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Abstract

We study the structure functions of wave turbulence at small separations. We show that the criteria for breakdown obtained
previously by examining the uniform validity of the asymptotic closure govern how close wave turbulence stays to joint
Gaussianity. A new result in the case of small separations in that the system behavior is organized by a special point in the
(o, B) plane wherex and g are the homogeneity parameters for the linear and nonlinear coupling coefficients. Finally, we
explore how modifications of the breakdown criteria are necessary because of the strengths of non-local long-wave—short-wave
interactions.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

In [1,6], we developed simple criteria for the breakdown of the wave turbulence approximation for situations
where the energy transfer is sufficiently local. Here we both extend these results and discover some new behavior:
of the structure functions:

Sn(r) = ((ux + 1) —u@)™), (1.1)

whenr = |r| is small. The variabla(x, ¢) is a spatially homogeneous, random, bounded field and we assume that,
initially, its cumulants decay strongly as separations become large. It represents a wave field which, for example,
one may think of as the surface elevation of the sea. To leading order, propagation of deformations of the surface
obey linear dispersion relations but, over long times, energy is exchanged between waveswgaresonances

(r = 3,4,...). This exchange is described by a kinetic equation for the wave-action spectral density whose most
relevant stationary states are the Kolmogorov—Zakharov (KZ) finite flux spectra for both energy and wave-action
(particles). Using these solutions, we can directly calculate the corresponding physical space averages. To examin
small scale behavior, the structure functioihgr) are most useful. The main reason is that their dependenctoon

smallr indicates the degree of non-smoothness of the varighlein realizations of the field. For example, we will

find thatSy ~ r®V, ¢y < N, which indicates that the variable (e.g. the sea surface) has lost differentiability and the
values¢y will tell us something of how scalloped it looks. 8ection 2ve examine their behavior in considerable
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detail. InSection 3 we briefly consider how the breakdown criteria change as non-local (long wave—short wave)
interactions compete with the local interactions which give rise to the KZ spectra.
The new results of this paper are

1. Previously, we have shown that the expansions for the structure functions exhibit a departure from joint Gaussian
statistics at small values< ryL. The scaley exactly coincides with the W(:lve-numk]qqul we obtained for
wave turbulence breakdown by examining the uniform validity of the kinetic equation’s asymptotic expansion.
What is new here is that we examine universality of the structure functions by calculating whether the dominant
contribution to their behaviors arise from the universal Kolmogorov—Zakharov (KZ) spectra, or from the forcing
terms associated with large scales. It turns out that their universality can be conveniently characterized in the
(o, B) plane wherex and 8 are numbers capturing the relative strengths of the linear and nonlinear coupling
coefficients. We provide colorful road-maps in the cases of three and four wave interactions. We argue why there
is a special point in théx, 8) plane about which all the different behaviors are organized. Further, we show
that there is an open set @f, 8) values such that one can always find an appropriate variable for which all the
structure functions are universal.

2. The analysis of wave turbulence breakdown to date has assumed that the nonlinear coupling coefficients are
sufficiently local so that all the integrals multiplying the lakgleehaviors converge. This may not always be the
case. InSection 3we ask whether certain divergences which, depending on coupling coefficients, can emerge
due to strong non-local long-wave—short-wave interactions, modify the simple breakdown criteria and find that
a modification can indeed occur. We discuss this modification and, as a concrete example, look at the case for
deep water gravity waves.

The wave turbulence approximation proceeds as follows. We begin with the equation:

—As(k 1 —iswk)AS(k, t) ="~ 12 > /Lfklljfz oA Ky DA Ky, 1) - - A (K,y)
m=251"Sm

x8(ky +ky+ - +k, —k)dkq dk, - - - dk,, (1.2)

for the generalized Fourier transfoud; of the canonical physical field* (x) where 0< ¢ <« 1. In(1.2), °(k)
is the dispersion relation an&:ﬁl is the nonlinear coupling coefficient. The letteis an integer which counts
the degeneracy of the d|sperS|on relation; here we take it thbso thatw’(k) = sw(k). The funct|onSw(k)

andLg! )" are taken to be homogeneous(kk) = A*w(k); L3357 o) = APLREE ILTEES o0, = WL ER)
of degreesx B andy, respectively. Frong1.2) one can build the BBGKY hlerarchy of equations for the Founer
cumulants, namely the Fourier transforngS " " (k, &', ..., kN "D)§k + - - - + kN~ l)) of phyS|caI space
cumulantRWsS-sY "V (N=2)y which are defined aNth order moments{u @u’ Gtr) - ut T
r(N=2)), from which the appropnate combinations of products of lower order moments are subtracted so that
R™ — 0 as any of the separations, ||, ..., [r'™ 2| — oco. We solve the hierarchy iteratively in powers of
amplitude:
Q(N)ss’...S(N—l) (k k, L k(N,l))
1 : ’
= g kL RN ooty oS g gy (1.3)

and demand th4t..3)is a uniformly valid asymptotic expansion in time. To achieve this goal, we choose the slow
time behawors of thq(N)g s ( , --+) to remove any secular growth. The resulting hierarchy of equations for
theq is closed. Th|s is what we cadlsymptotic closure. Because the equations fqg\”, N > 2, appear as
expressions for iz In q ,d/dr In g3’ which only depend onj = ¢, S(k), the asymptotic closure reduces to a
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kinetic equation:

d . , , ,
ani = &2To[ns] + e*Tu[nf] + - - - + 2P Top[n] + - (1.4)

and a frequency renormalization:
swy — Swg + szﬂé[ni] +e (1.5)

For time scales?’r = O(1), 2’2t « 1, p > 1, we seek solutions of the kinetiguation (1.4jruncated at order
2p. The collision tern>[n;] is built from three wave resonances; the teffiggi;] from four wave resonances and
spectral gradients of the three wave resonances and so on. Here we give the expression]fand 25, [n.],

— ,+ - (2)s—s.
where we have uset, = n;,” =n, = q, :

—85—51—952 §1—528 §285—S81
SS15 —k—ky—k, ky—kok kok—k;
To[ni] = 4n Z / Lﬂéé("k”klnkz) < + +

—~ ni niy niy
x 8(s1w(ky) + s2w(kp) — sw(k))8(ky + ky — k) dky dks, (1.6)
1 1 1
442
To[n] :47'[/ |Lk7k1k2| NNy Ny ((n_kl + i’l_kz — a) 5((1)&1 + wk, — wy)

1 1 1
+ (— - — = —) 3(60&1 — wg, — wg)

Npq Nk, ni

1 1 1
—_—— — ——4 — — 8(k ko — k) dk, dk,, 1.7
+ (nkz e nk) (0, — @p, wk)) (ky + kp — k) dk; dk, 1.7)
1
_ S5152 5 §15—S82 .
25 [ni] = 4% / L&&kzl’klbkznkz (PV <S1wk1 T s20m, = ka) — Imé(s10wk, + 20k, — sa)k))
x 8(ky + kp — k) dky dky. (1.8)

5(-) is the Dirac delta function, PV the principal value and we will often wig for £25[n]. In Eq. (1.7) we have
made use of the relati qut = L,jjg_‘kz which is an essential symmetry of three wave interactions. The truncated

equations can be solvé8] for their finite flux Kolmogorov—Zakharov solutions. For three wave resonances:

ni = C1PY?~ B+, (1.9)

For cases wherg, = 0, either by virtue of the resonant manifold (+ k, = k; -y, + wi, = wy) being empty, or
by Lfkll‘jfz being zero, the kinetic equation truncategat 2 yields the finite (energy and particle) flux solutions:

1 = Co PY3k—(@V/3+d), (1.10)
1 = C30Y3k—(@r/d+d)tas3, (1.12)

Breakdown occurs when these solutions no longer keep the asymptotic expdasiprsd (1.5uniformly valid
in £ and where, equivalently, the ratios of linear to nonlinear time scales (which should be small) approach unity.
For example
2
o 1 o T — 2pl2yp-2up,

INL ong Ot Wik

(1.12)
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wherel; is the integral

B S O
I = 471’/[,?;122 (nlAcnlAqnlAcz) bk, + ky—hok + kol
LR1%2 n;{ n;{ I’lf{
1 2
x 8(s10p, + s207, + sw0p) (k) kg 21, (1.13)
Whereéi = (k;)/(lk|) has modulusk;; and d2; denotes the integration over angles W@nis expressed in

d-dimensional polar coordinates. We have takgmo be the homogeneous Kolmogorov—Zakharov solufio8).

Ifthe interactions are sufficiently local (namely the coefficidigg,, go to zero sufficiently fast as their arguments
go to zero or infinity), the integrdb is finite. In that case the breakdown criterion is simple because it only depends
ona, B andP. Furthermorey /1. approaches unity at a scalg. = P~ @F=22) where we have incorporated
ginto P (*P — P). An analysis ofl4/T>, Ts/ T4, 22 /wx, . .. yields similar ratios. Therefore, if the coefficient
integrals Iy, are finite then, foB > 2«a, kN is large and wave turbulence breaks downkfoer kn; and forg < 2«,
kni is small and breakdown occurs for< ky .

For four wave interactions (when three wave resonances are not present), the corresponding ratios of linear
to nonlinear time scalesfs/wnix and the ratios offs/ Ts, Ts/Ts, $25/wy are given byP?/3k(/3-22], and
PY3k/d=(Is/14, Tg/ Ts, . . .), where thely are integrals like irf{1.13) In particular,l4 is given by

5 1 1 1 1
1= J1Ckk hok 0"\ T T

X 8(&);{ + wp, — Wf, = a)i(s)(icli(z)d_l d/Acl dlzz d21 ds2o, (1.14)

wherek; = (k;)/(lk]), i = 1, 2 andk; = k + k; — k,. d§2; denotes integration over angles W@rils expressed in
d-dimensional polar coordinatedy(is given isSection 3along with the definition of.)

If the interactions are sufficiently local so that all integrals converge, then the criteria for breakdown are simple
and depend only oa, y and P. Breakdown occurs for large (smakl)if y > 3 (y < 3«) atky, = P~ Y =30,
Therefore, in both cases, for sufficiently local interactions, the criterion for breakdown are very simple.

In many practical situations, however, the coefficiehggr, and L, x,, for the non-local interactions between
long and short waves (for three wave interactidnss small whilek, k, are large ok is small whilekq, k, are large;
for four wave interactionsky, k5 are small and, k, are large) are not sufficiently small to ensure convergence.
Formally, this would necessitate the introduction of a large scale cuj-affid then the breakdown wave-number
knL will depend onk; as well as the universal parametétse and 8. We discuss this irsection 3 For now, we
will assume that the coupling coefficients are such that interactions are local enough so that all coefficient integrals
converge.

2. Structure functions

We now turn our attention to the structure functions based upon the KZ solution and the long time surviving
parts of each of the cumulants. We note that, because3m> 0 and indeed because the zeroth order cumulant is
multiplied by the exponential of a fast phase, all the initial information on cumulants of order higher than two (and
of order two when' = s) is lost. In what follows, we calculate only those terms which survive asymptotically and
which are given by the integrals over products:pf We begin with the case of three wave resonances.

We intend to plot the behavior of the various structure functions iridhg) plane, showing where the functions
behave universally and where they are dominated by the forcing. We show that, along the-lie, where the
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KZ solution (1.9) inherits the scaling symmetries of the governifgy (1.2) the behavior of structure functions is
either universal for allv, or dominated by the forcing for alV. The boundary between these two regimes is the
pointa = 2, B = 4. This point organizes all of the intermediate cases which occur off th€« line where some
structure functions are universal while others are not.

We give explicit calculations fof»(r), S3(r) and S4(r) and then state the results for the higher orders. These
calculations will define what we mean by the universal stripSferand describe the behavior 8f; in and outside
of the strip. For convenience, we omit the supersarigienoting signs. Because we are dealing with KZ solutions
which carry a finite amount of energy, we use as our physical variable that quanjitywhose power spectrum is
the spectral energyyny. This means that the generalized Fourier transformisfwi/zAk. Formally,

S2() = (((x + 1) — v(®)?) = 2 / opni(L— cos(k - 1)) dk. (2.1)

We split the integral into three regionskirspace. The firsk < k), is the region in which the non-universal forcing is
applied. The second; < k < ky, is the region in which the universal KZ spectrum is obtained. The thitd ky,
is the non-universal dissipation region.

We say that the result is universal if, as— 0, the dominant contribution comes from the inertial range,
k) < k < ky, and we can take the limit§ — 0, ky — oo. In the regiornk < kj, wxny = F(k), some non-universal
forcing which we can take to be analytickinTherefore, as — 0, this part of the integral scales#s In the region
ky < k, we assume that the solution in the dissipation region decays fast enough as a function of wave-number suct
that the contribution from this integral is always less than the contribution from the other regions. In the inertial
regionk, < k < ky, a simple change of variables will show that this contribution goeR'4s-#—%1. The integral
factor I converges at small (i.e. neark; where 1— cos(k - r) = O(?)) if 2 > B — « and converges at large
k (i.e. nearky where 1— cos(k - r) = O(1)) if 8 — « > 0. The former condition also ensures that the inertial
range, universal contribution to the scaling dominates that of the forcing interval. The latter condition is simply the
condition that the KZ spectrum has finite energy capacity. Therefoseaifd 8 lie in the strip 0< 8 —a < 2iin
the («, B) plane, we can say, for smatll(klj1 Lr <K kl‘l),

Sa(r) ~ C1 PY2rP~ 2.2)

is universal. For < f—a, S2 ~ F?r?is non-universal. The parametgis a measure of the amplitude of the forcing
and the width of the region over which it is applied. For exampfe;? will be proportional tok times some value
of F(k)(1— cos(kr)) in 0 < k < k. In what follows, we us& " r" to indicate the size of the contribution $& (r)
coming from the forcing region. Although we will not write all dimensional factors in our calculations, we follow
the dependence of the structure functiongsince this will show when the breakdown scale is non-universal. We
follow the dependence on the energy flBsince this is the universal parameter which we take to be small. On the
line B = « + 2, S has universal scaling with logarithmic correctiof$y. 1). The organizing poink = 2, 8 = 4
can already be seen as the intersection between the top bordeSefting and the breakdown ling= 2«. Above
the lineg = o + 2, non-universal effects contaminate the second order structure function and its scaling. The line
B = 2a, for smallr, separates the region of wave turbulence breakdown from wave turbulence validity.

We can calculatés(r) from the first surviving term in the asymptotic expansion@P=*" (k, k', k") which is
given by

" N S o
GOk K+ k) =+ LT e + Ly T e+ LD i)

1

swy + S'wp + 5" wyr

X (nS(sa)k =+ S/a)k/ —+ S//a)k//) + iPVv ( )) 5(& + k/+k//)+ DI

(2.3)
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N=2

Fig. 1. Strip in whichS is universal.

where PV denotes the principal value. This is, of course, only the first term in an asymptotic series. The ratios of
successive terms will be of the same order as we will find when we calculate the deviation from joint Gaussianity.
The exception will occur when non-local, long-wave—short-wave interactions are important. We return to this point
in Section 3

The third order structure function is given by

S3(r) = f (rop ) gk K Kk + K + k)
x 2i(sin(r - (k + k') — sin(r - k) — sin(r - k")) dk dk’ dk” (2.4)

which is identically zero due to the fact that the sin functions are odd functions of the angles betweeedtoes

andr and because we have chosen the varialbdepreserve the isotropy of the system. In these cases, the dispersion

relation depends oft| and the coefficientd, i «,, are even functions of the wave vector angles. The same holds

for all odd structure functions. The main thrust of the breakdown result, however, does not depend on this property.
The fourth order structure function:

Sa(r) = ((w(x + 1) — v@)H)
= / Dk, Dy iy ( Ak Ak, Ay Asy)[1 — €571 — 171 — eX27[1 — ks dk dk, dk, dkg

splits into two parts just as the fourth order moment splits into its fourth order part plus products of second order
cumulants:

Sa(r) = 383(r) + Ga(r), (2.5)

where&, is calculated from the first term of the surviving fourth order cumulant which is proportional to a product
of threen;’s. We find thatS4 is universal ifa, 8 lie in the strip O< B < 4. Outside of this stripS4 is non-universal.

On the line8 = 4 which defines the top of the stri@, will have the universal scaling with logarithmic corrections.
Furthermore, this line intersects the analogous line foSgh&rip (8 = « + 2) and the breakdown lingg(= 2«) at

the special pointd = 2, 8 = 4) (Fig. 2). This pattern will continue for all strips.
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N=4

N=2

Fig. 2. Strip in which&4 is universal.Sy is universal in the intersection of the two strips.

For «, B inside theS4 strip and for smalk-:
Sa(r) = C2ph=2 4 C3p¥2,P, (2.6)

For a joint Gaussian fieldys would be simply 3‘%(1’) and thus the remainde®,, measures deviations from joint
Gaussianity. Observe that

S
_; ~ pY/2,20—8 2.7)
S
2

Wave turbulence requires that the fields remain close to joint Gaussian at all scales. The right han{2sije of
fails to do this at small scales ff > 2« and indeed the length scalgy_, for which P22 pecomes of order
unity is preciselyc,gﬂ wherekn. was defined in the introduction.

The strips, together with the breakdown line determine the behavior of the structure functions and the presence
of breakdown. For instance, we find that thiéh order structure function can be written as a series

SN(r) = Sy + -+ + Co(S2)N2.

Sy is universal in the strip for & 8+ (N/2 —2)a < N. The intersectiofi)(0 < B+ (N/2—2)a < N) of all the
strips is the black and white parallelogram, which we call the universal rhombus, sh&ig B« < 8 < o + 2,
0 < a < 2). Its diagonal i$8 = 2«. Inside this parallelogram, we have
(N/2)—1
=Co+ ) Cn-a(PY22Fy. (2.8)
1

Sy
(S2)N/2

Depending on the value of the exponeni 28, there are three possible scenarios at small scales {i)2> 0 and

the ratio of structure functions can be approximated by the Gaussian valige ${ /(S2)"/2 ~ Cg. Furthermore,

this approximation gets better as—> 0 so wave turbulence looks more and more Gaussian at small scales. (ii)
2a — B = 0. In this case, the ratio of non-Gaussian to Gaussian parts of the structure functions is independent of
and universally small. Wave turbulence has complete self-similarity with respigt t@he KZ spectrum exactly
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B=2a

B=o.+ 2 /B—Ot

N=6 , \ —

N

N=2

B=—0+6

- m e m e m e e e RARRRRRAN AR

e

B=—2a B=—20 + 8

Fig. 3. Strips for the three wave energy spectrum: each strip is the condition for&gne be universal. The black and white parallelogram
shows the region in which ally are universal. The breakdown lineds= 2« and breakdown at small scales occursfor 2a.

inherits the scaling properties of the origirajuation (1.2and wave turbulence is uniformly valid over all scales.
(i) 2a — B < 0 in which case the-dependent corrections to the Gaussian constant grew-a$. At small scales,
structures appear which are outside of the remit of weak turbulence theory. In this case, we identify a breakdown
region at small scales as we have discussed. LookiRgaB, the universal rhombus contains two triangles. In the
triangle 8 > 2«a, we still have breakdown for > kyL. In the triangle8 < 2«, the wave turbulence approximation
is applicable for all smalt (largek) and is universal.
Throughout théw, B) plane, the occurrence of breakdown is governed by thediae2a. For 8 > 2«, the ratio
of time scales becomes of the order of unitg at kn. and asymptotic closures of the weak turbulence theory fail.
Furthermore, when universal, the real space structure function can illustrate the breakdown by measuring strong
corrections to Gaussianity. Inside the universal rhombus whesg;alre universal, corrections get proportionally
larger at smaller scales:
SN
(S2)N/2

- (Pl/2r7ﬂ+2a)(N/2)*l (2.9)
and we defineyL ask,g& as before.

Outside this rhombus, the general features of breakdown remain. However, the breakdown scale may have a
dependence on non-universal effects. As examples, we consider the regions 1,5 dfid. 4afvhere we have
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B=200 PB=a+2 P

o

Region 1 Region 5
Region 2 Region 6
Region 3 Region 7
Region 4

Fig. 4. Sectors for three wave energy case: shows all the regions for which we cap takeo. The forcing plays a role in all regions except
3 and 4. For example, botfy and S, are universal in region 2; onl§, is universal in region 1.

singled out the area in the, 8) plane corresponding systems which have capacity to absorb only a finite amount
of energy at small scales.

In region 1, onlyS, is universal and scales &/2#~* while all Sy, N > 2 scale ag""r". (For convenience,
we can assume that there is only one universal dimensional parameter in the system which we také2fo)be
The normalized corrections to Gaussianity are

Gn N p—1/2, 2 pta\N/2
Since 2+ o — B > 0 for the entire region, there is no breakdown at small scales. Similar expressions are obtained
for the ratio of& v /(S2)V/2 in regions 2,. . for N sufficiently high such tha® y feels the forcing.
Now consider region 5 for whick + 2 < 8 < 4 anda < 2. In this region,S> ~ F2r2 is non-universal,
while Gy ~ P2AW-D,+(N/2-2a gre yniversal for allv > 2. In this case, the ratio of structure functions
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gives
Gy
(SN2

= (P~Y/2pB—2¢y(PE—2,4-2)N/2, (2.11)

Sincep > 2« in this region, the first bracket suppresses universal breakdown at small scales. In its place, we see
a non-universal breakdown fer< (P~1F2)1/(@=2) pecauser < 2. We call the breakdownon-universal because
the breakdown scale depends on the non-universal parameters collegted in

In region 7, all the structure functions are dominated by the forcing at small s€ales: " for all N. Weak
turbulence is irrelevant for the small scale picture.

Before briefly discussing how similar calculations can be done for four wave interactions, we comment on the
usefulness of the strip diagram. On the- 2« line, all normalized corrections to Gaussianity are scale-independent;
a property which we call quasi-Gaussianity. The behavior on this line ofthis either universal for allv or
non-universal for allv. The border between these two regions is the pgiat 2, 8 = 4 which is common to all
(top) strip borders.

The position of the universal rhombus and all strips depends on thefieddd to form the structure functions.
We chose for our calculations that quantity whose second order moment has as its Fourier transform the spectral
energy—a natural choice for trying to capture the behavior due to the finite energy flux KZ spectrum. If we had
chosen a different, perhaps more easily measurable, variable such as the surface velocities for capillary waves
(i ruy) ~ [ k5?n; €5), we would have found the stripes showrFiiy. 5a).

We note that, forx, g inside the strip defined byo2— 2 < 8 < 2o + 2 which is centered about the breakdown
line, one can always find an appropriati®r which all theSy on the KZ spectrum are universal. We call this region
the Universal High Way for the («, 8) plane road map.

We now briefly describe how a very similar analysis can be done for the case of four wave resonances.

The second order structure function for the case of four wave resonances can be defined jast §2.1) In
this case, the KZ finite energy flux solution is givenBY/3k—(/3v—4 where we again allow to absorb the small
parametee!2P — P. The arguments followin¢.1) have a direct analog in the four wave case. We find $hat)
scales universally as

So(r) ~ PY3,2/r—« (2.12)

providedo andy lie within the strip defined by

O<3y—a<2 (2.13)
B=2a+2 pB=2qa
B o Capillary waves: B P
B= 20 o=3/2 p=9/4 B= 20 -2
B=9/2
B=5/2
a
a
B=15/4-a B=27/4-a

@ (b)

Fig. 5. (a) The strip diagram using surface velocities as the field variable. The red parallelogram is the universal rhombus in this case; the blue
parallelogram is the universal rhombus from our previous calculations. (b) The Universal High Way.
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32o0<y<320+3
o <7y<o+d
)

N 3/4 o0 <y<3/4 o+ 972

a=2 a=4

Fig. 6. Strips for the four wave energy spectrum: each strip is the condition for Sgnte scale universally. AlSy are universal in the black
and white region.

In general, we will find that the term iiy due to theV order moment has universal scaling:

Sy @) ~ PL/AWN=1).(1/((N/2)+D)y—« (2.14)
provided
1/N
0<:—3(E+1)y—ot<N. (2.15)

Again, the lower bound ensures that the Fourier integral in the definitio® pfis independent of the high
wave-number cut-off, while the lower bound ensures independence with respect to the lower cut-off.

Fig. 6 shows the first three strips fav = 2,4, 6 and their intersections. All structure functions will scale
universally at small scales i® < 1/3(N/2 + 1)y — a < N) (with the added condition thatQ «). This region is
shown in black and white iRig. 6 ((3/2)a +3 < ¥ < (3/2)«a; 0 < ¥y < 6 and O< « < 4), and as regions 3 and 4
in Fig. 7.

Within this (truncated) parallelogram, the ratio of structure functions gives the following corrections to Gaus-
sianity:

(SG)JIVWZ — (PY3a= /3y ((N/D-D) (2.16)
2

Breakdown at small scales,< ran. = P~YG2=" occurs fory > 3. The breakdown liney = 3w bisects the
rhombus of universal scaling.

The point(e = 2, y = 6) is the four wave analogue &k = 2, 8 = 4) from the three wave case. It is the unique
point where all structure functions are self similar with resped tandky, . Along the liney = 3q, this point
separates the regions where all structure functions are universal, and where they are all dominated by the forcing
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Fig. 7. Sectors for the four wave energy case. The figure shows the sections around (2, 6) for which we laan-take. Different regions
display different scaling behavior.

Just as in the three wave case, we can consider the sectors surrounding this point for which or@yysame
universal. We consider the regions identifiedrig. 7, all of which correspond to finite energy capacity.

Region 1, defined by + 4 < y < (3/2)a + 3, is characterized by, ~ PY/3,2/3v=« ynjversal at small scales
while 5y ~ FNrN N > 2 non-universal where agaifr¥ represents a collection of non-universal parameters.
For N > 2, the ratio of structure functions gives

(S(‘:)]Xr/z = FN(p~1/2,3+3/Da=y)N/3, (2.17)
Sincey < (3/2)a + 3, these corrections get smaller at small scales and there is no breakdown. Similar results hold
for regions 23, .. ., 4.
Consider region 5 given b§8/2)a + 3 < y < ¢« + 4, 0 < @ < 2, which lies above the breakdown region. The
second order structure function scales with the non-universal forcing while the structure functions &f oerder
scale universally at small scales. We hage~ F2r2 non-universal an@ y-» ~ PI/3IW=1,1/9N/2+Dy—a
universal. The ratio of structure functions gives

(SG)IIVV/Z — (P~ Y3,1/3y—a)( p2 p—6,y-6)N/6 (2.18)
2

Again, universal breakdown in the first bracket is suppressed. A non-universal breakdown occurs<for
(P2F~—6)~Y =0 gincey < 6.
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In region 7, the small scale behavior of all structure functions is totally determined by the fagging. r for
all N.

We have so far examined how the structure functions behave on the finite flux energy spectra of weak turbulence
where we have taken structure functions to mean momemsgfwhere the power spectrum ofis the spectral
energy. If we had chosanin a different way (still evaluating it on the KZ energy spectrum), the universal rhombus
and all the strips would be shifted in tfwe ) plane. We note thatitis always possible to findsaich that the universal
rhombus includes the poid, 8) provided this point lies in the universal high way defined by-3% < y < 3x+6.

3. Non-universal correctionsto the breakdown criteria
Zakharov[9] has pointed out to us that in some situations, the coupling strengths of long-wave—short-wave

interactions may not be small enough to guarantee convergence of all the integrals which arise. A particular example
is the four wave interaction of gravity waves. In this caBe~= 0 and

sz :fG&(l)&(lnkl dlﬁl’ (31)

2
Qo = / |Gy kephs | Ty Tk Tky
A

1 1 1 . 1
X|——— - — —imd(w + wiy, — wp, — wiz) + PV
Ny N, N W+ Wk — Wiy — Wi
x 8(k + kq — ko — k) dky dk, dks, (3.2)
Ta[ni] /lG 1?n <1+1 ! 1)

a[ni] = Ky, Nighighig | — +— — — — —
k ; Kkq,kokgl TkMky ko ks ni My iy ks

x 8(w + w1 — w2 — w3)8(k + kq — ky — kg) dk4 dk, dkg. (3-3)

Note that7s has the formF[ng,, ni,, nig] — ne Im 24, so that(Im Q)1 is a relaxation time scale for the
redistribution of energy. Irquations (3.1)—(3.3)he coefficienG , ik, IS L:kfzz_@, from which quadratic products

of LIk”kSZ are subtracted. The integration regiann Egs. (3.2) and (3.3pfter angle averaging, is that region of the
wy,, Wk, plane defined by, > 0, wy; > 0 andwy, = wi, + wik; — wr > 0. The neighborhood aby, = wy, =
wi; = wy is that of ultra-local interactions while the neighborhoo@gf = wi; = 0, wi, = wi Or wyy; = wi, =0,
wi; = wi correspond to long-wave—short-wave interactions for which the group velocity of the short wanrétas
direction ofk; — k3 is equal to the phase velocity of the long-wave second harmon{e(&xp- k3)x —i(wx, — wi,)1)-

For gravity wavesgy ~ (gk)Y/?, y = 3 andd = 2 so thatEq. (1.10)becomes; = Co PY/3k—*. The coefficient
Gk koks behaves akkf for ko close tok andki, k3 < k, k2. A little calculation shows tha®y, diverges logarith-
mically neark; = 0 and is given by 2C> PY3k In(k, / k), wherek, is some infrared cut-off at the forcing scale. The
frequency correction In24 (due to the term containing,, n,) is proportional ta P?/3k%/2) /g¥/2(k / k)~Y/2. The
ratioss2a /wy and Im24, /wy are(PY3kY2/g1/2) In(k  / k) and(P?3k/g) (ki / k) ~Y/?in contrast tq PY/3k1/2/ g1/2)
andP?/3k/g if there were no divergences. As a consequence of the extra factor, the revised breakdown wave number,
kLs, is still large but less thakn. = gP~%/2 calculated before. The collision integrdl, on the other hand, has no
such divergence because of the cancellation between the tgrmsn;, and—ngn, ni, in the integrand.

The open questions are: what is the consequence of the fact thad; /e, becomes of order unity & s =
g2/3k|1/3P*4/9 rather than atn. = gP~2/3, the point at which the rati@y/win, becomes unity? Is the ratits/ 7s
of order P%/3k/g or (P?3k/g)(k/k)Y/? reflecting the ratia2./w? Can there be worse divergences?
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To attempt to answer these questions, we have carried out calculations in order to determine the long time
behaviors of the next correctiorfg[n,] and Tg[nk] in the collision integral asymptotic expansidag. (1.4) In
Tg[ni], there arise two types of secular terms. The first involve interactions which are genuine compositions of
four wave interactions (e.@, k; — k4, ks — kg, k; — ko, k3 which comes from the one loop correction to the
fourth order cumulant) that lead to non-trivial energy exchange. The ratio of these tefgIginis P?/3k/g. The
second involve modal interactions which are simply the next terms in the expansion of the Dirac delta function
8(wy + wi; — wi, — wig) IN T4 with the frequencyyy replaced by its renormalized value; namely

ok = o + 2o + 24+ - - - (3.4)

with 22, 24, given byEgs. (3.1) and (3.2yespectively.
Accordingly, Ts andTg contain (respectively) the combinations:

(201 + R0k, — 2k, — R243)8 (W + Wy — Wiy — Wk3)
and

(a1 + sy, — Ruaiey — Ra3)8 (Wk + Wy — Wky — W3),
$(Qok + Rany — Rk, — 22k3) %8 (1 + Wpy — Oy — Dka) (3.5)

in their integrands in place of thwy + wi, — wi, — wiy) appearing infy. There are two observations we can

now make. The first is that the ratids/ 74 and Tg/ T4 will be at least of ordergPY/3k2/g%/2) In(k/k)) and
(P?3k/g)(k/ki)Y/?, respectively, as the combinatiof®y + 2jk, — 2jk, — 2jks, j = 1, 2 will not in general

vanish on the resonant manifold. On the other hand, it will vanish on that part of the manifold kyhégeare

small andk, k> are large. Therefore, there will be no worse divergences which might otherwise arise because the
derivative delta function will act a(wy + wk, — wk, — wi;) (9/0k3) (one can show thallwy + wi;, — wk, — wiy) =

8(wky — Wy + O(ky — kg)) =~ 8(g¥?(ky — k3)/(ki/2 + ké/z))). The potential divergence resulting from the term
ninz(dnz/oky)(9kz/9k3) is killed by the vanishing of2jx + 2jk, — 2jk, — 2jk; Nearky, k3 = 0.

Physically, the origin of these non-local effects is the interaction between the given wave ¥etdra nearby
wave vectork, = k + k; — k5 and a family of long waves which are the first superharmonigiékp— k3)x —
i(wr, — wiy)t) Of the long waves;, k3. The resonance criterion is thaf, — wx; = w(k + kg — k3) — w(k) =
lky — ksl cosd, wherew, is the group velocity of the short-wave packet @hid the angle betweeh and the
long-wave superharmonic wave veckqr— k. For short enough wavés> k s(> kL), the short-wave packets
remain attached (phase locked) to the long wave for a sufficiently long time for energy exchange to take place. The
resonance does not have to be exact. All wave vegtdrs k, = k +k; — ko, k4 in a finite window of width Ims2;
around the resonant locus will participate.

Where are such effects manifested in the structure functions? We conjecture, but have not yet completely proved,
that they arise when we calculate the relative magnitudes of successive surviving terms in each of the cumulants.
For example, inS4, the ratio of the next surviving term to the one we have calculatdd.i¥)for N = 4 will
exhibit the same divergence that appears infdg/w; except that it will be manifested in physical space and lead
to a revision of the breakdown scale frof) = kﬁﬂ tors = k,_‘é. It is important to emphasize, therefore, that the
results ofSection 2only obtain when coupling coefficients are sufficiently local.

Our conclusion is then that the wave-number range of validity of wave turbulence may be further shortened by
the effects of non-local, long-wave—short-wave interactions. How should we interpret this behavior? The imaginary
part of 24; (and higher order corrections) can be interpreted as a broadening of the resonant manifold. Quartets
of wave vectors, k,kok5 in an (Ims24) neighborhood of the resonant manifold (shifted from the one based on
the linear dispersion relation because of real frequency corrections) play a role in the energy exchange to and from
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1/3 2/3 1/3

wave-numberg greater thark.s (where (P?/3k/g)(k/ki)Y/? is unity) given by(gP~%/3)2/3k;,"" or ky for
gravity water waves. For the MMT modg], there is a stronger long-wave—short-wave coupllng}LhQF

k3k3/2 3/2 . This leads to & s of k2/5k3/5 and a much shorter wave-number range for which the wave turbulence
apprOX|mat|on is valid.

The evidence from experiments, numerical and physical, suggest that the KZ sp€gtPdtk—* remains valid
all the way either to the surface tension scadlg, = /g/o, whereo = S/pw, S is surface tension ang, is
the density of water, or téy. = gP~%/3, whichever is les$§7,4]. knL, as we have noted ifi], is precisely the
point that the KZ spectrum intersects the Phillips spectmym= C3g?k~%2, which corresponds to derivative
discontinuities in the ocean surface, nearly whitecaps. The criterion for whitecapsigthaskK o which translates
into P > P, = (0g)%* or a wind speed of/ = (pw/pa)¥?P/3 (pa is the density of air) greater than 6 nj/g.

(One gets exactly the same criterion if one calculat@s for surface tension waves which exchange energy by
three wave resonances and compaggsto Kg.) On the other hand, there is no evidence for the KZ spectrum in
the MMT experiments.

Similar calculations apply to three wave interactions. However, in most situations (and definitely if the system
contains only one additional dimensional parameter, e.g. surface tension j[@Bvs< 2« and so breakdown
occurs at low values df. In either case, the long wave—short wave, non-local interaction which might cause the
multiplying integrals to diverge involve a smalland largeks, k> close to one another. The resonant condition
becomes - Vi,w = wi. However, for large, the integrals would appear, in almost all cases, to converge.

To date we have left out the question of how the cut-off wave-nurkpisrchosen. For wind generated gravity
waves, one might choosg to be the wave-number at which energy is injected. This is imprecise as energy is
transferred over a large range of scales. Moreover, from four wave resonances with the collision (Bt8yral
there is a secondary inverse cascade of wave-action (particles) from short waves to long waves. If wé choose
to be the fronk, () of the long-wave spectrum, namely the point to which wave-action has been transferred after
time by wave—wave interactions, we also have to take into account that the particle flux spectrum is less steep
and therefore the long-wave—short-wave wave-numpeis closer toky . For water waves, the ratio |84, /wy
is (gl/3Q2/~°’I<3/2/g)kl’l/6 = (P%3k/g)(k/k)Y/3(k/ k)18, where we have written the particle flux as P/ and

» = /gk, wherek is some injection wave-number which is not necessarily small. We now seé, that

(gP—2/3)2/3122/9k|1/9. It is not unreasonable to take~ kn. < k. If indeed we take to be of the same order as
(but numerically less thark) , thenk s = kn (k) /kNL)l/g. The dependence on the cut-off is very weak. This may
well account for the fact that the KZ spectrum is observed over such a large range.

Definite conclusions concerning the validity of the wave turbulence approximations are further inhibited by the
manner in which the KZ spectrum is realized. In finite capacity situations for whigtn dk ~ | ke=2r/3=1dk <
oo (for water waves and MME& = 1/2,y = 3), a companion paper in this volurf# points out that the stationary
spectrum is achieved in a non-trivial manner. For a finitely supported initial power spectrum, the energy spreads
to higher wave-numbers at an accelerating rate behind a movingifreat(t, — 1)?, whereb = —(2(x — xg) —
(2y — 3w)/3), wherexg = 2y/3 + d. In the wake of this front lies a steeper than KZ spectmym- k—*, where
x = 2y/3+4d + (2y — 3w)/12 which, for water waves and MMT is 4(3/8). Only wher 1,, after the spectrum
reaches = kg, the small scale at which dissipation occurs, can a finite fof energy begin to set up the KZ
spectrum. It does so as the wake of a backward traveling front which invades the region of steeper slope. One migh
ask how it manages to achieve the KZ spectrum if eiffagror ks is smaller tharkg and the backward moving
front starts out in the fully nonlinear region.

We know no answer for this at present. While the results presented here have added some new insights to the
delicate questions concerning the applicability of wave turbulence, it is clear that the subject is very much alive and
that there are still many open and intriguing challenges.
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