C!

^v&5E dv

p
v Im x~v!5

nq2

m
~24!

with the densityn and massm of the particles and1,7,8

^v3&5E dv

p
v3 Im x~v!52Eint

q4

m2 1
nq6

4m32
n2q4

m2 VqĨ ~q!.

~25!

HereEint is the kinetic energy of the interacting system a

Ĩ ~q!52
1

nE dk

~2p!3~Sk2q2Sk1ndk,q2ndk,0!
~kq!2

q4

Vk

Vq

5I ~q!21, ~26!

whereI (q) is usually presented in the literature,1,7

I ~q!52
1

nE dk

~2p!3 ~Sk2q2Sk!
~kq!2

q4

Vk

Vq
, ~27!
07512
e
lf

.

andSk is the structure factor~10!.
In order to understand the different contributions, t

short-distance limit~C26! from Eq. ~26! is performed,

lim
q→`

Ĩ ~q!52
1

nE dk

~2p!3~Sk211ndk,0!

3F @~k1q!q#2

q4

Vk1q

Vq
2

~kq!2

q4

Vk

Vq
G

5~12g0!1 lim
q→`

1

nE dk

~2p!3~Sk21!
~kq!2

q4

Vk

Vq
21,

~28!

where the last term comes from thedk,0 term. The first term
alone is sometimes called the exact result,1,4,5,10which holds
only for static local fields. The second term describes
motion of particles inside the correlation hole, and becom
for the Coulomb case just2 1

3 (12g0), which has been
pointed out in Ref. 9. Together, one obtains the sm
distance result

lim
q→`

Ĩ ~q!5
2

3
~12g0!21, ~29!

in agreement with the direct expansion~C26!.
Now we proceed and derive the boundaries for the lo

field f q(v) from Eq. ~4! using the above sum rules. Ther
fore we look at the large-v expansion of Eq.~4! from which
we can check with the help of Eq.~22! the desired sum rules
~24! and~25!. The simple RPA leads to@see also Eqs.~47!–
~50!#

P0~v!5
nq2

mv21S 2E
q4

m2 1
nq6

4m3D 1

v4 1o~1/v5!, ~30!

from which one gets with Eq.~4!

x~v!5
nq2

mv21S 2E
q4

m2 1
nq6

4m31
n2q4

m2 @Vq1 f q~`!# D 1

v4

1o~1/v5!. ~31!

The first-order energy weighted sum rule~24! is fulfilled
trivially, providedP fulfills it. The third-order sum rule~25!
can be fulfilled if we construct the local field according
Ref. 1,

f q~`!52Vq@11 Ĩ ~q!#2
2

n2 ~E2Eint!

52VqI ~q!2
2

n2 ~E2Eint!, ~32!

whereE is the kinetic energy of the noninteracting syste
The last term describes the fact that the third-order freque
sum rule of the polarization function yields the nonintera
ing kinetic energy. This form, neglecting the last term, h
been discussed in Ref. 7. In the later derivation of the po
ization function we cannot consider the kinetic energy
5-4
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being interaction-free anymore, since the relaxation time
pears as well as the effective mass. Therefore within
quasiparticle picture used here the differenceE2Eint van-
ishes or, positively stated, is accounted for by the effec
mass. To facilitate the comparison with the literature we h
kept this difference formal asDE52(2/n2)(E2Eint).

With Eq. ~32! we have given the constraint on the d
namical local field from the third-order frequency sum ru
In the following we will present a dynamical local fiel
which fulfills both requirements, the compressibility~20! and
the frequency sum rule~32!.

III. DYNAMICAL RESPONSE FUNCTION

In Refs. 42 and 46 was given the polarization function
an interacting quantum system, imposing conservation l
on the relaxation-time approximation. These polarizat
functions we have denoted byPn for density conservation
imposed,Pn,j for density and current conservation, andPn,j,E

for density, current, and energy conservation. In the form
paper we could give only formal matrix expressions for t
response function. In Appendix A we repeat briefly the de
vation from the quantum kinetic theory and give now t
explicit form of the response function. We obtain with Eq
~A15! and ~A16!

x~v!5
Pn,j,E~v!

12V0Pn,j,E~v!22mV4P13~v!
, ~33!

where

P13~v!5
Pn,j,E

2m

PhP2~0!2 i tvP2S v1
i

t D
PhP0~0!2 i tvP0S v1

i

t D ,

Ph5

P2
2S v1

i

t D2P0S v1
i

t DP4S v1
i

t D
P2

2~0!2P0~0!P4~0!
~34!

and

V05
]D

]n
2V4

q2

4
1Vq ,

V45
]

]n

1

2m
52

1

2nm

] ln m

] ln n
. ~35!

The explicit expressions of the moments of the polarizat
function are summarized in Appendix B for computatio
From the response function~33! we will read off the main
result of this paper: the dynamical local field for quasipa
cles with the effective mass and energy. Now we are goin
work out explicitly the form of the local field to show tha
the third-order sum rule can be fulfilled and the correct co
pressibility is obtained.
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A. Dynamical local field

Comparing Eq.~33! with Eq. ~4!, an intermediate dynami
cal local field can be read off as@V05(d/dn)D2V4q2/4
1Vq#

f̃ q~v!5
]D

]n
1V4S PhP2~0!2 i tvP2S v1

i

t D
PhP0~0!2 i tvP0S v1

i

t D 2
q2

4 D
5

]D

]n
1V4S P2~0!

P0~0!
2

q2

4 D1oS 1

v D

5
]D

]n
2

] ln m

] ln nH 3

2n2K0
1o~q2!

1

3

E

n2 1o~1/q2!1oS 1

v D ,

~36!

where we used the expansion of Appendix B, explicitly E
~B16!, in the first line and Eqs.~B14! and ~B15! in the last
line. Please note thatPn,j,E itself contains correlations be
yond the polarization in RPA,P0. This we will present in a
moment.

First, we see the astonishing result that obviously

lim
v→0

f̃ q~v!5 lim
v→`

f̃ q~v!, ~37!

the static local field required for the compressibility agre
with the infinite-frequency limit required for the third-orde
sum rule~31!. @One should not be mislead to the conclusi
that this violates the Kramers-Kronig relation forf̃ q(v). A
toy example of Imf̃ 5sin(av)/(v224p2/a2) and the corre-
sponding real part obtained from the Kramers-Kronig re
tion ~22! shows that indeed Eq.~37! can hold simultaneously
with the Kramers-Kronig relation.# This shows that the an
swer to the sum-rule puzzle is not due to the explicit dyna
cal character of the local field as often claimed in the lite
ture. Instead we will see in Sec. III D that it is due to th
underlying self-energy correction which has to obey cert
relations.

At this point it is important to avoid a misunderstandin
The intermediate dynamical local fieldf̃ q is not the total one
describing correlations beyond the RPA polarization funct
P0, which would be the case only in the infinite-frequen
limit. Instead, part of the correlations are already captured
Pn,j,E. To make this explicit we write Eq.~33! as

1

x~v!
5

1

P n,j,E~v!
2Vq2 f̃ q~v!

5
1

P0~v!
2Vq2 f̃ q~v!1 f̃ q* ~v!, ~38!

where the difference betweenPn,j,E and P0 has been
recast into a local-field contribution46 derived from
Eq. ~A12!–~A14!,
5-5
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KLAUS MORAWETZ PHYSICAL REVIEW B 66, 075125 ~2002!
f̃ q* ~v!5
1

Pn,j,E~v!
2

1

P0~v!

52
1

12 ivt S 1

]mn
2

2E

n2 D1o~q2!

5
1

12 ivt

8e f

15n
1o~q4!, ~39!

with the last line valid for zero temperature. On the contra
in the static limit f̃ q* (0)50. Together with Eq.~36! we ob-
tain an effective local field renormalizing the RPA,

f q
eff~v!5 f̃ q~v!2 f̃ q* ~v!

5
]D

]n
2

] ln m

] ln n

3

2n2K0
1

1

]mn
2

2E

n2

12 ivt
1o~q2!

5
]D

]n
2

e f

n S ] ln m

] ln n
1

1

12 ivt

8

15D , ~40!

where the last line is again the zero-temperature limit. T
high-frequency limit required for the third-order sum ru
agrees withf q

eff(`)5 f̃ q(`)5 f q(`).

B. Connection to density functionals

In order to establish the connection to the ground-s
exact relations47 of the exchange-correlation energy« xc , we
see from Eq.~40!
it

07512
,

e

te

lim
v→0

lim
q→0

f q
eff~v![

d2

dn2 @n«xc~n!#5
d

dn
D2

e f

n S ] ln m

] ln n
1

8

15D
~41!

and

lim
q→0

f q
eff~`![2

4

5
n2/3

d

dnF«xc~n!

n2/3 G5
d

dn
D2

e f

n

] ln m

] ln n

~42!

with f 0
eff(0), f 0

eff(`),0. This establishes the link to time
dependent density-functional theories.48–50 An overview of
different approximation schemes is given in Ref. 51. We w
see in Sec. III D that in order to fulfill the third-order fre
quency sum rule we have to have an additional effect
mass beyond«xc .

C. Compressibility sum rule

From Eq. ~36! one sees immediately that the requir
form for the compressibility sum rule~20! appears, since
Pn,j,E(0)5P0(0). Therefore we have derived a dynamic
response function and a local field, which shows in the st
limit the correct compressibility~18!. This compressibility
formula ~18! can be checked alternatively by calculating e
plicitly the frequency integral in Eq.~19!. The required
small-wave-vector limit of the so-called screened struct
function ~19! takes the form (P5Pn,j,E)
n

b
K5 lim

q→0

1

npE dv

12e2bv

Im P~v!@12 f̄ q~v!ReP~v!#1Im P~v! f̄ q~v! ReP~v!

@12 f̄ q~v! ReP~v!#21@ f̄ q~v!Im P~v!#2
, ~43!
we

eld
-
m

ed a
ss-
-
a-
where f̃ q(v)5 f̄ q(v)2Vq . Now we observe that

lim
q→0

Im P~v!5 lim
q→0

Im P0~v!

52pE dp

~2p!3 ~e2bv21!dS v2
~pq!

m D
3F~p!@12F~p!#1o~q2!

501o~q2! ~44!

vanishes for smallq. Therefore we have to perform the lim
in Eq. ~43! in the distribution sense to obtain

n

b
K5 lim

q→0

1

npE dv

12e2bv S Im P0~v!

12 f̄ q ReP~v!

1p ReP~v!d„12 f̄ q ReP~v!…D . ~45!
It is not difficult to see that the second part vanishes and
obtain

n

b
K5

1

n

E dp

~2p!3 F~p!@12F~p!#

12 f̄ q ReP~0!

5
1

nb

n2K0

11n2K0

]D

]n
2

3

2

] ln m

] ln n

, ~46!

which agrees with Eq.~18!.
Therefore, we have shown that the dynamical local fi

~36! from the response function~33! leads to the same com
pressibility~19!. This gives, besides the compressibility su
rule already checked, a second proof that we have deriv
dynamical local field which leads to the correct compre
ibility. The static limit will allow now to complete the com
pressibility and third-order frequency sum rule simult
neously.
5-6
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D. Frequency sum rules

Now that we have the response function~33! at hand we
can proceed and prove the frequency sum rules~24! and~25!
explicitly. First we expand the polarization functions f
large frequencies. The superscript denotes which conse
tion laws are obeyed, density (n), energy (E), and current
( j ). We obtain

Pn~v!5
nq2

mv2 2 i
nq2

mv3t
1S 2E

q4

m2 1
nq6

4m3 2
nq2

mt2D 1

v4

2 i
q4

m2v5tS n2

P0~0!
16E2

nm

q2t2 1
3nq2

4m D1oS 1

v6D ,

~47!

Pn,E~v!5Pn~v!1oS 1

v5D , ~48!

Pn,j~v!5
nq2

mv21S 2E
q4

m2 1
nq6

4m3D 1

v4

2 i
q4

m2v5tS n2

P0~0!
12E1

nq2

4m D1oS 1

v6D , ~49!

Pn,j,E~v!5Pn,j~v!1oS 1

v5D . ~50!

We see that the current conservation repairs some defia
of the Mermin-Das polarization functionPn, which obeys
only density conservation, in that the imaginary part show
different frequency behavior,

lim
v→`

Im Pn,j,E~q,v!5
n2q4

v5tm2 S 1
]mn

2
2E
n2 D , ~51!

lim
v→`

Im Pn~q,v!52
nq2

v3tm
. ~52!

The last formula corrects a misprint in formula~23! of Ref.
46. This different behavior of the imaginary part is also
flected in different expressions for the third-order mom
@o(1/v4)# or third-order sum rule.

From Eqs.~22! and ~47!–~50! we read off the sum rules

^v&5E dv

p
v Im P~v!5

nq2

m
, ~53!

which holds for each ofPn, Pn,j, Pn,j,E, andx. In contrast to
that we will see now that the third-order sum rule gives d
ferent results for the inclusion of different conservatio
laws. Using the polarization function including density, e
ergy, and momentum conservation we obtain from Eq.~49!

^v3&5E dv

p
v3 Im Pn,j,E~v!52E

q4

m2 1
nq6

4m3 . ~54!

We remark that according to Eqs.~47!–~50!, the Mermin-
Das polarization~A14! including only density conservatio
or even additionally energy conservation~A13! would yield
07512
a-

es

a

-
t

-

-

to an additional2nq2/mt2 term, which is an artifact. This is
repaired by additionally taking into account momentum co
servation.

Comparing Eq.~25! with Eq. ~54! we see that just the las
terms are missing. In order to obtain this sum rule we hav
use the response function~33! and not the polarization func
tion for which this sum rule is actually designed. With Eq
~36! and ~31! one gets

x~v!5Pn,j,E~v!1
n2q4

m2 S V01
P2~0!

P0~0!
V4D 1

v4 1oS 1

v5D .

~55!

Consequently, the third-order sum rule~32! is rendered cor-
rectly if one sets

f q~`!5V02Vq1V4

P2~0!

P0~0!
5

dD

dn
1V4S P2~0!

P0~0!
2

q2

4 D
[2Vq@11 Ĩ ~q!#1DE. ~56!

By the requirement~56! we have a possibility to fulfill the
third-order sum rule exactly from the dynamical response
well as static local-field model.

E. Consequences on self-energies

Let us now work out what that means for our self-ener
parametrizationD andm. From Eq.~56! we obtain a deter-
mining condition for the effective mass and energy sh

@ I (q)511 Ĩ (q)#,

VqI ~q!5
1

2mnS P2~0!

P0~0!
2

q2

4 D ] ln m

] ln n
2

]D

]n
1DE. ~57!

Since we work with the effective mass and shift parame
zation of the quasiparticle energy, the difference betweeE
andEint , DE, vanishes but we keep it for completeness f
ther on.

Applying the small-wave-vector limit~C25! and ~36! we
see now from Eq.~57! for Coulomb systems

lim
q→0

S ]D

]n
2

3
2

1
n2K0

] ln m
] ln n D5DE2

2
5

q2Vq

kf
2 g1o~q2!.

~58!

Contrary to Eq.~57!, the large-wave-vector or small-distanc
limit ~C26! and ~36! reads

lim
q→`

S ]D

]n
2

1
3

E
n2

] ln m
] ln n D5DE2

2
3

~12g0!Vq1o~1/q2!,

~59!

where the last term on the right side vanishes for Coulo
potentials and persists only for potentials whose range f
faster than Coulomb potentials.

If we assume homogeneous systems, whereD andm be-
come independent of the wave vector, Eqs.~58! and ~59!
determine the quasiparticle shift as well as the effective m
via
5-7
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] ln m

] ln n
5

2q2Vq

5kf
2 g

3

2

1

n2K0
2

1

3

E

n2

,

]D

]n
5

2q2Vq

5kf
2 g

9

2

1

EK0
21

1DE2
2

3
~12g0!Vq1o~1/q2!, ~60!

where the last term vanishes for Coulomb potentials. If
remember the relation between the self-energys and the
effective mass~17! we can determine from Eq.~60! the ther-
mal averaged self-energy and wave-function renormaliza
Z5(12]vs)21. For the special case of zero temperatu
and neglecting the usually small]ps part, it reads

D5
1

10
q2VqE

0

n

dn8
g~n8!

kf
2~n8!

1E
0

n

dn8DE,

ln Zue5e f
52m0q2VqE

0

n

dn8
g~n8!

kf
4~n8!

~61!

with g from Eq. ~9! such that the effective mass takes t
form

m5m0 expH mq2VqE
0

n

dn8
g~n8!

kf
4~n8!

J . ~62!

The general expression for finite temperatures is given
Eq. ~60!.

Since the needed expressionsĨ in Eq. ~26! or g in Eq. ~9!
are functions of the structure function, which is given its
again by the response function~10!, we have the usual self
consistent procedure analogous to Eq.~8! first introduced by
STLS ~Ref. 4! but with anotherG(q). Here we suggest to
obtain the effective massm and energy shift from Eq.~57!
using I (q).

Alternatively one might use the well-known experimen
values of the static structure factorSq and determine this way
the effective mass and energy shift. This definition of effe
tive mass has the advantage that the third-order and c
pressibility sum rule of the response function will be re
dered exactly. Therefore Eq.~60! is the second main result o
this paper.

Let us remark that if we would have no effective mass
a mere density-dependent self-energys, such as in density-
functional theories, the requirement of Eqs.~58! and ~59!
corresponding to the compressibility and third-order f
quency sum rule cannot be fulfilled simultaneously. This w
remarked in detail in literature.11,15 By including the effec-
tive mass, we can resolve this puzzle here.

IV. NUMERICAL RESULTS AND DISCUSSION

As a test example we will now consider the unpolariz
electron gas in three dimensions~3D! at zero temperature
07512
e

n
e

y

f

l

-
m-
-

t

-
s

The density parameter is the usual Bruckner parameter,
fined as the ratio of the interparticle distance to the Bo
radiusr s5(3/4pn)1/3/a0. First we will give a simple quasi-
particle picture~QP!, where theD and effective mass are
determined as density-dependent constants from Mo
Carlo~MC! data. In the second step, we will allow that theD
and the effective mass depend on the wave vector. This
lead to the self-consistent quasiparticle picture~SQP!.

In order to calculate the quasiparticle parameterD and the
effective mass, we employ the results of MC simulations.23,24

For a parametrization of the MC data see Ref. 52. In Re
was discussed the difference between interacting and
kinetic energies,DE5(2/n2)(Eint2E). This difference is
given asd5Eint /E21 by the MC data of Ceperley an
Alder. In our quasiparticle picture one hasEint /E5m0 /m,
and the effective mass is given bym5m0 /(11d). This al-
lows us to determine the needed derivative as

] ln m

] ln n
5

r s

3~11d!

]d

]r s
. ~63!

The differenceDE is given by the large-wavelength limit o
the local field,

lim
q→0

G~q!5g0S q

kf
D 2

5 lim
q→0

1

Vq
@VqI ~q!2DE#

5 lim
q→0

1

Vq
S 1

2mn

] ln m

] ln n
2

dD

dn D , ~64!

which is presented byg0,23 see Table I. This allows us to
determine the quasiparticle energydD/dn, since the last line
of Eq. ~64! is just Eq.~57!. The first model can be called th
improved Pathak/Vashishta scheme (PV1DE) while the
second one together with the effective mass~63! establishes
the quasiparticle picture proposed here. We remark tha
order to realize a certain Bruckner parameterr s , the quasi-
particle picture must be calculated withr s(11d), since all
formulas work with the effective mass leading tor s /(1
1d).

TABLE I. The long-wavelength limit of the local-field factorg0

and the small-range value of the pair correlation according to
MC data of Ref. 23. The value in parentheses is an interpolat
The quasiparticle~QP!, self-consistent quasiparticle~SQP!, as well
as Pathak-Vashishta value together withDE (PV1DE) are given
for comparison.

r s g0 d 12g(0)
MC MC MC SQP QP PV1DE

1 0.2567 0.036 0.7276 0.7240 0.6626 0.6971
2 0.091 ~0.8627! 0.8627 0.7666 0.8346
3 0.2722 0.9078 0.9201 0.8456
5 0.2850 0.292 0.9768 0.9627 0.9351 1.0558
10 0.3079 0.619 0.9976 0.9733 0.9613 1.1231
5-8



a
o

e

f-

t

less

DYNAMICAL LOCAL FIELD, COMPRESSIBILITY, AND . . . PHYSICAL REVIEW B 66, 075125 ~2002!
With this determination of the QP parameters as well
(PV1DE) from MC data we can now compare the results
the iteration schemef q→Sq→I (q)→ f q . For zero tempera-
ture all formulas simplify and we give them here for conv
nience in dimensionless momentumK5q/kf , energy V
5v/e f , and distanceR5rk f /\. Then the dimensionless e
fective local field is given by

f K52S 2s4

9p4D 1/3

r sS I ~K !

K2 1g02
2

5
g D

2
r s

4~11d!

]d

]r s
S 12

P2~0,K !

P0~0,K !
1

K2

4 D ~65!

with g0 from Eq.~64! andg521/s*0
`dK(SK21) from Eq.

~9! and the spin degeneracy for electronss52. The PV
model would consist only of the termI (K) on the right-hand
side of Eq.~65! and the (PV1DE) model takes into accoun
the first line of Eq.~65!. The QP finally takes all terms into
account where we have used Eq.~56! or ~57! and the require-
ment ~64!. The dimensionless functionP2(0,K)/P0(0,K)
5P2(0)/kf

2P0(0) plotted in Fig. 5 is given by
ai

a
.

d

e
ee

07512
s
f

-

P2~0,K !

P0~0,K !
5

1

2

32
K2

4
2

1

4KS 12
K2

4 D 2

lnU 22K

21K U
12

1

4K S 12
K2

4 D lnU 22K

21K U

5
1

4 H 12
K2

3
1o~K4!

K2

4
1

1

5
2

48

175K2 1o~K24!.

~66!

Provided we know the effective local field,f K in Eq. ~65!,
the static structure factor can be obtained from Eq.~10! as

SK5
3

4pE0

`

dV Im
P0~V,K !

12F f K1S 2s4

9p4D 1/3 r s

K2GP0~V,K !

,

~67!

where we have used the zero-temperature dimension
quantum polarization from Eq.~B1!,
P0~V,K !5211
4K22~V2K2!2

8K3 ln
2K1V2K2

2K2V1K22
4K22~V1K2!2

8K3 ln
2K1V1K2

2K2V2K21 i
p

2

35
0

V

K
for K,2 and uVu,uK222Ku

4K22~V2K2!2

4K3 for uK222Ku,uVu,uK212Ku.

~68!
par-
ee
ta,

his

is

the

n

lts,

le
the
With the help of the static structure factor we have the p
correlation function~11!,

gR511
3

sRE0

`

dKK sin~KR!~SK21!, ~69!

from which the requiredI (K) function reads according to
Eq. ~C24!

I ~K !522E
0

`dR

R
~gR21! j 2~KR! ~70!

with the spherical Bessel functionj 2(x). This function now
enters Eq.~65!, closing the iteration.

In Table I we compare the small-distance value of the p
correlation~11! of the PV1DE model with the QP model
We see that for more dense systems the PV1DE model
leads to correlations that are too large, while the QP mo
gives values lower than the MC values at higherr s . In Fig.
1 we compare the static structure factor of the two mod
with the MC data. We see that a difference occurs betw
the PV1DE and QP model at higherr s .
r-

ir

el

ls
n

The difference between the models becomes more ap
ent if we plot the local-field factor as in Figs. 2–4. We s
that the simple PV model underestimates the MC da
though it satisfies the third-order frequency sum rule. T
result is improved by adding theDE, read off from the large-
wavelength limit of MC data. Further improvement
achieved in the QP. At smaller densities,r s52, the local field
is overestimated at higher wave vectors, which leads to
deviation seen in Table I.

The QP curves show a small hump atq52kf in contrast
to the PV1DE model. This comes from the functio
P2(0)/P0(0), which is plotted in Fig. 5.

While in 3D this hump atq52kf is not much pro-
nounced, it shows up in 2D systems.53 With the help of the
formulas in Appendix B one can present also the 2D resu
which should be devoted to another paper.

According to Eq.~57! the functional form ofP2 /P0 on
the right-hand side should be equal toI (k) which is a smooth
function according to Figs. 2–4. Therefore with the simp
quasiparticle picture considered so far one cannot satisfy
third-order sum rule for allq. In order to achieve this, we
must allow D as well as the effective mass to have aq
5-9
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dependence. Of course this leads to a self-consistent q
particle picture, since the energies under integration of
polarization function now change their dispersion. The ite
tion scheme is therefore enlarged tof q→Sq→I (q)
→D(q),m(q)→ f q according to Eq.~57!. We call this itera-
tion here SQP. It satisfies the third-order frequency sum
and the compressibility sum rule simultaneously for allq.
The results describe the MC data in Figs. 2–4. Also,
small-distance value of the pair-correlation function is n
in better agreement with the MC data as can be see
Table I.

V. SUMMARY

We have derived a response function in the quasipart
picture where the correlations are parametrized by a den

FIG. 1. The static structure factor forr s50, r s51 andr s510
from the PV, the PV1DE, and QP model compared to the MC da
~Ref. 23! as presented in Ref. 25.

FIG. 2. The static local field forr s52 from the PV, the PV
1DE, and QP model compared to the MC data~Ref. 24!.
07512
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dependent effective mass, energy shift, and a relaxation
respecting density, energy, and momentum conservation.
dynamical response function can be given in the form o
modified RPA including a dynamical local field. This loc
field leads in the static limit to the correct compressibili
The effective mass and quasiparticle energy shift are p
posed to be determined by the requirement of the third-or
sum rule. This allows in turn to satisfy the compressibil
sum rule simultaneously. Since the effective mass is no
function of the structure factor, one might use experimenta
known values or simulation results to construct a more re
istic quasiparticle picture. The consequences on microsc
expressions of the self-energy are presented. The therma
eraged self-energy and wave-function renormalization,
the frequency derivative of the self-energy, are linked to
pair-correlation function at small distances.

FIG. 3. The static local field forr s55 from the PV, the PV
1DE, and QP model compared to the MC data~Ref. 24!.

FIG. 4. The static local field forr s510 from the PV, the PV
1DE, and QP model compared to the MC data~Ref. 24!.
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While all the expressions we derived are valid for fin
temperatures, we have compared them as a test example
the Monte Carlo data for an electron gas at zero tempera
We find an improved description by the Pathak-Vashis
scheme accomplished by an energy shift derived from
data. The best agreement with the data is achieved by
structing a nonlocal quasiparticle picture allowing for
wave-vector-dependent effective mass and an energy sh
the form of a self-consistent quasiparticle picture.
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APPENDIX A: DYNAMIC RESPONSE FUNCTION

In a former paper,42,46 the density, current, and energ
response$x,xJ ,xE%5X$1,0,0%T of an interacting quantum
system

S dn

q•dJ

dE
D 5S x

xJ

xE

D Vext[XS 1

0

0
D Vext ~A1!

to the external perturbationVext were derived formally, pro-
vided the density, momentum, and energy are conser
This has been achieved by linearizing the kinetic equa
for the one-particle density operatorr̂ in the relaxation-time
approximation

ṙ̂1 i @ Ê1V̂ext,r̂ #5
r̂ l.e.2 r̂

t
, ~A2!

where the relaxation was considered with respect to
local-density operatorr̂ l.e. or the corresponding local equilib
rium distribution function

FIG. 5. P2(0)/P0(0)2q2/4 of Eq. ~57! or explicitly Eq. ~66!
for three dimensions at zero temperature.
07512
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re.
a
C
n-

in

e
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n

e

F~p!5F S «0@p2Q~R,t !#2m~R,t !

T~R,t ! D11G21

. ~A3!

This local equilibrium is given by a local time-depende
chemical potentialm, a local temperatureT, and a local mass
motion momentumQ. These local quantities have bee
specified by the requirement that the expectation values
density, momentum, and energy are the same as the ex
tation values performed withF, which ensures conservatio
laws.

The correlations are shared in the kinetic equation~A2! in
such a way that the energy operatorÊ parametrizes the
density-dependent quasiparticle energy or variation of
energy functional in the Landau liquid~momentum depen-
dent! or density-functional sense~momentum independent!,
and the collision integral is approximated by a conserv
relaxation-time approximation. While in Ref. 42 the gene
density-, energy-, and momentum-dependent form of suc
parametrization has been discussed we want to consider
only a special case of an effective-mass and rigid shift
rametrization,

Ê52“S 1

2m~ n̂!
D“1D~ n̂!, ~A4!

such that the variationE(n)5E01dE reads @p5(p1
1p2)/2, q5p12p2]

dE5^p1ud Êup2&5~V01V4p2!dn~q! ~A5!

with

V05
]

]n
D2V4

q2

4
1Vq ,

V45
]

]n

1

2m
52

1

2nm

] ln m

] ln n
. ~A6!

The response matrix~A1! can be given in terms of the
polarization matrixP, see Eq.~29! of Ref. 42, which is the
response of the kinetic equation without the self-consist
quasiparticle energiesdE. The response reads

X5~I2PG 21V!21P ~A7!

with the matrices simplified for our considered case~A5!,

V5S g1V01gp2V4 0 0

gpqV01gp2pqV4 0 0

geV011gp2eV4 0 0
D

v1 i /t

, ~A8!

G5S g1 gpq ge

gpq g(pq)2 gpqe

ge gepq gee

D
v1 i /t

, ~A9!

and the correlation functions@«5p2/2m1D# are defined as
5-11
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gf~v!5E dp

~2p!3 f

FS p1
q

2D2FS p2
q

2D
«S p1

q

2D2«S p2
q

2D2v2 i0

.

~A10!

Explicit formulas are in Appendix B. We keep the matr
notation of Ref. 42 also for this special case in order
convince the reader about the technical usefulness of s
notation. The 333 polarization matrixP5$Pnm% contains
the corresponding density, momentum, and energy polar
tions as

S dn

dqJ

dE
D 5S P11

P21

P31

D Vind. ~A11!

In fact as found in Ref. 46 it is possible to express t
density polarization functionP11[Pn,j,E, including density,
current, and energy conservation, by a simpler one cont
ing density and energy conservationPn,E as

1

Pn,j,E~v!
2

1

P n,E~v!
5

1

Pn,j~v!
2

1

Pn~v!
52

iv

t

m

nq2 .

~A12!

This shows that the momentum conservation leads simpl
a dynamical local-field correction. The energy- and dens
conserving polarization function reads explicitly

Pn,E~v!5~12 ivt!S g1S v1
i

t Dg1~0!

h1

2vt i
@heg1~0!2h1ge~0!#2

h1~he
22heeh1!

D , ~A13!

where we use the abbreviationhf5gf(v1 i /t)
2vt igf(0). The first part is just the known Mermin-Da
polarization function including only densit
conservation,54,55

Pn~v!5
P0~v1 i /t!

12
1

12 ivt F12
P0~v1 i /t!

P0~0! G

5~12 ivt!

g1S v1
i

t Dg1~0!

h1
. ~A14!

Now we want to give the full density response functi
x5X11 according to Eq.~A1!. Due to the special considere
case~A5! and consequently~A8!, the density response func
tion x can be written from Eq.~A7! into (P115Pn,j,E)
07512
o
ch

a-

e

n-

to
-

x~v!5
Pn,j,E~v!

12V0Pn,j,E~v!22mV4P13~v!
, ~A15!

where

P13~v!5
Pn,j,E

2m

PhP2~0!2 i tvP2S v1
i

t D
PhP0~0!2 i tvP0S v1

i

t D ,

Ph5

P2
2S v1

i

t D2P0S v1
i

t DP4S v1
i

t D
P2

2~0!2P0~0!P4~0!
~A16!

are expressed in terms of moments of the correlation fu
tion ~B1!. The response function~33! is the main result of
this paper since it gives the consistent response function
the quasiparticle consisting of effective mass, energy,
relaxation time.

APPENDIX B:
EXPLICIT FORMULAS OF CORRELATION FUNCTIONS

The different occurring correlation functions~A10! can be
written in terms of moments of the usual Lindhard polariz
tion functionP0,

Pn5sE dp

~2p!D
pn

FS p1
q

2D2FS p2
q

2D
pq

m
2v2 i0

~B1!

as

g15P0 ,

gpq5mvP0 ,

ge5
P2

2m
,

gep25
P4

2m
,

gp2pq5mvP2,

g(pq)252mq2n1m2v2P0 . ~B2!

Heres is the spin degeneracy andD gives the dimension of
the system. While all formulas in the text are written for t
three-dimensional case, they hold equally for one and
dimensions.

For practical and numerical calculations we can rewr
the Pn by polynomial division as

P252mn1
m2v2

q2 P01P̃2,
5-12
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P452
nmq2

4 S 11
4m2v2

q4 D2
m4v4

q4 P02
2m2v2

q2 P̃2

2P̃42
14

3
m2E3H 1 for D52,3

1

2
for D51,

~B3!

where theP̃ i are the projected moments perpendicular toq
and read

P̃25sE dp

~2p!D S p2
~pq!

q2
qD 2 FS p1

q

2D2FS p2
q

2D
pq

m
2v2 i0

5mE
2`

m

dm8P0H 2 for D53

1 for D51,2

'mTP0H 2 for D53

1 for D51,2,

P̃45sE dp

~2p!D S p2
~pq!

q2
qD 4 FS p1

q

2D2FS p2
q

2D
~pq!

m
2v2 i0

5m2E
2`

m

dm8E
2`

m8
dm9P0H 8 for D53

3 for D51,2

'm2T2P0H 8 for D53

3 for D51,2.
~B4!

The corresponding last identities are valid only for nond
generate, Maxwellian distributions with temperatureT. The
general form of the polarization functions is presented as
integral over the chemical potentialm of the Lindhard polar-
ization P0. This is applicable also to the degenerate case

1. Long-wavelength expansion

In real situations it is often helpful to have the sma
wave-vector expansion of the various occurring correlat
functions. With the help of Eqs.~B4! and ~B3! this can be
tremendously simplified if the expansion forP0 is written as

P0~v!52
s

vE dp

~2p!D S 2
~qp!2

m2v
F81

q2~qp!2

8m3v
F9

2
~qp!4

24m4v
F-2

~pq!4

m4v3F8D1o~q5!, ~B5!

whereF85]mF, etc. For the static case we have

P0~0!5sE dp

~2p!D S 2F81
q2

8m
F92

~qp!2

24m2 F-D1o~q4!.

~B6!

We give now the one-, two-, and three-dimensional ca
separately.
07512
-

n

n

s

a. 3D case

Since]pF52p]mF/m, partial integration gives

E dp

~2p!3 F8G~p!5mE dp

~2p!3

F

p2 ]p@pG~p!# ~B7!

and applied to Eq.~B5! one gets

P0~v!5
q2

mv2 n1
2q4

m2v4E1o~q6!. ~B8!

The densityn and energyE, and higher moments read i
terms of

f n5
1

G~n!
E

0

` xn21dx

ex2bm11
~B9!

as

n5^1&5
s

l3 f 3/2,

E5 K p2

2mL 5
3

2E
m

dm8n5
3

2b

s

l3f 5/2,

E25 K S p2

2mD 2L 5
5

2E
m

dm8E5
15

4b2

s

l3 f 7/2,

E35 K S p2

2mD 3L 5
7

2E
m

dm8E25
105

8b3

s

l3 f 9/2. ~B10!

With the help of Eqs.~B4! and~B3! one writes down imme-
diately the higher-order correlation functions as

P̃2~v!5
4q2

3v2 E1
8q4

5mv4 E2,

P̃4~v!5
32mq2

15v2 E21
64q4

35v4 E3 . ~B11!

The static case~B6! yields with Eq.~B7!,

P0~0!52]mn1
q2

12m
]m

2 n, ~B12!

and with Eqs.~B3! and ~B4!

P̃2~0!522mn1
q2

6
]mn,

P̃4~0!52
16

3
m2E1

2mq2

3
n. ~B13!

In the text we use also the small- and large-wave-vector li
of the static 3D polarization functions. Since

P0~0!5H 2n2K01o~q2!

24n
m

q2 2
32m2

3q4 E1o~1/q6!,
~B14!

we obtain from Eqs.~B3! and ~B4!
5-13
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P2~0!5H 23mn1o~q2!

2mn2
16

3

m2

q2 E2
128m3

15q4 E21o~1/q6!,

~B15!

which leads to

P2~0!

P0~0!
5H 3m

nK01o(q2)

q2

4
1

2Em

3n
1o(1/q2).

~B16!

b. 2D case

For two dimensions, we have instead of Eq.~B7!,

E dp

~2p!2 F8G~p!5mE dp

~2p!2F]pG~p!, ~B17!

which applied to Eq.~B5! yields

P0~v!5
2pq2

mv2 n1
6pq4

m2v4 E ~B18!

and from Eqs.~B3! and ~B4!

P̃2~v!5
2pq2

v2 E1
6pq4

mv4 E2,

P̃4~v!5
6pq2m

v2 E21
18pq4

v4 E3 . ~B19!

The different occurring moments read here

n5^1&5
s

pl2 f 1 ,

E5 K p2

2mL 5Em

dm8n5
1

b

s

l2f 2 ,

E25 K S p2

2mD 2L 5Em

dm8E5
1

b2

s

l2 f 3 ,

E35 K S p2

2mD 3L 5Em

dm8E25
1

b3

s

l2 f 4 . ~B20!

The static case is now analogous and reads with Eq.~B17!
from Eq. ~B6!

P0~0!52]mn1
q2

24m
]m

2 n,

P̃2~0!52mn1
q2

24
]mn,

P̃4~0!523m2E1
mq2

8
n. ~B21!
07512
c. 1D case

For one dimension we have instead of Eq.~B7!

E dp

~2p!
F8G~p!5mE dp

~2p!
F]pS G~p!

p D , ~B22!

which applied to Eq.~B5! yields

P0~v!5
q2

3mv2 n2
q4

60m2v2]mn1
6q4

5m2v4 E,

P̃2~v!5
2q2

3v2 E2
q4

60mv2n1
4q4

5mv4 E2,

P̃4~v!5
4mq2

3v2 E22
q4

10v2E1
24q4

25v4 E3 . ~B23!

The static case is

P0~0!52]mn1
q2

12m
]m

2 n,

P̃2~0!52mn1
q2

12
]mn,

P̃4~0!52526m2E1
mq2

4
n. ~B24!

The occurring moments read here

n5^1&5
s

4l
f 1/2,

E5 K p2

2mL 5
1

2E
m

dm8n5
1

8b

s

l
f 3/2,

E25 K S p2

2mD 2L 5
3

2E
m

dm8E5
3

16b2

s

l
f 5/2,

E35 K S p2

2mD 3L 5
5

2E
m

dm8E25
15

32b3

s

l
f 7/2. ~B25!

2. Large-frequency limit

The large-frequency limit can be given analogously to
foregoing section. We restrict here to the expansion for 3

P0~v!5
q2

mv2 n1
2q4

m2v4E1
q6

4m3v4 n1oS 1

v6D .

~B26!

Please note the difference from the large-wavelength exp
sion ~B8!. The corresponding higher-order correlation fun
tions are completely analogously given by the methods of
foregoing section. With Eqs.~B4! and ~B3!, one gets
5-14
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P̃2~v!5
4q2

3v2 E1
8q4

5mv4 E21
q6

3m2v4 E1oS 1

v6D ,

P̃4~v!5
32mq2

15v2 E21
64q4

35v4 E31
8q6

15mv4 E21oS 1

v6D .

~B27!

PERTURBATION THEORY AND FREQUENCY SUM
RULES FOR ONE, TWO, AND THREE DIMENSIONS

The external potential is adiabatically switched on,

Vext~r ,t !5V~r !e0tQ~2t !, ~C1!

and induces a time-dependent change in the Hamiltonian
erator,

dĤ~ t !52E drn̂~r ,t !Vext~r ,t !. ~C2!

The variation of the density matrix operatorr̂(t)5 r̂

1dr̂(t) can be found from the linearized van Neuma
equation as

dr̂~ t !52 i E
2`

t

@dĤ,r̂0#, ~C3!

where it has been assumed that the perturbation is conse
symmetries of the equilibrium Hamiltonian,@Ĥ0 ,dr̂#50.

The variation of the density expectation valuedn

5Tr drn̂ is consequently

dn~r ,t !5 i E
2`

t

dt8E dr8V~r 8,t8!^@ n̂~r ,t !,n̂~r 8,t8!#&.

~C4!

Since in equilibrium the commutator is only dependent
the difference of coordinates and times we can define

22 Imx~q,v!

5E dteiv(t2t8)E drdr8e2 iq(r 2r 8)^@ n̂~r ,t !,n̂~r 8,t8!#&,

~C5!

from which we obtain the Fourier transform of Eq.~C4! to

dn~q,v!5Vext~q,v!E dv̄

p

Im x~q,v̄ !

v̄2v2 i0
, ~C6!

whereVext(q,v)5Vext(q)/(01 iv). This is of course identi-
cal with Eq.~1!.

3. Sum rules

Now one can derive the first- and second-order sum ru
of the imaginary part of the response function~C5!. There-
fore we generalize the definition~C5! to nonequilibrium and
finite systems,

Im x~q,v,R,t !52
1

2E dteivtE dre2 iqr^@ n̂~R1r /2,t

1t/2!,n̂~R2r /2,t2t/2!#&. ~C7!
07512
p-

ing

n

s

Higher-order moments can be expressed by correlation fu
tions as well.56 Here we restrict to the lowest two orders an
rederive it in conventional way.

If we assume further equilibrium but finite systems, w
can define an averaged response by applying spatial ave
ing *dR/V to Eq. ~C7!, such that we obtain

Im x~q,v!52
1

2VE dteivt^@ n̂~q,t !,n̂~2q,0!#&.

~C8!
From this expression it is easy to see that the first two
quency sum rules read

E dv

p
v Im x~q,v!52

1

V
^@ i ] tn̂~q,t !u t50 ,n̂~2q,0!#&,

~C9!E dv

p
v3 Im x~q,v!52

1

V
^@~ i ] t!

3n̂~q,t !u t50 ,n̂~2q,0!#&.

Using the Heisenberg equationi ] tn̂5@ n̂,Ĥ# and

Ĥ5E dp

~2p!D

p2

2m
âp

†âp

1
1

2E dpdp1dp2

~2p!3D
Vpâp1

† âp2

† âp21pâp12p ,

n̂q5E dp

~2p!Dâp
†âp1q , ~C10!

we can express the sum rules~C9! as

E dv

p
v Im x~q,v!5

1

V
^@q ĵq ,n̂2q#&,

E dv

p
v3 Im x~q,v!52

1

V
^†q ĵq ,@q ĵ2q ,Ĥ#‡&,

~C11!
where the divergence of the current operator reads

q ĵq5E dp

~2p!D

2pq1q2

2m
âp

†âp1q . ~C12!

Performing the last commutators, one obtains finally

E dv

p
v Im x~q,v!5

q2

m

^n̂q50&
V

5n
q2

m
~C13!

and

E dv

p
v3 Im x~q,v!

5
nq6

4m3 1
3q2

m3VE dp

~2p!D ~pq!2^âp
†âp&

3
1

m2VE dp

~2p!D Vp

3H ~pq!2E dp1dp2

~2p!2D
âp1

† âp2

† âp21p1qâp12p2q

2@~pq!22q2~pq!#E dp1dp2

~2p!2D
âp1

† âp2

† âp22pâp11pJ .

~C14!
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Since we had symmetric expressions,f(p)5f(2p), the
second term leads just to kinetic-energy density

3q2

m3VE dp

~2p!D ~pq!2^âp
†âp&

5
2q4

m2VE dp

~2p!D

p2

2m
^âp

†âp&H 3 for 1D

1 for 2D,3D

5
2q4E

m2 H 3 for 1D

1 for 2D,3D.
~C15!

Now we are going to express the last four creation and
nihilation operators using the structure function itself. The
fore we use the definition of the pair-correlation function

^âr 1

† âr 2

† âr 2
âr 1

&5grn~r 1!n~r 2!. ~C16!

Applying the spatial averaging*dR/V, where R5(r 1
1r 2)/2 and Fourier transforming the differencer 12r 2 into
q, we obtain

E dp1dp2

~2p!2DV
âp1

† âp2

† âp21qâp12q

5E dre2 i ~rq !grE dR

V
n~R1r /2!n~R2r /2!

5n2E dre2 i ~rq !~gr21!1n2~2p!3d~q!

5n~Sq21!1n2~2p!3d~q!, ~C17!

where we neglected spatial gradients in the density and u
Eq. ~11! for the last step. Using Eq.~C17! in Eq. ~C14! we
obtain finally

E dv

p
v3 Im x~q,v!

5
nq6

4m3 1
2q2E

m2 H 3 for 1D

1 for 2D,3D

2
n2

m2 q4VqS Ĩ ~q!1H Ĩ 1~q! for 1D

0 for 2D,3D
D ~C18!

with Eq. ~26!,

Ĩ ~q!52
1

nE dk

~2p!D~Sk2q2Sk1ndk,q2ndk,0!
~kq!2

q4

Vk

Vq
,

~C19!
07512
n-
-
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where we understanddk5(2p)3d(k). For the one-
dimensional case an extra term appears,

Ĩ 1~q!5
1

nE dk

~2p!
~Sk211ndk,0!

kVk

qVq
. ~C20!

In the following we restrict to the required formulas fo
the three-dimensional case. One can Fourier transform

Ĩ ~q!52E drgr@12cos~qr !#
~q] r !

2Vr

q4Vq
, ~C21!

which was first given by Puff.8 This correct form leads un
avoidably to the appearance of thedp terms in Eq.~C19!,
very often overseen in later papers. For asymptotic exp
sions, however, we have to be careful thatgr21 is the object
that renders spatial integrals finite. Therefore thedp terms in
Eq. ~C19! have to be considered separately,

2
1

nE dk

~2p!3 ~ndk,q2ndk,0!
~kq!2

q4

Vk

Vq
521, ~C22!

such that we obtain instead of Eq.~C21!,

Ĩ ~q!52E dr~gr21!@12cos~qr !#
~q] r !

2Vr

q4Vq
21.

~C23!
For Coulomb potentials we can further simplify

Ĩ ~q!522E
0

`dr

r
~gr21! j 2~qr !21 ~C24!

with the spherical Bessel functionj 2(x). From this expres-
sion one sees the small-wave-vector limit

Ĩ ~q!52
2q2

15 E0

`

drr ~gr21!211o~q4!

5
2

5

q2

kf
2 g211o~q4!, ~C25!

where we have used Eq.~11! and definition~9!. The long-
wave-vector limit takes the form

Ĩ ~q!522E
0

`dx

x
~gx/q21! j 2~x!21

522~g021!E
0

`dx

x
j 2~x!211o~1/q2!

5
2

3
~12g0!211o~1/q2!. ~C26!
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