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Dynamical local field, compressibility, and frequency sum rules for quasiparticles
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The finite temperature dynamical response function including the dynamical local field is derived within a
quasiparticle picture for interacting one-, two-, and three-dimensional Fermi systems. The correlations are
assumed to be given by a density-dependent effective mass, quasiparticle energy shift, and relaxation time. The
latter one describes disorder or collisional effects. This parametrization of correlations includes local-density
functionals as a special case and is therefore applicable for density-functional theories. With a single static
local field, the third-order frequency sum rule can be fulfilled simultaneously with the compressibility sum rule
by relating the effective mass and quasiparticle energy shift to the structure function or pair-correlation func-
tion. Consequently, solely local-density functionals without taking into account effective masses cannot fulfill
both sum rules simultaneously with a static local field. The comparison to the Monte Carlo data seems to
support such a quasiparticle picture.

DOI: 10.1103/PhysRevB.66.075125 PACS nuntder71.10.Ca, 05.30.Fk, 52.25.Mq, 31.15.Lc

. INTRODUCTION VI (o)
(w)=1— — -2 ©6)
. . . . 1-fy(w)(w)
The response of an interacting Fermi system with the po-
tential V, to an external perturbation is the basic source of The theoretical effort consists in determining the local
our knowledge about the interaction, and dynamical as welfie|q f () which represents the local correlation and which
as statical properties of the system. This response fU”C“OGepIetes the induced potential &(w)=—G(w)Vy. As
has been therefore a central issue of many-body theories. |ong as this local field is a dynamical one this is an exact
The density response function gives the variation of thggation. The different theoretical treatments differ in this
density in terms of the external potential, local-field correction; for an overview see Ref. 2. Mostly
_ ox static approximationsf,=f,(0)=—-V,G, have been pro-
on(q, @) =x(g,©)V(q,®). (1) posed in the past. It has started with the pioneering work of

The polarization is defined as the density variation in termé"L’bb,ard? who first introduced the notation of local field and
of the induced potential, took into account the exchange-hole correction resulting in

—q—2+0( %)
q° 2 k; q
= ()
q’+k? 1
§+o(1/q2).

on(q,»)=11(q,») sV"(q, ), )

1
where we suppress the notation of obviaudependence in GH=§
the following. The induced potential itself is the sum of the
external potential and the effective interaction potential,

Vqt+f on, _ . _ . :
Vot fo(w)] While this expression has established a remarkable improve-

wind(w):[vq+fq(w)]ﬁn(w)+vext(w)' 3) ment of the dielectric function in the random-phase approxi-
mation(RPA), it has been soon recognized insufficient due to
Therefore, from Eqgs(1)—(3) we have the relation between the lack of self-consistency, which leads the pair correlation
response and polarization, function still to unphysical negative values. This has been
repaired by Singwi, Tosi, Land, and “&ader (STLS?* by
- I(w) 4 using exchange correlations,
x(0)= T [Vgt f(@) (@) “

v

The local fieldf () describes the modification in the restor- Ef dk @( 1= F+0(q3)

ing force brought about by particle correlations. This field ~ST-S~  nJ (27)% K2 Scq ! )

prevents the particles from sampling the full effect of inter- 1-go+o(1/g°)

action at short distanceés. @8
The dielectric function relates now the induced densitiesi,

to the external potential via

1 0
1 Vyon(w) 7=—S—kf da(Sq—1), ©)
=1+ ———=1+Vyx(w), 5 fJ0
@~ V) ax(@) (5) | | |
wheres is the spin degeneracy and where the static structure
such that the dielectric function reads factor
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do Ime Yw) since it would violate the theorem of Ferredl’E,/d(e?)?

Sy=— f =<0. The same conclusions are obtained in Ref. 15 using the
virial theorem.

Therefore the concentration is now mostly focused on the

(10  construction of dynamical local-field correctiofis:®**The
quantum versions of the Singwi-Tosi-Land-Bjader,

] o ~ Gg1Ls and Vahishta-SingwiGGy g, theories have been dis-
where the inverse temperatuge=1/T is linked to the pair  cyssed in Refs. 16, 19, and 20. These lead to positive values

nmVy 1—e Ao

do 1 II(w)
nm1e o "1 [fo(w)+Velll(w)’

correlation function via for the pair distribution function at short distances valid for
rather low densitie$® There the dynamical properties of the
9 _1ZEJ dq (s, — 1) (11) dynamic local field have been focussed upon. While the

' n) (2m)® q ' high-frequency limit is monotonic and similar to STLS and

. . . ) ) ) VS, the static limit can even exhibit peaked structures which
T_hls proyldes a self—con3|st(_ent problem in solvmg the d_lelec:—can give rise to charge-density waves underlying the non-
tric function, structure function, and static local field simul- yivial character of the dynamical behavior. Unfortunately
taneously. The advantages of this result compared t0 thgen the dynamic quantum version of the Singwi-Tosi-Land-
Hubbard result with respect to the pair-correlation functiongjgander local field cannot fulfill the compressibility sum
and large-wave-vector limit have been discussed in Ref. § 1521 \ve will show here that from a dynamical local field,
Recent comparisons with molecular-dynamics simulationg,ne can derive a static local field fulfilling both sum rules

for a hard-sphere gas are presented in Ref. 6, where a 9oQgh, itaneously if one takes into account the effective mass.
agreement is found for thermodynamical properties. This will resolve the puzzle of sum rules.

The expressiort8) has been improved further by Pathak — pecent improvements in the response function have been
and Vash@ht%(P\/) demanding that the response function pagjcally due to numerical studies of Monte CZH3° or
should fulfill the third-order frequency sum rlayhich re- molecular-dynamical simulatiof&® An interesting first-

sulted in principles numerical scheme is to solve the time-dependent
1 dk  (kq)? V Kadanoff and Baym equations including an external fféld.
Gpy=— f (kg k Due to the variation of internal lines, already a Born diagram
n q leads to a linear response which includes high-order vortex

2 ¢ V_q( ~q— S
5 o2 corrections fulfilling sum rules consistently. The third-order
_yq_2+0(q3) frequency sum rule regains importance for reduced-
5 ks dimensional layered structuré&s?®2°All results in this paper
- 2 (12 here can be straightforwardly generalized also to reduced
§(1—go)+o(1/q2) dimensions as given in Appendix B for one, two, and three
dimensions. This could have an impact on recent discussions

32
leading to the improved small-distance limit discussed in®f two-layered electron gass¥s. o o
Ref. 9. The difference at short distanceGa_scomes from Here we want to return to the analytical investigations and
the motion of particles inside the correlation hole, which isWill show that there exists a possibility to fulfill with one
condensed in the dynamical behavidr. static local-field correction both requirements, the third-order
If one takes into account the difference between uncorreSUm rule and the compressibility sum rule. This is performed

lated and correlated kinetic enerditbone obtains an addi- PY working within a quasiparticle picture determining the
tional —AE=—(2/n?V)(Einy—E) term in Gpy. This effective mass appropriately. Within the frame of the quasi-
comes from the difference between correlated and uncorrd?rticle picture we will derive an explicit expression for the
lated occupation numbers, which can be expressed by dynamical local-field factor, which leads to the desired static

coupling-constant integration and can be linked via the virialiMmits- We obtain the identity
theorem to density derivatives of the pair-correlation
function1213

Parallel to the above discussions there have been different
improvements to the derivation of local fields from the virial
formula®* which have resulted in expressions known _ 1

from density variations, YA

2
G=Gpyt+ nz_Vq(E_Eint)

2
A 1 alnm(Hz(O)_q_> 14

an 2nm dlnn \1Iy(0) 4

d with the moments of polarization given in Appendix B and
1+a”,9_n)GSTLS’ (13 the effective massn(n) and self-energyA (n). It will pro-
vide a way to construct a quasiparticle picture by the knowl-
with various 1/2<a=<1, see Ref. 14. This procedure satisfiesedge of the structure factor at small distances from experi-
the compressibility sum rule almost exactly. ments or simulation&??® This in turn leads to an easy
In Ref. 11 it was shown for Coulomb systems that onemicroscopic parametrization in terms of the effective mass
cannot construct a static local field factor which fulfills both and quasiparticle energy shift, which could be compared di-
limits, the compressibility and the third-order sum r(®2),  rectly to microscopic theories.

Gvs=

075125-2



DYNAMICAL LOCAL FIELD, COMPRESSIBILITY, AND . .. PHYSICAL REVIEW B 66, 075125 (2002

The underlying principle is analogous to that found in From microscopic approaches, the effective self-energy
literature>33* where a response function was parametrizedshift and the effective mass are derived from the real part of
explicitly fulfilling sum rules and different constraints. Other the self-energyr(p, ), which determines the quasiparticle
parametrizations can be found in Ref. 13 from variationalenergye via
approaches which are exact in the high-density limit. A dif-
ferent line of constructing the response function uses the fre- )
quency moments resulting in recurrence relations. = D_+U(p €) (16)

Here in this paper we will give an alternative approach 2mg T
which uses general parametrizations of the self-energy in

terms of a functional that might depend on the density, eNThea velocity of the quasiparticles is given by/dp, which

ergy, and current. We restrict here to a one-component SY$aads to the definition of the effective mass
tem, though the generalization to multicomponent systems is

straightforward’*® and is considered in different

approached®~# 1 1
In the following section we review briefly the compress- 1 ﬁo+ Bap‘f
ibility sum rule and the third-order frequency sum rule. In —_—= , a7

Sec. Il we give the dynamical response for quasiparticles, m 1=duo

which is a special case of the general structure derived

earlier We show that the correct compressibility appears, hare the momenta and energy are set to the Fermi momenta

and the thlrd—orQer sum rule can be satisfied if thg effectweand energy after derivatives. Consequently the quasiparticle
mass and quasiparticle energy is chosen appropriately. Se&hergy can be approximated lay=p2/2m-+ A with the ef-
tion IV will present some numerical results on the unpolar-

) . fective mass (17) and the energy shiftA=o(ps,es)
ized electron gas at zero temperature, and the comparisop 2/2(1/m —1/m). This approximation has to be replaced
with Monte Carlo simulations are discussed. Section V sum:' P! 0 ' PP P

marizes the results and in Appendix B we give frequentlyby thgrmadl z'a‘)\/eragflr}g W?ﬁndflnlteléenrpergtu:e syséemﬁstﬁre
occurring correlation functions and practical forms for the CONSICEre€d. A USEfUl method would also be to read o €

calculation in one-. two-. and three dimensions. While aIIquasiparticle parametrization from current parametrizations
=y =y . . . . A4
formulas in the main text are written for three dimensions,Of the_ momentum q!stnbunof*ﬁ . .
they hold for one and two dimensions as well. Only the Using the definition of the compressibility one obtains
explicit correlation functions in Appendix B have to be useddIreCtIy from Eq.(15)
as outlined there. Also the often required long-wavelength
expansion of these correlation functions is given in Appendix 1 4n B dp
B1. Appendix C finally is devoted to a short sketch of the K=———=——=| s—3FPI[1-F(p)]
i N n du n<J) (2m)
perturbation theory and the derivation of the used sum rules

w=¢;,p=p;

for one, two, and three dimensions. JA(n)  p? dlnm]dn
( on 2m an m‘l)
IIl. DETERMINATION OF STATIC LOCAL-FIELD Ko
FACTOR = A 3amm (18)
Let us discuss two different boundaries for the static limit 1+n E’CO_ 2 9Inn
of the local field. This will be the compressibility and the
third-order frequency sum rule. . .
where the free compressibility is Ko
=(BIn?) f[dp/(2m)3]F(p)[1—F(p)]. Alternatively, the
A. Compressibility energy shiftA and the effective mass can be expressed by

dthe Landau parameter.

In the following section we will present a consistent dy-
namical response function for the quasiparticle picture such
that the correlations are parametrized by quasiparticles with
an effective mass, an energy shift, and a relaxation time.
From this we will obtain the correct compressibilif{8)

F(p):(eﬁ(p2/2m+A—M)+1)—1' (15) from the dynamical response via thg static Ii_mit obeying the
frequency sum rules. Actually, a static local field can be con-
structed provided we choose the effective mass appropri-

where the density-dependent effective masand the self- ately. This will lead to a method for determining the effective
energy shiftA are obtained either from microscopic calcula- mass from the structure factor, which is well known from
tions or, as proposed here, from the sum rules. Thorough thiglonte Carlo simulations or experiments.

paper we will understand now the masses as effective The conventional compressibility sum rfigeads, using
masses. limy_oI1(0,q) = —n?K, and Eq.(6),

First we have to know how the compressibility shoul
look. This is particularly simple in the quasiparticle picture
which we will use. In the quasiparticle picture the one-
particle distribution function is a Fermi distribution
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i 2 °°dw’| (0')=lim R 11(0,0)
—m—- —1Im =1m Re
i0™Valo o’ “o a0 1= fq(0)II(0,0)
n%K,
=—lim—-—
q-01+f4(0)N2K,
=—n?k, (19

such that we can expect from the correct re¢l@ that the
static local field has the form

) dA 3 dlnm
limfq(0)=——

40 an - 2n2K, dInn’ (20
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andS, is the structure factof10).
In order to understand the different contributions, the
short-distance limifC26) from Eq. (26) is performed,

limT(q)=

qﬁwc

1 dk
- ﬁf (ZT)s(Sk—lJF Ndy o)

Lkt a)q® Vk+q_(kq)zﬁ}
q* Vq a* Vq
1 odk (ka)? Vi
“ayting | oS- DTG g

q

(28

We will present a dynamical local field which leads in the where the last term comes from tiag, term. The first term

static limit exactly to this desired resuR0).

B. Frequency sum rules

The sum rules can be easily read off from the fact that th
response function is an analytical function in the upper hal
plane and falls off with large frequencies faster tham?1/

such that the compact Kramers-Kronig relation reads

x(o")

fd w—aH—IO_O @)

closing the contour of integration in the upper half plane.

From this, one has

do' Imy(0') () (w0
Rex(w)= | — ———=—F+—7+--- (22
0w @ @
with the moments
dw
<w2k+1>=f7w2k+1|mx(w). (23)

The first two moments are known exactly to b&ppen-
dix C)

_J do I = an 24
()= —wlimy(w)=-—- (24)
with the densityn and massn of the particles antl®
q* nq q’. -~
(0®)= J—w IM y(@)=2Ein 5+ 73— ——Vql (Q).
(25
HereE, is the kinetic energy of the interacting system and
~ 1 dk 5 5 (k q)2 Vi
I(q)_ (277) (Sk Sk+n k.~ n kO) V
=1(q)—1, (26)
wherel (q) is usually presented in the literaturé,
) 1f dk (k@)? Vi )
(@=-= W( 7q_Sk)TV_qv (27)

alone is sometimes called the exact re$dft;'°which holds
only for static local fields. The second term describes the
motion of particles inside the correlation hole, and becomes

éor the Coulomb case just1(1—g,), which has been
Pomted out in Ref. 9. Together, one obtains the small-

distance result

w| N

limT(q)=
q—%
in agreement with the direct expansigD26).

Now we proceed and derive the boundaries for the local
field f4(w) from Eq. (4) using the above sum rules. There-
fore we look at the large» expansion of Eq(4) from which
we can check with the help of E€R2) the desired sum rules
(24) and(25). The simple RPA leads tsee also Eq947)—
(50)]

2 4 6
L YL ML

m

1
el s o(1/w®), (30

[My(w) =

from which one gets with Eq4)

ng® n?qg* ) 1
—z

q4
F[Vq_i_fq(w)] ®

= nqz 2E
X)) =2t 2Bzt gt

+0(1/w®). (31

The first-order energy weighted sum rul24) is fulfilled
trivially, provided 1 fulfills it. The third-order sum rulé25)
can be fulfilled if we construct the local field according to
Ref. 1,

~ 2
fa(*)==Vq[1+1(a)] = 2 (E~Ein)
2
=~ Vol(@) = 2 (E=Einy), (32

whereE is the kinetic energy of the noninteracting system.
The last term describes the fact that the third-order frequency
sum rule of the polarization function yields the noninteract-
ing kinetic energy. This form, neglecting the last term, has
been discussed in Ref. 7. In the later derivation of the polar-
ization function we cannot consider the kinetic energy as
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being interaction-free anymore, since the relaxation time ap- A. Dynamical local field

pears as well as the effective mass. Therefore within the Comparing Eq(33) with Eq. (4), an intermediate dynami-
quasiparticle picture used here the differertce Ei,; van- o1 |ocal field can be read off 48/ = (51 n)A — V,q2/4
ishes or, positively stated, is accounted for by the effective, \, ]
mass. To facilitate the comparison with the literature we have
kept this difference formal a8 E= —(2/n?)(E—Ejp).

With Eq. (32) we have given the constraint on the dy- !

I, I15(0) —iToll,| o+ -

namical local field from the third-order frequency sum rule. ¥ (0)= %JFVL‘ T _ q_2
In the following we will present a dynamical local field q ) I 4
which fulfills both requirements, the compressibili§0) and pI1o(0) —irwllo| @+ =
the frequency sum rulé32).
dA (HZ(O) qz) ( 1)
lIl. DYNAMICAL RESPONSE FUNCTION an Io(0) 4 ®
In Refs. 42 and 46 was given the polarization function for +o(q?)
an interacting quantum system, imposing conservation laws dA  dlnm| 2n°K,
on the relaxation-time approximation. These polarization “on ainn) 1E (36)
functions we have denoted Hy" for density conservation = —+0(1/g%)+o| —|,
imposed 1" for density and current conservation, dig& 3n w

for density, current, and energy consgrvation. In the forme(/vhere we used the expansion of Appendix B, explicitly Eq.
paper we could give only formal matrix expressions for the(Bl6), in the first line and Eqs(B14) and (B15) in the last

response function. In Appendix A we repeat briefly the deri-"ne_ Please note thdil™E itself contains correlations be-

vation from the quantum kinetic theory and give now theyond the polarization in RPALI,. This we will present in a
explicit form of the response function. We obtain with Eqs'moment

(A15) and(A16) First, we see the astonishing result that obviously

"w) limF(w)= lim¥
= : 3 w)=lim f,(w), (37
X = T R ) —2mVal )| ! !

w—0 w—%®

the static local field required for the compressibility agrees
with the infinite-frequency limit required for the third-order
sum rule(31). [One should not be mislead to the conclusion
that this violates the Kramers-Kronig relation f~b,§(w). A

, toy example of Inf=sin(@aw)/(w’*—47%a? and the corre-
sponding real part obtained from the Kramers-Kronig rela-
tion (22) shows that indeed E@37) can hold simultaneously
with the Kramers-Kronig relatioh.This shows that the an-
swer to the sum-rule puzzle is not due to the explicit dynami-
cal character of the local field as often claimed in the litera-

(34)  ture. Instead we will see in Sec. Il D that it is due to the

underlying self-energy correction which has to obey certain
relations.

and At this point it is important to avoid a misunderstanding.

A B The intermediate dynamical local fieTq is not the total one
VO:‘?_ —V4q— +V describing correlations beyond the RPA polarization function
an 4 a IT,, which would be the case only in the infinite-frequency
limit. Instead, part of the correlations are already captured in
9 1 1 dlnm I1™E To make this explicit we write Eq33) as

V4:(?_nﬁ:_2nm dlnn” (39

where

Hn’j'E thz(o) - | T(,()Hz( w+

i
.
I13(w)= i

HhHO(O)—iTwHO( w+—

9

[ [
—HO((U-F; ;

[
H%( w+ ;
Hh:

H4( w+
)

115(0) ~ITo(0)I1,4(0

1
The explicit expressions of the moments of the polarization x(®) 11 ME( )
function are summarized in Appendix B for computation.
From the response functio33) we will read off the main ~ -
result of this paper: the dynamical local field for quasiparti- - m_vq_fq(“’)“qu (@), (38)
cles with the effective mass and energy. Now we are going to _
work out explicitly the form of the local field to show that where the difference betweehl™€ and II, has been
the third-order sum rule can be fulfilled and the correct com+ecast into a local-field contributi6h derived from
pressibility is obtained. Eq. (A12)-(Al14),

—Vy—Tq(w)

075125-5
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l1-iwr\d,n n
1 8Ef

_ -t 4

l1-iwr 15n+0(q ),

(39

with the last line valid for zero temperature. On the contrary,

in the static limitf¥ (0)=0. Together with Eq(36) we ob-
tain an effective local field renormalizing the RPA,

& (w) =To(0) =T (w)

1 2E
A olnm 3 +(9M_n _2+ ,
~on dlnn 2n°K, 1-iwT o(@")
_JA € (dInm 1 8 40
“on nlainn 1-iwr 15 40

PHYSICAL REVIEW B 66, 075125 (2002

— o B 5A € alnm+8
tm i Fa ()= grelnexd M= 504 = 5[ Tinn *15

(41)
and

S € dlnm

n dinn
(42)

~on

_ 4
Ilmfgﬁ(m)s—gn

2/3i |: 8XC(n)
q—0

dn n2s

with fS“(0)<f8“(oo)<0. This establishes the link to time-
dependent density-functional theorfs°° An overview of
different approximation schemes is given in Ref. 51. We will
see in Sec. Il D that in order to fulfill the third-order fre-
quency sum rule we have to have an additional effective
mass beyond,,.

C. Compressibility sum rule

where the last line is again the zero-temperature limit. The From Eq.(36) one sees immediately that the required
high-frequency limit required for the third-order sum rule form for the compressibility sum rul€20) appears, since

agrees withf £(e0) =T (20) = f(0).

B. Connection to density functionals

II"™E(0)=11,(0). Therefore we have derived a dynamical
response function and a local field, which shows in the static
limit the correct compressibility(18). This compressibility
formula (18) can be checked alternatively by calculating ex-

In order to establish the connection to the ground-statelicitly the frequency integral in Eq(19). The required

exact relatior of the exchange-correlation energy,, we
see from Eq(40)

n 1
—K=Ilim—

dw

IMI(w)[1—f4(w)Rell(w)]+ImII(w)fy(w) Rell(w)

small-wave-vector limit of the so-called screened structure
function (19) takes the form I =TI1"F)

B qﬂonﬂ- 1—efﬂ“’

WhereTq(w) =f_q(w)—Vq. Now we observe that

lIimImIl(w)=Ilim IMmIIy(w)

q—0 q—0
d
| ﬁwﬁ“‘m(“‘%)
XF(p)[1-F(p)]+0(g?
=0+0(q?) (44)

vanishes for smalll. Therefore we have to perform the limit
in Eq. (43) in the distribution sense to obtain

) dw IMmIly(w)

K=Ilim— —
B qom) 1—e Fv|1-f,Rell
+ 7 Rell(w) 8(1—f, Rell(w))

)

. (45

[1-fq(@) Rell(@)]+[fq(w)ImTT(w)]?

: (43

It is not difficult to see that the second part vanishes and we
obtain

d
v 1] aesFEL-F)

g n 1—f4Rell(0)
1 nK, 48
Y JA 3 dlnm’
'81+n2K

%n 2 dlnn
which agrees with Eq(18).

Therefore, we have shown that the dynamical local field
(36) from the response functiof83) leads to the same com-
pressibility (19). This gives, besides the compressibility sum
rule already checked, a second proof that we have derived a
dynamical local field which leads to the correct compress-
ibility. The static limit will allow now to complete the com-
pressibility and third-order frequency sum rule simulta-
neously.
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D. Frequency sum rules

Now that we have the response functi@3®) at hand we
can proceed and prove the frequency sum r(2dsand(25)
explicitly. First we expand the polarization functions for

PHYSICAL REVIEW B 66, 075125 (2002

to an additiona- ng?/m+? term, which is an artifact. This is
repaired by additionally taking into account momentum con-
servation.

Comparing Eq(25) with Eq. (54) we see that just the last

large frequencies. The superscript denotes which conservierms are missing. In order to obtain this sum rule we have to

tion laws are obeyed, density), energy €), and current
(j). We obtain

2 4 6

ng® . nq g ng® no?\ 1
n —_ _ L
M w) =12 Imw3r+(2Em2+ 4m? mfz) o’
o qt n2 sE_ m 3ng? 1
TS T, TP T 72 am O o8
(47)
1
Hn’E(CU):Hn(w)+O $>, (48)
. no? g* nef\1
n,J - 4 |
P L 2E N’ ! 49
T e g0y T2ET am) Tl g8 (49
‘ . 1
M & w)=I"w)+o0 ?) (50)

use the response functig®3) and not the polarization func-
tion for which this sum rule is actually designed. With Egs.
(36) and(31) one gets

(59

Consequently, the third-order sum ry&2) is rendered cor-
rectly if one sets

2 1

—+0
w4

1

w5

X(w)="5w) +

n%qg* I1,(0
%(VJF 2()v‘,

m® | "% TIo(0)

I1,(0) &A I1,(0) ¢?
=V Varr= 5+l 10y 4
=—V,[1+T(q)]+AE. (56)

By the requirement56) we have a possibility to fulfill the
third-order sum rule exactly from the dynamical response as
well as static local-field model.

E. Consequences on self-energies

Let us now work out what that means for our self-energy

We see that the current conservation repairs some defiancBarametrizationld andm. From Eq.(56) we obtain a deter-

of the Mermin-Das polarization functiohl", which obeys

mining condition for the effective mass and energy shift

only density conservation, in that the imaginary part shows &!(a)=1+1(a)],

different frequency behavior,

2~4

. - n-<q 1 ZE)
nJ.E — - ==
J,ILTL ImIT™E(q,w) w5rm2(%n -z (52
. no?
lim ImI"(q, )=~ —"—. (52
w— w~ ™M

The last formula corrects a misprint in formul23) of Ref.

46. This different behavior of the imaginary part is also re-

I15(0) _Q_Z
II4(0) 4

JdiInm J9A

m——-FAE. (57)

on

Vql(Q)=m<

Since we work with the effective mass and shift parametri-
zation of the quasiparticle energy, the difference between
andE;,;, AE, vanishes but we keep it for completeness fur-
ther on.

Applying the small-wave-vector limifC25 and(36) we
see now from Eq(57) for Coulomb systems

flected in different expressions for the third-order moment

[0(1/w®)] or third-order sum rule.
From Egs.(22) and (47)—(50) we read off the sum rules
—f do ImII = nqz 53
(w)= ——oimll(w)=—-, (53
which holds for each of1", II™, TI™E andy. In contrast to

that we will see now that the third-order sum rule gives dif-

ferent results for the inclusion of different conservations ¢

laws. Using the polarization function including density, en-
ergy, and momentum conservation we obtain from @)

4 6
q ng
—+ 3.
m*  4m
We remark that according to Eq&t7)—(50), the Mermin-
Das polarization(A14) including only density conservation
or even additionally energy conservatiohl3) would yield

(0¥ = f d%’w?’ Im ™ w)=2E (54)

JA 3 1 dlnm
an 2n7Ko(7Inn

Iim(
q—0

Contrary to Eq(57), the large-wave-vector or small-distance
limit (C26) and (36) reads

ul

2 gV
—AE-¢ q—kz—qv‘*‘o(qz)-
f
(58)

dA
on

1E dlInm

2
32 m) =AE- 5(1—90)Vq+o(1/q2),

(59

where the last term on the right side vanishes for Coulomb
potentials and persists only for potentials whose range falls
faster than Coulomb potentials.

If we assume homogeneous systems, whet@nd m be-
come independent of the wave vector, E¢S8) and (59)
determine the quasiparticle shift as well as the effective mass
via
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2q2\/ TABLE I. The long-wavelength limit of the local-field factar,
| W—qy and the small-range value of the pair correlation according to the
glinm _ f MC data of Ref. 23. The value in parentheses is an interpolation.
dlinn 3 1 1E’ The quasiparticléQP), self-consistent quasipartic(8QP, as well
2n%K, 3n? as Pathak-Vashishta value together witk (PV+AE) are given
for comparison.
2q%V
dA 5k2qy 2 s Yo 6 1-9g(0)
=g 1 HAE-3(1-00)Veto(Li?), (60 MC Mc MC  SQP QP PWAE
SEK. 1 1 0.2567 0.036 0.7276  0.7240 0.6626  0.6971
0 2 0.091 (0.8627 0.8627 0.7666  0.8346
where the last term vanishes for Coulomb potentials. If we3 0.2722 0.9078  0.9201 0.8456

remember the relation between the self-eneogyand the 5 0.2850 0.292 0.9768 0.9627 0.9351  1.0558
effective mas$17) we can determine from E@60) the ther- 10 0.3079 0.619 0.9976 0.9733 0.9613  1.1231
mal averaged self-energy and wave-function renormalization
Z=(1-4,0) L. For the special case of zero temperature
and neglecting the usually smallo part, it reads The density parameter is the usual Bruckner parameter, de-
fined as the ratio of the interparticle distance to the Bohr
y(n') n radiusr = (3/4mn)Y¥a,. First we will give a simple quasi-
K2(n') + fo dn’AE, particle picture(QP), where theA and effective mass are
f determined as density-dependent constants from Monte
) (") Carlo(MC) data. In the second step, we will allow that the
__ 2 Y and the effective mass depend on the wave vector. This will
In 2] &~ Mod quo dn kf(n) (62) lead to the self-consistent quasiparticle pict(8&P.
In order to calculate the quasiparticle paraméteand the
with Y from Eq (9) such that the effective mass takes theeffective mass, we emp'oy the results of MC Slrnu'a_u%fﬂ%1

1 ) n
Azﬁ)q quodn

form For a parametrization of the MC data see Ref. 52. In Ref. 1
(") was discussed the difference between interacting and free
" y(n' kinetic energies AE=(2/n?)(E;;—E). This difference is
_ 2 ’ int
m=Mo EXD{ mq VQJO dn k?(n’)}' (62 given asé=E;,/E—1 by the MC data of Ceperley and

) o o Alder. In our quasiparticle picture one h&s,,/E=mgy/m,

The general expression for finite temperatures is given bynd the effective mass is given bby=m,/(1+ ). This al-
Eq. (60). ~ lows us to determine the needed derivative as

Since the needed expressidnis Eg. (26) or v in Eq. (9)
are functions of the structure function, which is given itself
again by the response functigh0), we have the usual self- M: _'s (?_5
consistent procedure analogous to Ej.first introduced by dlnn  3(1+06) drg’
STLS (Ref. 4 but with anotherG(q). Here we suggest to
obtain the effective mass and energy shift from Eq57)  The differenceAE is given by the large-wavelength limit of
usingl(q). the local field,

Alternatively one might use the well-known experimental
values of the static structure fact8f and determine this way q!2 1
the effective mass and energy shift. This definition of effec- |; 12— _
tive mass has the advantage that the third-order and com-,!ILnOG(Q) 7/O(k ) IImV [Val (@)~ AE]
pressibility sum rule of the response function will be ren-
dered exactly. Therefore E(G0) is the second main result of 1 ( 1 dlnm SA
this paper. oVgi2mndlnn  on)’

Let us remark that if we would have no effective mass but
a mere density-dependent self-enetgysuch as in density- o 93 )
functional theories, the requirement of EqS8) and (59)  Which is presented byy,,™ see Table I. This allows us to
corresponding to the compressibility and third-order fre-determine the quasiparticle energi/én, since the last line
quency sum rule cannot be fulfilled simultaneously. This wa®f EQ. (64) is just Eq.(57). The first model can be called the
remarked in detail in literature:'® By including the effec- improved Pathak/Vashishta scheme (PXE) while the
tive mass, we can resolve this puzzle here. second one together with the effective mé&3) establishes
the quasiparticle picture proposed here. We remark that, in
order to realize a certain Bruckner parametgr the quasi-
particle picture must be calculated with(1+ &), since all

As a test example we will now consider the unpolarizedformulas work with the effective mass leading tQ/(1
electron gas in three dimensiof3D) at zero temperature. + ).

(63

gq—0"q

IV. NUMERICAL RESULTS AND DISCUSSION
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With this determination of the QP parameters as well as K2 1 K2\2 |2—K
(PV+ AE) from MC data we can now compare the results of ,(0K) 1 3— 7T IK 1- e In STK
the iteration schemé,— S;—1(q)— f,. For zero tempera- Ak 5
ture all formulas simplify and we give them here for conve- lo(0K) 2 _ i 1— K_) In 2—-K
nience in dimensionless momentuki=q/k, energy () 4K 4 2+K
= wl/€;, and distanc&R=rk;/A. Then the dimensionless ef- K2
fective local field is given by 1— ?+0(K4)
1
4\ 1/3 — 66
e 25 10 0- 2 LTI IR
m 45 17?2 '
E H2(0K) + < 65 ided we k he effective local fieltk i
4(1+90) ar, My 0K) ~ 4 (65) Provided we know the effective local fiell in Eq. (65),

the static structure factor can be obtained from @4) as
with o from Eq.(64) and y= —1/sf;dK(Sx—1) from Eq.

(9) and the spin degeneracy for electrosis 2. The PV 3 (= ITy(Q,K)

model would consist only of the terifK) on the right-hand SK:EL dQ Im 25\ B3 '
side of Eq.(65) and the (P AE) model takes into account 1—[fK+ (W) F}HO(Q,K)

the first line of Eq.(65). The QP finally takes all terms into 67)

account where we have used E86) or (57) and the require-
ment (64). The dimensionless functiohl,(0,K)/I1,(0,K) where we have used the zero-temperature dimensionless
=H2(0)/kf2H0(O) plotted in Fig. 5 is given by guantum polarization from EqB1),

4K?—(Q—K?)? 2K+0Q—-K? 4K?2—(Q+K?»? 2K+Q+K? =

Mo(Q,K)==1+ 8 "k—a+K? s Mk—a-k2''2
0
o for K<2 and |Q|<|K2—2K]
— or an -
x{ K (68)
4K?—(Q-K?)?

e for |K2—2K|<|Q|<|K?+2K].

With the help of the static structure factor we have the pair- The difference between the models becomes more appar-
correlation function(11), ent if we plot the local-field factor as in Figs. 2—4. We see
that the simple PV model underestimates the MC data,
though it satisfies the third-order frequency sum rule. This
result is improved by adding th®E, read off from the large-
wavelength limit of MC data. Further improvement is
from which the required (K) function reads according to achieved in the QP. At smaller densitieg= 2, the local field

3 ©
9R:1+§Jo dKK sin(KR)(S¢—1), (69)

Eq. (C249) is overestimated at higher wave vectors, which leads to the
deviation seen in Table I.
=»dR ) The QP curves show a small humpcgt 2k; in contrast
I(K)= —ZL R (Or=Dj2(KR) (70 {9 the PVWAE model. This comes from the function
IT,(0)/TIy(0), which is plotted in Fig. 5.
with the spherical Bessel functign(x). This function now While in 3D this hump atq=2k; is not much pro-
enters Eq(65), closing the iteration. nounced, it shows up in 2D systerisWith the help of the

In Table | we compare the small-distance value of the paiformulas in Appendix B one can present also the 2D results,
correlation(11) of the PV+ AE model with the QP model. which should be devoted to another paper.
We see that for more dense systems the+PAE model According to Eq.(57) the functional form ofll, /11, on
leads to correlations that are too large, while the QP modehe right-hand side should be equal {&) which is a smooth
gives values lower than the MC values at highgr In Fig.  function according to Figs. 2—4. Therefore with the simple
1 we compare the static structure factor of the two modelgjuasiparticle picture considered so far one cannot satisfy the
with the MC data. We see that a difference occurs betweethird-order sum rule for alf. In order to achieve this, we
the PV+ AE and QP model at higher,. must allow A as well as the effective mass to havega
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1 - 2 T T T
d
r.=5
15 E
r=1 — G -
TTTT Sy //
® MC data Y
——- Gp+AE 4
- g 1L Gep s ]
[75) 05 | A (5 //

--=--r=0
@VoneCao | | ST ememmmmmmmmmme e
——- PV+AE 05 - - ]
° 2 3 % 1 2 3 a
a’k a’k,
FIG. 1. The static structure factor fog=0, r,=1 andr =10 FIG. 3. The static local field fors=5 from the PV, the PV

from the PV, the PW AE, and QP model compared to the MC data +AE, and QP model compared to the MC déaRef. 24.
(Ref. 23 as presented in Ref. 25.

_ . dependent effective mass, energy shift, and a relaxation time
dependence. Of course this leads to a self-consistent quaskgpecting density, energy, and momentum conservation. The
particle picture, since the energies under integration of th%iynamical response function can be given in the form of a
p_olarization funqtion now change their dispersion. The iteray,qgified RPA including a dynamical local field. This local
tion scheme is therefore enlarged t6,—S,—1(d)  field leads in the static limit to the correct compressibility.
—A(q),m(q)—f4 according to Eq(57). We call this itera-  The effective mass and quasiparticle energy shift are pro-
tion here SQP. It S.atI.S'erS the thlrd—qrder frequency sum ruI%osed to be determined by the requirement of the third-order
and the compressibility sum rule simultaneously for@ll ~ sym rule. This allows in turn to satisfy the compressibility
The results describe the MC data in Figs. 2—4. Also, the;ym ryle simultaneously. Since the effective mass is now a
small-distance value of the pair-correlation function is NoWsnction of the structure factor, one might use experimentally
in better agreement with the MC data as can be seen ipnown values or simulation results to construct a more real-
Table I. istic quasiparticle picture. The consequences on microscopic

expressions of the self-energy are presented. The thermal av-
V. SUMMARY eraged self-energy and wave-function renormalization, i.e.,
I‘t_}he frequency derivative of the self-energy, are linked to the

We have derived a response function in the quasiparticle _. X . .
)P_aw—correlatlon function at small distances.

picture where the correlations are parametrized by a densit

15
re=
— Go
--== Gy
1F ® MC data

——- Gp+AE

Gl — Geee Gl

(0] i S

05 A

0 1 2 3
ak; ak;
FIG. 2. The static local field for;=2 from the PV, the PV FIG. 4. The static local field forg=10 from the PV, the PV
+AE, and QP model compared to the MC dé&Ref. 24. +AE, and QP model compared to the MC dé&Ref. 24.
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09 r

solp-QROI-u(RY| |
( TR )“} - B3

This local equilibrium is given by a local time-dependent
chemical potential, a local temperatur€, and a local mass
motion momentumQ. These local quantities have been
specified by the requirement that the expectation values for
density, momentum, and energy are the same as the expec-
tation values performed witk, which ensures conservation
laws.

The correlations are shared in the kinetic equati®?) in

such a way that the energy operatBrparametrizes the
density-dependent quasiparticle energy or variation of the
energy functional in the Landau liquidnomentum depen-
04 , . . . dend or density-functional sensgnomentum independent
0 K, and the collision integral is approximated by a conserving
4 relaxation-time approximation. While in Ref. 42 the general
FIG. 5. T1,(0)/T1,(0)—q%4 of Eq. (57) or explicitly Eq.(66)  density-, energy-, and momentum-dependent form of such a
for three dimensions at zero temperature. parametrization has been discussed we want to consider now
only a special case of an effective-mass and rigid shift pa-
While all the expressions we derived are valid for finite rametrization,
temperatures, we have compared them as a test example with
the Monte Carlo data for an electron gas at zero temperature. . 1
We find an improved description by the Pathak-Vashishta 5=—V(2m(ﬁ)
scheme accomplished by an energy shift derived from MC
data. The best agreement with the data is achieved by coRych that the variation&(n)=&,+5¢ reads [p=(p;
structing a nonlocal quasiparticle picture allowing for a yp.y/2 g=p.—
) 24P2)/2, q=p1— Pl
wave-vector-dependent effective mass and an energy shift in
the form of a self-consistent quasiparticle picture.

F(p)=

0.7

05

03 r

TL,(O)/TT,(0)-q /4 [k/]

01

V+A(n), (A4)

8€=(py| 6€|p2)=(Vo+V4p®) dn(q) (A5)
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APPENDIX A: DYNAMIC RESPONSE FUNCTION \V; =i iz _ 1 dinm (AB)
47 on 2m 2nm dlnn "’

In a former papet?® the density, current, and energy
response{x, x;, xe} =A{1,0,0" of an interacting quantum  The response matrikAl) can be given in terms of the

system polarization matrixP, see Eq(29) of Ref. 42, which is the
response of the kinetic equation without the self-consistent
én X 1 guasiparticle energie&. The response reads
q-8J | = x5 | v™¥=x| O | vext (A1) -1
SE e 0 X=(ZI-PG V) P (A7)

to the external perturbatiovi® were derived formally, pro- with the matrices simplified for our considered c#8&),
vided the density, momentum, and energy are conserved.

This has been achieved by linearizing the kinetic equation 9:1Vo+tgpVa 0 0
for the one-particle density operatprin the relaxation-time V= 9pq¥o+GpzpgVs O O , (A8)
approximation gNVo++0p2Vs 0 0/
Ao~
pri[Ervetn =2 P (A2) 91 Gpg O
G={ 9pa 9(pa)2 Ypae , (A9)

where the relaxation was considered with respect to the

local-density operatqﬁi"e' or the corresponding local equilib-
rium distribution function and the correlation functiorfg = p%/2m+ A] are defined as

ge gepq gee w+ilr
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q q M~ w
dp Flp+ 5)—F(p—§) x(w)= — (@) . (A15)
= 1= VoI w) = 2mV,ll 1§ w)
gy(w) f (277)3¢ q q .
€ p+—)—s(p——)—w—i0 where
2 2
(A10) |
Explicit formulas are in Appendix B. We keep the matrix H””'EHhHZ(O) Tolly| o T
notation of Ref. 42 also for this special case in order to hgw)=—5— T
convince the reader about the technical usefulness of such [pllo(0) —iTolly| 0+ —
notation. The X 3 polarization matrixP={I1,,} contains T
the corresponding density, momentum, and energy polariza- i i i
tions as I3 w+—)—H0 w+—)H4 a)—l——)
T T T
In,= > (Al6)
on Iy, 115(0) —I1(0)I14(0)
6qd | =| My | V™. (A11) are expressed in terms of moments of the correlation func-
oE 5 tion (B1). The response functiof83) is the main result of

this paper since it gives the consistent response function for
In fact as found in Ref. 46 it is possible to express thethe quasiparticle consisting of effective mass, energy, and
density polarization functiodl;=I1"*E, including density, relaxation time.
current, and energy conservation, by a simpler one contain-
ing density and energy conservatibi'E as APPENDIX B:
EXPLICIT FORMULAS OF CORRELATION FUNCTIONS

1 1 1 1 e ﬁz The different occurring correlation functiof&10) can be

MM & w) ; 1" w) N " w) - M"(w) - 71nq written in terms of moments of the usual Lindhard polariza-
(A12) tion functionIIy,

This shows that the momentum conservation leads simply to q q
a dynamical local-field correction. The energy- and density- dp Flp+ 2]~ Flp— 2
conserving polarization function reads explicitly ansj p" (B1)
(27)P pqg .
——w—10
i m
91(0)"‘ o 9:(0) as
" w)=(1-iwTr) h
1
g:=1lo,
[hg1(0)—h;g.(0)]? Gpq=Mmello,
—wTi > . (A13)
hl(hs_hsehl) g :&
where we use the abbreviationh,=g,(w+i/7) ©2m
—w7ig4(0). Thefirst part is just the known Mermin-Das
polarization function including only density 9 2:&
conservatior°° €T 2om’
Hn(w): Ho(w+|/7') . gpzpq:meZa
1 1 Ho((l)+|/7') _ ) + 2 2H (BZ)
1-iw7 TTo(0) 2= —MaNTM @ o
. Heres s the spin degeneracy amlgives the dimension of
! the system. While all formulas in the text are written for the
91| @+ —/91(0) ; )
—(1-iw7) T (A14) three-dimensional case, they hold equally for one and two
(A-iwr h, dimensions.

For practical and numerical calculations we can rewrite

Now we want to give the full density response function the 11, by polynomial division as
x = X1, according to Eq(A1). Due to the special considered
case(A5) and consequentlyA8), the density response func-
tion x can be written from Eq(A7) into (IT,,=11"E)

m2w?

sz_mn+ qz Ho+ﬁ2,
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nmaq Amlew?| mie? 2mlw?. a. 3D case
Ma==— ( q* )_ q* Mo~ q° I Sinced,F=—pad,F/m, partial integration gives
14 L for b=23 f F'G f G (B7)
~ m (9
P N 83) (—3 (p)= (2n) p? o[ PG(P)]
3 - for D=1,
2 and applied to Eq(B5) one gets
where thell; are the projected moments perpendicularto q? 2q*
and read Hp(w)=—3n+ - 4E+0(0|6) (B8)
q q The densityn and energyE, and higher moments read in
2F|p+z|—Flp—3
~ dp (pq) 2 2 terms of
HZ:S] 2me| P T O pq
(2m) q F_w_io ‘¢ 1 f“’ X"~ ldx 89
"T(n)Jo exBuy1 (B9)
JM du'T1 2 for D=3
= ! as
M) 001 for D=1,2
S
2 for D=3 n:<1>:Ff3/2,
~M 0
1 for D=1,2,
E<p2> Sf#d, 3Sf
= —_— = — n: —_—— s
ﬁ‘sf dp (p (pq)q> 2 2
4= ) - 15 s
(2m) q @—w—io E2:<( ) >: f du'E a2 3f7/2,
m B\
B Zfﬂd 'de - 8 for D=3 £ p23_7fud ’E—lOSSf B10
—me ) dwt) 8 ol g qor D12 =\|2m| |72) 9 Eegpaalon (B1O
8 for D=3 With the help of Eqs(B4) and(B3) one writes down imme-
~m?T? diately the higher-order correlation functions as
Mol 5 or D=1,2. B4 Y g
: o . - 4q? 8q*
The corresponding last identities are valid only for nonde- fl,(w)= =—5E+ ——E,,
generate, Maxwellian distributions with temperatdreThe 3w SMw
general form of the polarization functions is presented as an 5 .
integral over the chemical potential of the Lindhard polar- Tl (w)= 32mq E.4 64q E (B11)
izationI1,. This is applicable also to the degenerate case. 4 15w 2 35p* 3"
) The static cas¢€B6) yields with Eq.(B7),
1. Long-wavelength expansion
In real situations_it is often he_lpful to ha\_/e the sma_ll- MMo(0)=—4, n+q—2(92 (B12)
wave-vector expansion of the various occurring correlation 12m ul
functions. With the help of Eq4B4) and (B3) this can be .
tremendously simplified if the expansion fdy, is written as and with Eqs(B3) and (B4)
2
s d 2 2 2 ~ _ n q_
(27) m‘w 8Mm w
- 16 2meof
(@p) , (PO 5 fi,(0)= - ZmPE+ o (B13)
_ m__ 4 = .
catal T mEoa | o), (B5) 3 3

In the text we use also the small- and large-wave-vector limit

whereF’=4,F, etc. For the static case we have : o ; -
of the static 3D polarization functions. Since

dp 9*_, (ap)? . 2 2
— | T en_ > =m —-n K: +0
I1,(0) sf (2W)D< F't gmF" = 5amz P | +ola). o 0 ;qzm)2 -
= m
(B6) 0 —4n—— ?Eﬁ‘O(l/qe),
We give now the one-, two-, and three-dimensional cases q q
separately. we obtain from Eqgs(B3) and (B4)
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—3mn+o0(g?)

I1,(0)= 16m £ 128n3E U
3 q2 1&4 2+0( CI)

(B15)

which leads to

3m
M,0) | nko+o(@)
Ie(0) | 92

2Em L2
4" g ol

(B16)

b. 2D case
For two dimensions, we have instead of E§7),

dp _, B dp
f (27)2': G(D)—mf (ZT)ZFf?pG(D),

which applied to Eq(B5) yields

(B17)

22

6mq*
Iy(w)= M2 n+

E
mo?

(B18)

and from Eqgs(B3) and (B4)
2 6’7Tq4

2mq
me? Ea,

ﬁz(w)=—w2—E+

- 67g°m 187q*
Hy(w)= o2 E2t— 7 Es

(B19)

The different occurring moments read here

n=(1)=—=f;

1 s

/?Ff“' (B20)

p2 3 u
== 2m H e
The static case is now analogous and reads with(B#7)

from Eq. (B6)

q2
I4(0)=—d,n+ 5,—a4n,

PHYSICAL REVIEW B 66, 075125 (2002

c. 1D case

For one dimension we have instead of Eg7)

(gp)F G(p)= (g—p)Fa (Gfop)), (B22)
which applied to Eq(B5) yields
2 4 4
My(w)= 3:](»2 n— 60':2&)257,;”+ 52(21604 E,
2 4 4
lslo)= oy e nt oo,
amq? 24q°
Hw)= ey E,— 0sz+ 2507 Es. (B23)
The static case is
a® ,
[Mo(0)= = d,n+ 5= duN,
- q2
I1,(0)=—mn+ — 12 a,n
[1,(0)=—=—-6m’E+ mqun. (B24)

The occurring moments read here

S
n:<1>:Kf1/2,
- p*\ 1 “ine LS
=\ 2m —Ef Mn—@x 312,
<( ) > j dlu‘ 16B2 f5/21

5(s. 15 s
Es= EJ du Ef@gxfwz- (B25

2. Large-frequency limit

The large-frequency limit can be given analogously to the
foregoing section. We restrict here to the expansion for 3D,

u q° 2q* ° 1
24m Mo(@)= — N+ 5 B+ z3—gn+o| —
- q? (B26)
I1,(0)=—mn+ 24aMn, _
Please note the difference from the large-wavelength expan-

5 sion (B8). The corresponding higher-order correlation func-
~ _ an2e, MO tions are completely analogously given by the methods of the
Ma(0)=—3mE+ 8 n: (B2D) foregoing section. With Eq¢B4) and (B3), one gets
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4g? 8q* 6 1 Higher-order moments can be expressed by correlation func-
My(w)=s—=E+ 2Byt =—>—2E+o0 _6> , tions as welf® Here we restrict to the lowest two orders and
3w Smw 3m w rederive it in conventional way.

If we assume further equilibrium but finite systems, we

_ 32mcf 64q* 8q° 1 can define an averaged response by applying spatial averag-
Hw)= 1502 E,+ 3507 Es+ T5ma? E,+o0 Zg) ing fdR/V to Eq.(C7), such that we obtain
(B27) 1 ot/r -
Im x(q,0)=— 5 | dre {[n(q,H),n(—q,0]).
PERTURBATION THEORY AND FREQUENCY SUM (C8
RULES FOR ONE, TWO, AND THREE DIMENSIONS From this expression it is easy to see that the first two fre-
o ) ) ) quency sum rules read
The external potential is adiabatically switched on, do 1
Ve(r,t)=V(r)e®e(-1), (C1) f —olmx(g,0)= - ([ian(4,)]-0,n(~a,0]),
and induces a time-dependent change in the Hamiltonian op- do (C9)
erator, — o’ Imx(q,0) =~ —<[<|at *(0.0)]-0.n(~a.0]).
SH(t)= —f drn(r,t)Ve{(r,t). (C2)  Using the Heisenberg equatiosyn=[n,H] and
The variation of the density matrix operatqi(t)=p . zdpD 2p ala,
+5p(t) can be found from the linearized van Neumann (2m)" 2m
equation as
-
" ot A 2 (271_)3D PZp,“p, PPyt PP —p
Sp(ty=—i| [6H,pol, (C3
o R dp .,
where it has been assumed that the perturbation is conserving Ng= Wagapm, (C10
Symmetl’ieS of the equilibrium Hamlltonla[‘ll,:|0,5;)]=0 we can express the sum ru'@Q) as
The variation of the density expectation valugn q 1
~ . w A o~
=Tr dpn is consequently f s Im x(q,w)= \—/<[qu N_gl)
t ~ ~
5n(r,t)=iJ dt’fdr’V(r’,t’)([n(r,t),n(r’,t’)]). do 1 . S
- 4 f —o%Im x(d,0) =~ g([diq.[d]-q.HID,

. . . . (C1)
Since In equilibrium th_e commutator is only depen_dent Nyhere the divergence of the current operator reads
the difference of coordinates and times we can define
—21 i [ dp 2para C12

mx(q,w) o= | ZmP T 2m Herar (C12
. , . NN - Performing the last commutators, one obtains finall
:f dtela)(t—t )j drdr/e—lq(r—r )<[n(r,t),n(r’,t/)]>, Ing u ° | I Yy
do g% (Ng-0)
(C5) 7w|mX(q’w)_ET_nE (C13
from which we obtain the Fourier transform of E&4) to and
do Im , @) do
on(q,0)=V(q,w )J A, (Co f —®Im x(q, )
w—w—i0 ™
whereV®{(q,»)=V®Yq)/(0+iw). This is of course identi- ng
cal with Eq.(1). “ame T m3Vf (ZW)D(PQ) Aalap)
3. Sum rules 1 dp
Now one can derive the first- and second-order sum rules (2m)
of the imaginary part of the response functi@b). There- d
fore we generalize the definitigf€5) to nonequilibrium and (pQ)? dps Post o 2, i pq
finite systems, (277)2D P17 P22 t

1 4 o
imx(@.0RO=— [ dre [ dre (AR 028 (P pa)] [ AL AL g
+7/2),n(R—r/2t— 7/2)]). (C7) (C14
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Since we had symmetric expressiors,p)= ¢(—p), the
second term leads just to kinetic-energy density

3g° [ dp o
WJ (27T)D (pq)2<a£ap>

dp p ats 3 for 1D
(2m)P 2m %3/| 1 for 2D,3D
2q4E 3 for 1D
1 for 2D,3D. (€19

Now we are going to express the last four creation and an
nihilation operators using the structure function itself. There—

fore we use the definition of the pair-correlation function
(a al ar,a )=gn(ryn(ry). (C16
Applying the spatial averaging/dR/V, where R=(r;

+r5)/2 and Fourier transforming the difference—r, into
g, we obtain

dpld P2 ol B ~
(Zw)zovaplapzapﬁqapl q

) dR
=f dre"“‘”g,fvn(R+r/2)n(R—r/2)

= nzf dre”'9(g,—1)+n?(2m)38(q)

=n(S,—1)+n?(2m)38(q), (C17

PHYSICAL REVIEW B 66, 075125 (2002

where we understands,=(2m)38(k). For the one-
dimensional case an extra term appears,
Tua)=2 f dk 1+n§ K C20
(@)= (Z_W)(Sk_ +n k,O)qT (C20

In the following we restrict to the required formulas for
the three-dimensional case. One can Fourier transform

~ 3,)°V,
@)=~ [ drg11-cosan

which was first given by Puft. This correct form leads un-
voidably to the appearance of tiég terms in Eq.(C19),

very often overseen in later papers. For asymptotic expan-

sions, however, we have to be careful that 1 is the object

that renders spatial integrals finite. Therefore éhegerms in

Eqg. (C19 have to be considered separately,

(C2)

10 dk (kq)2 Vi
__f G (Ma N0 gr - =1, (€22
such that we obtain instead of E(@;Zl)
2
I(q fdr —D[1- cos{qr)] r) L1,
(C23
For Coulomb potentials we can further simplify
~ dr )
(@=-2] To-Digan-1  (©2a

with the spherical Bessel functigi(x). From this expres-
sion one sees the small-wave-vector limit

where we neglected spatial gradients in the density and used

Eq. (11) for the last step. Using EqC17) in Eq. (C14) we
obtain finally

fdw 3|
el m x(q, )

ng® 2q2E{3 for 1D

“am® " mZ |1 for 2D.3D
n2 ~ Ty(q) for 1D
——g*V,| 1(g)+ C18
mz 4 Va| M@ [o for 2030 18
with Eq. (26),

B (k Q)Z Vi

I(q) - J'(2’7T)D(Sk Sk_{—n(skq n5k0) q V_qy
(C19

T(q)———f drr(g,—1)—1+o(q%

2

q
_§p7—1+0(q4), (C29
f

where we have used E@l1) and definition(9). The long-
wave-vector limit takes the form

- =dx .
|<q>=—2fo ~(Gua— Dia(x)—1
edX
=—2(go— 1)f0 712(X)—1+0(1/q2)

=§(1—go)—1+0(1/q2)- (C26
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