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An applied strong electric field leads to a field-dependent collision integral of the Boltzmann equation. The electric field con- 
tributes to the collision integral by the collisional broadening and the intra-collisional field effect and produces a nonlinear behav- 
iour of the conductivity. Using a linear approximation of the collisional integral with respect to the electric field, there follows an 
additional term to the electrical conductivity of the plasma. This additional contribution can be considered as an analogue to the 
well-known Debye-Onsager relaxation effect of electrolyte theory. It is found that only the GKB ansatz of Lipavsky et al. repro- 
duces the classical limit of this effect well known from Kadomtsev's result. The quantum effects result in a remarkable behaviour 
in the dependence of the mass ratio of scattering particles, i.e., in a maximum of the relaxation effect at special mass ratio numbers 
of interacting charged particles. 

In this paper ,  we would like to consider  a p lasma  system in a high appl ied  electric field. The nonequi l ibr ium 
proper t ies  o f  such a many  part icle  system are to be descr ibed by a kinetic equation,  e.g. by the well-known 
Bol tzmann equat ion.  In order  to take into account  a strong electric field, a general izat ion o f  the ord inary  Boltz- 
mann  equat ion is necessary, especially the coll ision integral  has to be modif ied.  This  p roblem of  high field 
quan tum t ranspor t  was invest igated in many  papers  [ 1-8 ]. I t  was found that  the electric field produces  two 
modif ica t ions  o f  the coll ision integral: 

( i )  We have the coll is ional  broadening  effect, which means  the energy conserving J-function in the usually 
coll isional  integral has to be replaced by the more  compl ica ted  cosine term and the d is t r ibut ion  functions show 
a retardat ion.  This  effect is due to the f inite coll ision dura t ion  t ime [9,6,10-12 ] and is well known in kinetic 

theory [ 13 ]. 
( i i )  The appl ied  electric field modif ies  the coll ision broadening  on one side, and  it gives rise to an addi t ional  

re ta rda t ion  in the m o m e n t u m  of  the d is t r ibut ion  funct ion on the other  side. This effect is called intra-coll is ional  
f ield effect [ 5,4]. 

The a im of  this paper  is to discuss the general izat ion o f  the collision integral for high electric fields. Fur-  
thermore  we consider  this  coll ision integral  in l inear  approx imat ion  with respect to the external  electric field 
as it was done in ref. [ 14 ]. Thus we obta in  an addi t iona l  te rm in the electric conductivi ty.  The classical l imit  
o f  this effect was first der ived  by Kadomtsev  [ 15 ]. I t  is interest ing to remark  that  this term is an analogue to 
the well-known D e b y e - O n s a g e r - F a l k e n h a g e n  relaxat ion cont r ibut ion  to the electric conduct iv i ty  o f  electrolyte 
solutions. We can show that  only the G K B  ansatz for the g> and g< correlat ion function gives the correct 
Kadomtsev  result. 
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In this paper we develop the quantum generalizations of the Kadomtsev result and obtain an interesting 
quantum behaviour, i.e., a maximum of this relaxation effect in dependence on the mass ratio of interacting 
particles. 

We want to consider a system of charged particles of fermions under the influence of an applied constant 
electric field. Coupling the field in vector potential gauge, we have the Hamiltonian 

H= ~ f dr~P*(r,t,H,(p-eA(t,)~Pi(r,t,+½ ~ f d, dr~*(r,t)~(Lt)Vo(r-f,~(r,t,~(~,t ) . (1) 

The Coulomb interaction V is 

Vi j ( r - - f  ) = e2ZiZJ 
Ir-fl 

The nonequilibrium properties of such a system are determined in a well-known manner by the correlation 
functions 

1 ( ~ ( 1 )  ~ * ( 2 ) ) ,  g<(1, 2 )=  1 g>(1, 2 ) =  T - T (7t*(2) ~u(1) > " (2) 

It is useful to introduce different forms of nonequilibrium Green functions, e.g. the causal function is defined 
by 

g( 1, 2) = O(tl - t2 )g  > (1, 2) -O(t2 -q )g< (1, 2 ) ,  (3) 

and the retarded and advanced functions are given by 

gr/'(1, 2 ) =  _+O( _+ ( t l - t 2 ) )  [g> (1, 2 ) - g <  (1, 2 ) ] .  (4) 

Here ( ) denotes the average value with respect to the unknown nonequilibrium statistical operator p. 
The equations of motion for the nonequilibrium correlation functions may be derived in many different ways, 

using, e.g., Kadanoff and Baym's idea [ 16 ], Keldysh's nonequilibrium diagram technique [ 17 ] or the Martin- 
Schwinger hierarchy for the real-time Green function applying the condition of the weakening of initial cor- 
relations [ 18-21 ]. The result of the considerations are the following equations, 

( i o [(h/i'V'-'e/c'A't"]2)'2m f ~ T +  g ~ ( l ,  1 ' ) =  d?l,F, nv(rl,rl,tl)g~(f,,r'~,tl,) 

t l  t~  

+ J d l [ X > ( l , i ) - Z < ( 1 ,  l ) l g l ~ ( i , l ' ) -  J d i Z ~ ( l , i ) [ g ~ ' ( i , l ' ) - g i ' ( i , l ' ) ] ,  
- - o o  - - o o  

( _ i  o [-(h/i'V'l-(e/c'A(t"']2.) f Ot--T + 2m g~(1,  1 ' ) =  d?l g~(rl, fl, t~)Esv(?,, r'~, t,,) 
It ttl 

+ j d i [ g ; ( 1 ,  i ) - g ~ ( 1 ,  i ) ] E ' ( i , l ' ) -  j d i g ~ ( 1 , | ) [ E > ( i , l ' ) - E < ( i , l ' ) ] .  (5) 
- - o o  - - o o  

For further considerations it is convenient to introduce Wigner coordinates T, r, R, r. Furthermore we subtract 
the second equation from the first one and take the times tl = t ] .  In this way we obtain an equation for the 
time diagonal part of g<. This is just the Wigner function fw(p, T). It reads for the spatially homogeneous 
case [22] 
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0 

i A f w ( V ,  T)= ~ dr [{g>(P),,Y,<(P)}-{g<(P),,~>(P)}ltr-~/2,0<r-~/2,-~). (6) 
- - o o  

Here { , ) is the anti-commutator of integrals of Wigner coordinates indicated as a subscript. This equation 
is exact in time. 

In order to ensure the gauge invariance of the theory we have to introduce the kinematic momentum k = p +  eET 
in the case of constant electric fields [23 ]. This is the reason why gradient expansions fail with respect to the 
times [24]. 

To obtain an explicit form for the kinetic equation we have to determine the following quantities: 
(i) The selfenergy 27 ~. For the selfenergy we use the screened Born approximation, 

(p, R, z, T) = ~ d/id/i' dp (2n)3~(p+p , - / i - ~ '  ) [ V.(P-/O ]2 27~ (2X) 9 

Xg ~ (p', - r, R, T)g ~ (p, z, R, T)g ~ (if', z, R, T ) .  (7) 

(ii) The correlation functions g~ as a functional of  the Wigner distribution. The first idea to solve these 
problems is the spectral representation for the nonequilibrium correlation functions g ~, 

g<=ia(p, to, R, T)F(p, to, R, T), g > = - i a ( p ,  to, R, T ) [ 1 - F ( p ,  og, R, T ) ] .  (8) 

Usually this ansatz is simplified to 

g<(p, z, R, T)=ia(p,  09, R, T)fw(p, R, T ) ,  (9) 

with the Wigner distribution function fw. This ansatz, the so-called Kadanoff-Baym ansatz, is only justified, 
if the quasiparticle picture is a valid approximation, that means if the spectral function of (8) reduces to a & 
distribution function at the quasiparticle energy. 

It is known that the spectral function of free particles in an external electric field is given by [ 7 ] 

2n 
Ao(k, to, R, T) = ~ Ai [ ( 1/2E) ( t o -  kE/2m) ] , (10) 

where 2e is defined by 23e = e2E2/8m. Therefore, the Kadanoff-Baym ansatz (KB) cannot be applied in this 
case. A more systematic way of constructing an ansatz can be found in ref. [ 3 ]. Here a generalized Kadanoff- 
Baym ansatz (GKB) [ 3 ] is used, which is exact for Hartree-Fock approximations for the selfenergy. It takes 
the form for constant fields 

[ i (  e2E 2 ) ]  
g<(k, z,R, T ) = - i e x p  - ~ ~kZ+ ~-~m z3 fw(k-½eEIzI ,R ,  T - ½ z ) .  (11) 

Introducing ( 11 ) in (7) for eq. (6) we finally obtain the following kinetic equation for the two particle scat- 
tering, where we have transformed to the gauge invariant variables k=eET+p [22], 

o__f. OT +eE.V~,,f~= ~ lob, 

(2nh) 9 

f {'[ × dT2cos ~ (~a+E~--~--~D~--½E~2"( Gk~ +-- 
\ ma 

0 
mr, m,, mb I l J  

X t {Aft,( 1 - f~)  ( 1 --f~,) - r a f t , (  1 -f , , )  ( 1 -f~,) } (12) 
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Here we have written, e.g., fb for fb (kb--eEz, T -  ½ r) for simplicity. Furthermore it is assumed, that no charge 
or mass transfer will occur during the collision. Otherwise one would obtain an additional term in the cosine 
function proportional to r 3. 

Two modifications of the usual Boltzmann collision integral can be deduced from (12): 
(i) We recognize a broadening of the ~-distribution function of the energy conservation and an additional 

retardation in the center-of-mass times of the distribution functions. This is known as collisional broadening 
(coU) and is a result of finite collision duration [6]. This effect can be observed even if no external field is 
applied. It is interesting to remark that this collisional broadening ensures the conservation of the total energy 
[ 13 ]. If this effect is neglected one gets the Boltzmann equation. 

(ii) Secondly the electric field modifies the broadened S-distribution function considerably by a term pro- 
portional to z 2. At the same time the momentum of the distribution function becomes retarded by the dif- 
ference time. This effect is named intra-collisional field effect (ICFE) and contains the retardation of distri- 
bution functions with respect to the momentum, which we will call ICF, and the part changing the cosine term, 
which will be named ICB. 

We note that the part ICB of the intra-collisional field effect vanishes in the case of identical particles as 
may be verified by the momentum-conserving &distribution in (12). 

In order to simplify the collision term (12) we introduce a new variable, 

k'=Q+½q, £'=Q-½q, 

and taking into account the conservation of momentum, we obtain 
oo  I { l [ ( , . .  ) 2 [ dqdQ V2(q ) d'r2cos -- + q.Q , f ea 

0 

× [ f~(k*)fb(Q*+ ½q) -fa(k*+q)fbCQ*- ½q) ] • (13) 

For k* and Q* one obtains different expressions using the KB or the GKB ansatz, respectively. 
For the KB ansatz one gets 

k * = k -  ½eEz, Q*= Q -  ½eEz, 

whereas for the GKB ansatz ( 11 ) one would obtain 

k* =k-eEz,  Q*=Q-eEz  . 

Therefore the comparison of the two different types of ansatz shows, that the GKB will lead to a double ICF, 
which agrees with the one found from density operator techniques [ 25 ]. We will indicate it by the factor L = 2. 
Further we are only interested in the modification of the transport theory due to the electric field. That means 
we can neglect the time retardation in the distribution function, but include the momentum retardation of the 
distribution function due to the field. Therefore we obtain the usual Boltzmann equation for the case of van- 
ishing electric fields. 

To study the influence of the intra-collisional field effects ICF and ICB in more detail, we linearize eq. (13) 
with respect to the electric field. In that way we obtain two additional terms in the Boltzmann collision integral, 

I a  = Z I a b  ..t_ l" ab _l..lab ( 1 4 )  
~ B  ~ t  I C F T ~ t  I C B  , 

b 
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oo 

II~F = -  L ~ v ,  dr ~cos(aT)eE.V.[fo(k+q)fb(Q-lq)-f~(k)fb(Q+½q)] 
0 

+ ebm a r ) 
eamb -~ [ eE" Vk cos(aT) l [fa( k + q )fb( Q -  ½q) --f~( k )fb( Q+ ½q) ] , 

oo 

I,'bcn= - ~ (1--ebma] f dqdQ V2 ff dr 2 [eE. Vkcos(az)][fa(k+q)fb(Q--½q)--fa(k)fb(Q+ ½q)] 
eamb] ~ 

0 

with the abbreviations 

(15) 

1 ( q2 k'q q.Q~ 
a = -  h \ 2~ma + -ma -~b ] " 

The ICF of the retardation of J~ could be rewritten by changing Q -  ½eET to Q. Neglecting back scattering the 
first term of  eq. (14) is sometimes written at the "drift side" of  the kinetic equation ( 12 ) as a renormalization 
of the driven electric field [26,15]. The second term turned out to be necessary in order to get the correct 
classical limit, as we will see below. 

It was convenient to rearrange the additional collisional integral (14), which was possible by writing 

z---~cos(av)eE.q= z --~eE.Vk cos(aT) .  

Further on we use the equivalence 

i dTzcos(az)=-P(1 /a2) ,  
0 

where P denotes the principal value. After some rearrangement we arrive at 

Arab tab . t a b  ( ebma~m2 f dqdQ 
z = ~ t  I C F  ~-ICB = ( L -  1 ) 1 .  eamb/ J ~ V(q)2 

Q q -  mb q2 mb 
× e.E.Vp(fp+qFe_q/2 -fpFe+q/2) k'q ma 2 ma 

ebma'~ ~ 2 " a ~ b  . / ~  mb q2 - 2 .  
+ l + ( L _ l ) e _ ~ J e a l  ~.vvm2 ~ dqdQ V(q)2(f~+qF~2-q/2-Jvl~ t2+q/2)~ ~ ' q -  ~ "2 mb / 

(16) 

In the following steps we are interested only in corrections to the flux, and therefore we use the balance equation 
for momentum 

0 
<p) -- ne,,E( 1-4- 8Erel/E) = E (PI~ b > , (17) 

O~ -K 

where •Erel= (pA/°b)  is a renormalization of  the external field similar to the Debye-Onsager relaxation field 
in the theory of electrolyte transport [ 27-29 ]. This effect can be shown to  be a result o f  the deformation of 
the two-particle correlation function by an applied electric field. 
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With the help of  the additional integration over p it is possible to simplify the integral considerably. To achieve 
this, we first change the integration variables to p and Q, in f a n d  F, respectively. Then it is easy to see that 
most terms cancel each other. The term which remains and determines the additional flux due to the field has 
the following form, 

nea~E= ~ ~ ( 2 ~ A l a b = ( L - 1 ) (  l-ebma]earnb/m~kTa m2 

f ~ ( m b )  q 2 ~ ]  -2 d p d q d Q  V(q)2eaE.pf~,F~2 Q.q+ 1 + -~ 2 a . .J  
X (2nh)9 p.q . (18) 

As can be seen immediately from (18),  we get no effect if we use the KB ansatz. Therefore this case will not 
be considered further. 

The integrals can easily be handled starting with the q integration. I f  we consider a test system of  electrons 
and negatively charged ions, we can assume the statically screened potential Vs to be a Debye one with the 
screening parameter  xt), 

4~e 2 nb 
~o kTb" 

The resulting additional flux, which was expressed as a renormalizing field, finally becomes 

~E= xDe2 (~  nbe2(m°+rnb)mb y 
3Co _ _  ( makTb + mbkT.) 2 ~ l + x2-(  l'5 + x2)v/-~ exp(x2) [1-t~(x) ]} 

)(~ eDna]-'kTb ] xDe2 X(L--1)(1--ebma/earnb) ---- 6eok-------~ ( .  (19) 

Here we assume a Maxwellian corresponding to the field linearization. The parameter x is the product (2aeXD) 
of  the screening parameter  and the thermal de Broglie wavelength [ 30 ] of  two particles, 

( 1  1 ](2kTa 2kTb] -1/2 
}tab=h ~ + ~ 4" mb/\ m~ mb / 
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Fig. 1. The ICB effect only for four different electron tempera- 
tures (1, 3, 5, 7 times the ion temperature) versus mass ratio 
together with the quantum result (dotted line). The temperature 
of  ions is 10 000 K and the electron density 10 ~s cm - 3 
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Fig. 2. The ICF effect only for four different electron tempera- 
tures (1, 3, 5, 7 times the ion temperature) versus mass ratio 
together with the quantum result (dotted line). Temperature and 
density as in fig. 1. 
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Fig. 3. The net relaxation effect ICFE for four different electron 
temperatures (1, 3, 5, 7 times the ion temperature) versus mass 
ratio together with the quantum result (dotted line ). Tempera- 
ture and density as in fig. 1. 

and thus describes the quantum interference effects. Equation (19) shows that the ICFE turned out to have 
a classical counterpart even in linear response. 

Various special cases can be discussed. In figs. 1-3 we plotted the behaviour for the different parts of  the 
ICFE versus the mass ratio of  scattered particles in a two-component plasma. The behaviour of  ICB only and 
ICF as well are to be seen in figs. 1 and 2. This means that the modification of the cosine term, signed as ICB, 
leads to an enhancement of  the applied electric field. In contrast, the momentum retardation of the distribution 
function in (13), which was named ICF, lowers the applied field. The net effect of  ICFE consists in a decrease 
of  the flux of particles or a suppression of the applied electric field. 

The electron density of  the hydrogen plasma is assumed to be 10 ~s cm-3 and the temperature of  ions is 10000 
K. It can be observed that, with increasing electron temperature and diminishing of the electron-ion mass ratio, 
the effect is enhanced. The quantum corrections result in a slight decrease of  this behaviour. This becomes 
more important at higher densities and lower temperatures, i.e. with a larger screening parameter ri~ and/or  
a larger thermal wavelength. In the classical case, we obtain for large mass ratios and equal temperatures 

8Edass = /ODe 2 1 lODe 2 
- 3eok------T1 +e2na/e2nb - 6eokTa ~" (20) 

This result is in full agreement with the one obtained in ref. [ 30 ]. So we can see that for equal but oppositely 
charged particles the factor in front of  (20) is just -~. This is the lowering of ihe  conductivity known as Debye-  
Onsager relaxation effect [ 15,26,30-32 ]. It is well understood from the theory of  electrolytes [27 ], where the 
conductivity becomes smaller because the electric field, acting on a charged particle within a plasma, is partially 
compensated by the nonequilibrium screening cloud. 

For twofold ionized ions and electrons we obtain a factor of  2. The comparison between a plasma consisting 
of electrons and twofold ionized ions and another with singly ionized ions is shown in figs. 4-6. 

Towards lower mass ratios the quantum corrections yield an interesting maximum of  the relaxation effect 
for mass ratios of  electrons/ions between 5 and 6. In other words, particles with double charges and masses 
5 or 6 times larger than those of the surrounding particles will experience a maximum of  retardation. The qual- 
itative behaviour can be understood if we imagine the collective motion of charged particles and their screening 
cloud due to an applied electric field. The smaller the mass of  the screening particles is, the larger is the ac- 
celeration of them against the field direction and the resulting enhancement of  retardation. The quantum result, 
on the other hand, means that for the motion of heavier ions and their screening, a nonlinear behaviour occurs, 
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Fig. 4. The ICB effect for two different charge ratios ( 1, 2 times 
the electron charges) of the interacting particles versus mass ra- 
tio in comparison with the quantum result (dotted line). Tem- 
perature and density as in fig. 1. 

Fig. 5. The ICF effect for two different charge ratios ( 1, 2 times 
the electron charges) of the interacting particles versus mass ra- 
tio in comparison with the quantum result (dotted line). Tem- 
perature and density as in fig. 1. 
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Fig. 6. The net relaxation effect ICFE for two different charge 
ratios ( 1, 2 times the electron charges) of the interacting parti- 
cles versus mass ratio in comparison with the quantum result 
(dotted line). Temperature and density as in fig. 1. 

which cannot be expected in s imple classical ideas. The latter is essentially dependent on the thermal de Broglie 
wavelength o f  the interacting two particles and has therefore to be considered as an effect o f  quantum interference. 

Finally let us repeat that we will get no relaxation effect at all, i f  we use the KB ansatz. Only the GKB ansatz 
reproduces the wel l -known classical relaxation effect. Therefore we consider this observation as a further jus- 
tification o f  the GKB ansatz. 

Forthcoming calculations should include the neglected collisional broadening. This concerns the t ime  re- 
tardation o f  the distribution functions in the generalized Bol tzmann equation, but not the considered one o f  
m o m e n t u m  relaxation due to the field. The linearization o f  the electric field presented here should also be 
overcome  by some  analytical calculations in order to understand the effects obtained numerically. 

We like to thank Professor Kraeft for st imulating discussions. One o f  the authors (K.M. )  wishes to thank 
Professor Jauho in Copenhagen for the benefit o f  several stays at NBI. 
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