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Abstract

A direct link between the topological complexity of ferromagnetic media and their dynamics has recently been established
through the construction of unambiguous conservation laws as moments of a topological vorticity. In the present paper we
carry out this program under completely realistic conditions, with due account of the long-range magnetostatic field and related
boundary effects. In particular, we derive unambiguous expressions for the linear and angular momentum in a ferromagnetic
film which are then used to study the dynamics of magnetic bubbles under the influence of an applied magnetic-field gradient.
The semi-empirical golden rule of bubble dynamics is verified in its gross features but not in its finer details. A byproduct
of our analysis is a set of virial theorems generalizing Derrick’s scaling relation as well as a detailed recalculation of the

fundamental magnetic bubble.

1. Introduction

Magnetic bubbles have been known to exhibit some
distinct dynamical features due to their nontrivial topo-
logical structure. The inherent link between topology
and dynamics was already apparent in the early work
of Thiele [1] as well as in many investigations that
followed [2,3]. The essence of the early work is best
summarized by the experimentally observed skew de-
flection of magnetic bubbles under the influence of an
applied magnetic-field gradient. The so-called golden
rule of bubble dynamics relates the deflection angle 8
to the winding number Q by
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where g is the strength of the applied field gradient, r
is the bubble radius and V its speed. This relation is

siné = Q, (1.1)
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remarkable in two respects. First, it suggests that only
topologically trivial (Q = 0) bubbles move in the di-
rection of the gradient (§ = 0), even though such a
behavior would naively be expected for all magnetic
bubbles; in fact, bubbles with a nonvanishing winding
number (Q = %1, £2, ...) tend to the be deflected in
a direction nearly prependicular (§ ~ 90°) to the ap-
plied gradient. Second, Eq. (1.1) implies some sort of
a topological quantization in that it relates the integer-
valued winding number to experimentally measured
quantities that can, in principle, assume any values.
Although the golden rule has been employed with
considerable success in the analysis of actual exper-
iments, especially for hard (J@| > 1) bubbles, it is
still a semi-empirical relation whose precise mean-
ing and domain of validity must be specified. For
instance, the meaning of the various gquantities enter-
ing Eq. (1.1) needs to be explained because magnetic
bubbles are extended structures rather than point-like
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particles. Furthermore the usual derivations of (1.1)
are based on the assumption that the bubble reaches a
steady state, in the presence of dissipation, in which
the deflection angle &, the radius r and the speed V
approach constant values. But such an assumption was
never justified and is actually incorrect. In practice,
experiments are analyzed by applying Eq. (1.1) with
average values for the deflection angle and the speed
and by assuming that the radius does not change sig-
nificantly during the application of the gradient.

In some recent work on this subject [4] the link
between topology and dynamics was made explicit
through the construction of unambiguous conservation
laws as moments of a suitable topological vorticity.
The important qualitative features of bubble dynam-
ics became then apparent. Thus, in the absence of ex-
ternal magnetic-field gradients or other perturbations,
bubbles with a nonvanishing winding number cannot
move freely but are always spontaneously pinned. On
the other hand, in the absence of dissipation, a bubble
would be deflected at a right angle (§ = 90°) with re-
spect to an applied magnetic-field gradient, with a drift
velocity that can be calculated analytically in some
important special cases [4] and is generally consistent
with Eq. (1.1). The emerging picture is analogous to
the Hall motion of an electron as well as to the Mag-
nus effect of fluid dynamics. These analogies further
suggest that the deflection angle should deviate from
90° in the presence of dissipation. However an exact
calculation of the deflection angle, i.e., a derivation of
the golden rule, is no longer possible on the basis of
conservation laws alone.

Therefore the semi-quantitative picture derived
from the conservation laws must be supplemented by
some results from a numerical solution of the under-
lying Landau-Lifshitz equation. Such a solution is
not straightforward under completely realistic con-
ditions; calculation of the long-range magnetostatic
field is always a problem and the finite thickness
of actual magnetic films forces one to work with
a three-dimensional (3D) grid, even though the es-
sential topological structure of magnetic bubbles is
two-dimensional (2D). Hence our numerical efforts
have thus far been restricted to strictly 2D models of
increasing complexity [5,6].

It is the purpose of the present paper to provide a
precise formulation within the quasi-2D geometry of
realistic ferromagnetic films, taking into account the
effects from the film boundaries and the magnetostatic
field. In Section 2 we review some basic facts about the
Landau-Lifshitz equation and introduce convenient
(rationalized) physical units. In Section 3 we discuss
the two ingredients that are important to establish a di-
rect link between the topological complexity of mag-
netic structures and their dynamics, the gyrovector and
the stress tensor. The derivation of unambiguous con-
servation laws is then carried out in Section 4 in the
presence of film boundaries. A byproduct of our study
of conservation laws is a set of virial theorems that
generalize the well-known scaling relation of Derrick
[71, an issue taken up in Section 5. A detailed numer-
ical calculation of the fundamental (Q = 1) bubble
is presented in Section 6 which is consistent with the
virial theorems. The issue of skew deflection in an ap-
plied magnetic-field gradient is studied in Section 7
where we find that the semi-empirical golden rule is
verified in its gross features but not in its details. Our
conclusions are summarized in Section 8 together with
some suggestions for further work.

2. Landau-Lifshitz equation

A ferromagnetic medium is described in terms of
the density of magnetic moment or magnetization M
which is due primarily to the electron spin but may
include contributions also from the orbital motion. In
general, the vector M = (M, M>, M3) is a function
of position and time except that its magnitude is nearly
constant for a wide temperature range sufficiently be-
low the Curie point:

M? = M? + M3 + M3 = M,
(2.1

M=M(x,1),

where x = (x1, x2, x3) is the position vector, ¢ is the
time variable, and the constant M is the saturation
magnetization.

Static as well as dynamical properties of the magne-
tization are governed by the Landau-Lifshitz equation
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which describes precession around an effective field

F with the constant y given by

_ elel
2mec’

(2.3)

where ge ~ 2 is the gyromagnetic ratio, e the elec-

tron charge, m. the electron mass, and c the velocity

of light. Eq. (2.2) also includes a phenomenological

(Landau-Gilbert) dissipative term where the dissipa-

tion constant X is dimensionless. This choice of dissi-

pation preserves the magnitude of magnetization.
The effective field F may be written as

F=F.+F,+H,+H. (2.4)

Here F. is the exchange field

Fe=—AM (2.5)
2 bl
i
where A is the exchange stiffness constant and A the
Laplace operator. F, is the anisotropy field

2K
M,
0
where K is a positive constant leading to an easy axis
in the third direction. In ferromagnetic films made out
of bubble materials the easy axis is perpendicular to
the film surface [2]. Hy, is a uniform bias field,

H, = (0,0, Hy), Hy = const, 2.7

applied along the easy axis. Finally H is the magnetic
field produced by the magnetization itself and thus
satisfies the magnetostatic equations

VxH=0, V-B=0 B=H+4nM,

(2.8)

where B is the corresponding magnetic induction.
The use of the magnetostatic instead of the complete
Maxwell equations is justified by the fact that time
variations of magnetic structures of practical interest
are slow.

Numerical values of the various constants intro-
duced above may be found in Ref. [2] for a number of

ferromagnetic materials. However using all these con-
stants within a theoretical development clouds the un-
derlying simplicity of the Landau-Lifshitz equation.
Hence we introduce rationalized physical units as fol-
lows. First, we work with the normalized magnetiza-
tion

m=M/M,, m?=1. (2.9)

Second, we measure distance, time and magnetic field
(induction) in units of

A 1
) , and 47 My,
V2rME 4y Mo ’

respectively. We further define the dimensionless
anisotropy constant

(2.10)

K

K = ———, 2.11
ZJTM(% ( )

which is usually referred to as the quality factor. Fi-
nally, we introduce new sympols for dimensionless
magnetic fields such as & = H /4m My, but maintain
the same symbols x and ¢ for the rationalized space
and time variables.

The Landau-Lifshitz equation is then written as

2

m+mxf)=ilmxm), m°-=1, (2.12)

where the dot denotes differentiation with respect to
time, a convention that will be adopted from now on.
The effective field f is given by

f=A4am—«(my,mz,0)+hy +h, (2.13)

where hy, = (0, 0, hp) is the bias field and A satisfies
the magnetostatic equations

V xh =0, V.b=0, b=h+m. (2.14)

The only free parameters are now the quality factor «,
the dissipation constant A, and the bias field hy. One
should add that Eq. (2.12) differs from the Landau—
Lifshitz equation studied in our earlier work [4] by the
overall replacement n — —m that originates in a sign
difference between magnetization and spin introdaced
by the negative electron charge and is only a matter of
convention. The resulting sign differences at various
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stages of the calculation will be incorporated without
further notice.

The remainder of this section is devoted to a dis-
cussion of the hamiltonian structure associated with
the Landau-Lifshitz equation at vanishing dissipation
(A = 0). Then we write

m+mxf)=0 m?=1, (2.15)

where the effective field f is still given by Eq. (2.13)
and may be expressed entirely in terms of the magne-
tization once the magnetostatic field A is determined
by solving the linear system (2.14). Now a conserved
energy functional W = W(m) exists such that the ef-
fective field is obtained through the general relation

=5 (2.16)

where the symbol & denotes the usual functional
derivative. Eq. (2.16) together with Eq. (2.15) im-
ply that the functional W is indeed conserved, and
that (2.15) is the Hamilton equation associated with
the hamiltonian W endowed with the Poisson bracket
relations

{mi(x), mj(x")} = e;jxmp(x)8(x — x'), (2.17)

which are reminiscent of the spin commutation rela-
tions. Here &;j; is the 3D antisymmetric tensor and
the usual summation convention for repeated indices
is invoked.

In order to display the explicit form of the energy
functional we write

W =W, + W, + W, + Wy, (2.18)

where the four terms correspond to the exchange,
anisotropy, bias, and mangetostatic field. The more or
less obvious choice of the exchange energy,

W, =/wedV, we = §(3im - ;m), (2.19)

where w, is the corresponding energy density, requires
some qualification in the presence of boundaries. Con-
sider the functional variation

awe=f(aiam - dim)dV

= f(Sm -oim) dS; — /(Sm -Am)dV, (2.20)

where the surface-element vector dS = (dS;, dS,,
dS3) is perpendicular to the boundaries of the ferro-
magnetic medium. Eq. (2.20) would yield the desired
relation

SWe

F.=—
N ém

= Am (2.21)

if the surface integral were absent; that is, if the gradi-
ent of the magnetization along the normal to the sur-
face vanished. We write symbolically

(?—m =0, (2.22)
dn
which will be viewed as a boundary condition to be im-
posed at the free boundaries of the medium, in addition
to the familiar boundary conditions of magnetostatics.
This “unpinned” boundary condition was previously
employed in the study of ferromagnetic films [2] and
will play an important role in the following.

On the other hand, the usual bulk expressions for
the anisotropy and bias (Zeeman) energies,

W, = /wadV, w, = %K(m% —}—m%),
(2.23)
Wy = /wbdva wp = hp(l —m3),

are free of boundary ambiguities and obviously yield
the corresponding contributions to the effective field
through the general relation (2.16). Note that in the
Zeeman energy we have subtracted the (trivial) con-
tribution from the state

my = (0,0,1), (2.24)

which describes a fully saturated ferromagnet and will
thus be referred to as the ground state. Configuration
(2.24) is the simplest example of a static solution of
the Landau-Lifshitz equation.

Boundary effects are also important in the definition
of the magnetostatic energy and will be described here
in some detail. We begin with the reasonable ansatz

1
Wy = 5 / h2av, (2.25)

where it is understood that the integral extends over
all volume, inside and outside the material, and that
the field & is expressed in terms of the magnetiza-
tion through Eqgs. (2.14). However, in order to justify
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Fig. 1. Conventions concerning a ferromagnetic film of thickness
d. The film extends to infinity in the x| and x; directions.

that (2.25) is an appropriate choice of the magneto-
static energy within the context of the Landau-Lifshitz
equation, one must show that

W

h = .
ém

(2.26)

Such a demonstration is not completely straightfor-
ward because of the implicit dependence of & on the
magnetization.

To make this dependence explicit we introduce a

scalar potential ¢ from
h=-Vvy, Ay =(V - -m), (2.27)

and solve the Poisson equation to obtain

1/j(x)zll;?gm(x)- ds 3 (V-m)(x)dv,:l,
4

P —x’| x —x'|

(2.28)

where the surface integral extends over the boundaries
of the ferromagnetic medium, if any, and the volume
integral over the bulk of the medium. Applying a care-
ful partial integration yields the equivalent relation

1 [ (x—x)-mx)  _,

Yx)=— | ——————dV’,

4 lx —x'|3 (2.29)

whose advantage is that it contains no derivatives of
the magnetization and is valid irrespectively of the
presence of boundaries.

As an elementary illustration we consider a fer-
romagnetic film of thickness d (see Fig. 1) and as-
sume that the magnetization is equal to its ground-state
value (2.24) inside the film (region I) and vanishes
outside (regions II and III). An explicit calculation of
the integral in Eq. (2.29) then yields

%d. X3 > %d
¥=1x, —3d<x3<3d, (2.30)
—-%d, x3 < —%d.

Therefore the magnetic field is givenby h = -V =
—my inside the film and vanishes outside. The mag-
netic induction b = h + mg vanishes everywhere.
We now return to the magnetostatic energy (2.25)
and replace k2 by —h - (V). An application of the
divergence theorem and Egs. (2.14) then gives

Wm:%[fw(m- dS)—/w(V-m)dv],
(2.31)

where we have also used the fact that i is continuous
across the boundary and that the difference between
the normal components of the magnetic field on the
two sides of the boundary is equal to the normal com-
ponent of the magnetization. A further partial integra-
tion transforms (2.31) into

Wp = —% /(h -m)dV, (2.32)
which shares with Eq. (2.29) the property that it 1s
valid whether or not boundaries are present. Hence,
using this form of the magnetostatic energy and a
magnetic field calculated from Eq. (2.29), the basic
relation (2.26) is established by straightforward ma-
nipulations.

We complete the discussion of the canonical struc-
ture noting that the Landau-Lifshitz equation is ac-
tually a constrained hamiltonian system. Nevertheless
one may resolve the constraint m*> = 1 explicitly us-
ing, for example, the spherical parametrization

m| =sin® cos D,

my=sin@sin®, m3=cos®. (2.33)

The energy functional is then parametrized in terms of
the two independent fields & and @ and the general
form of the Landau-Lifshitz equation reads

) W . W
in@e = ——, ineOP = —, 2.34
sin 7 sin 30 ( )
which suggests that the pair of fields
IT=cos® and @ (2.35)
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is a canonical pair:

W . W

=55 =30
However most of the special dynamical features of
the ferromagnetic continuum emerge exactly when the
definition of the canonical variables (2.35) encounters
ambiguities due to a possibly nontrivial topological
structure of the magnetization.

Finally we return briefly to the issue of dissipation
and rewrite Eq. (2.12) in the equivalent form

(2.36)

m+(mx@G) =0, m2=1,
G =X7f +22(m x f), (2.37)
1 A

A2

M= A=
R T A WY

We then examine the rate at which the energy changes
in the presence of dissipation:

W=f (5—W m) dv
ém
. / L2~ (m-f)21dV, (2.38)

Because m is a unit vector the integrand in the last
step of Eq. (2.38) is positive definite and the energy
decreases when the dissipation constant A is positive.

3. Gyrovector and the stress tensor

The key quantity for the description of both topo-
logical and dynamical properties of the magnetization
is the gyrovector or vorticity v = (y1, y2, ¥3) whose
cartesian components are given by

Vi = —%€ijk(3jm X 3]Jﬂ) -m. (31)

The former terminology was introduced in the early
work [1] but the latter seems more appropriate in
view of the significant formal analogy of the vector
~ with ordinary vorticity in fluid dynamics. Never-
theless one should stress that ~ is not related to ac-
tual rotational motion in the ferromagnetic continuum
but rather to the topological complexity of the mag-
netization. For the moment, we are concerned with
instantaneous properties of the unit vector field m =

m(x) at some instant ¢ that is not displayed explicitly.
Questions of dynamics will be addressed later in this
section.

An immediate consequence of the definition (3.1)
and the constraint m? = 1 is that the vorticity field is
solenoidal,

V. =0, (3.2)

and hence the corresponding vortex lines cannot ter-
minate but at the boundaries of the ferromagnetic
medium. The precise nature of vortex lines is revealed
by expressing the vorticity in terms of the canonical
variables (2.35),

~=VIx Vo, (3.3)

arelation that suggests an analogy of /T and @ with the
Clebsch potentials of fluid dynamics [8]. It also estab-
lishes that vortex lines are defined as the intersections
of the two surfaces IT(x) = ¢ and @ (x) = ¢ where
¢1 and ¢, are arbitrary constants. In other words, vor-
tex lines are the curves along which the magnetization
vector m remains constant.

Such a simple definition of vortex lines allows a
transparent topological classification of the possi-
ble distributions of magnetization. We shall consider
the physically interesting class of configurations
m = m(x) that are differentiable functions of position
and approach the ground state of the ferromagnet at
spatial infinity:

m(x)lT—> mo = (0,0, 1). (3.4)

In the absence of boundaries the medium extends to
infinity in all directions and vortex lines are closed
curves. One may then define a degree of knotted-
ness, or helicity, of tangled vortex lines by analogy
with related work in fluid dynamics [9] and magneto-
hydrodynamics [10]. The current status of the topo-
logical aspects of the above subjects may be traced
from Ref. [11]. In the present context, such a degree is
more appropriately referred to as the Hopf index [12].
In view of the boundary condition (3.4) the 3D space
is isomorphic to the sphere S and a specific config-
uration m = m(x) establishes a map from $3 to $2,
where §? is the 2D sphere defined from the constraint
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m? = 1. Such a map is characterized by the integer-
valued Hopf index defined as follows. Let m(x) = m,
and m(x) = m; be any two vortex lines where m| and
m; are constant unit vectors. The linking number of
these two curves is independent of the specific choice
of the pair of vortex lines and is called the Hopf index
of configuration m(x).

In order to make a first contact with the dynamics
we also quote an analytical definition of the Hopf in-
dex. The solenoidal vorticity is derived from a vector
potential a,

¥=V xa, (3.5)

and the Hopf index is given by

N=_L [(a ) dv. (3.6)
4

Although the vector potential is unique only to within
a gauge transformation, N is gauge invariant and may
be expressed entirely in terms of < by
N= —1—/3 -(x)m x)ydvav’
@)z ijkVi x— x| Yk .
3.7)

The remarkable fact is that the above integral is always
equal to an integer and its explicit values coincide with
those obtained through the linking-number definition
given in the preceding paragraph [13,14].

It would appear that a simpler (local) expression
for the vector potential may be derived from Eq. (3.3)
which suggests that

a=[1V®, (3.8)

provided that /7 and @ are differentiable functions
of position. However inserting (3.3) and (3.8) in (3.6)
would then lead to a vanishing Hopf index. Putting
it differently, the canonical variables I7 and & can-
not be both differentiable for field configurations with
N # 0, even though the magnetization is always as-
sumed to be differentiable. Indeed, explicit examples
worked out in the literature [4,15] demonstrate that the
magnetization reaches the north as well as the south
pole of the sphere m? = 1 along certain (vortex) lines
where the angular variable ¢ becomes multivalued

when N # 0. While these difficulties are largely irrel-
evant, because of the gauge-invariant definition (3.7),
they already provide an important hint concerning dy-
namics. Note that the vector potential (3.8) coincides
with the familiar expression for the momentum den-
sity associated with the Hamilton equations (2.36). We
thus conclude that the difficulties discussed in conec-
tion with Eq. (3.8) render ambiguous also the usual
linear momentum.

We defer for the moment further discussion of dy-
namics and return to the question of topological clas-
sification in the presence of boundaries. Specifically
we consider the film geometry of Fig. 1 where vor-
tex lines need not be closed but may terminate at the
boundaries of the film. Hence a definition of a Hopf
index is no longer meaningful. Instead we consider
the flux of vorticity

Q:ifq.ds 3.9
4
N

through any open surface S that is contained within
the film but extends to infinity on all sides. The flux
is independent of the specific choice of a surface with
the above properties, thanks to V -+ = 0 and an
elementary application of the divergence theorem. In
particular, § may be a plane perpendicular to the third
axis,

1
Q= E/)@ dxidxy, —4d <x3 < 4d.  (3.10)

where the double integral is independent of xs3. In fact,
this integral coincides with the Pontryagin index or
winding number [13] of the magnetization and is also
integer-valued (Q = 0, %1, +2,...). Again, when
Q # 0, the canonical variables /T and ¢ cannot be
defined everywhere and the corresponding linear mo-
mentum is ambiguous.

The topological classification described above does
not assume that the configuration m = m(x) solves
the Landau-Lifshitz equation but merely that it obeys
some general physical restrictions such as differen-
tiability and Eq. (3.4). Of course, this classification
would become especially relevant if stationary solu-
tions were found with a nontrivial topology. In this re-
spect, we note that arguments of varying completeness
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have been presented in the literature for the existence
of magnetic vortex rings with a nonvanishing Hopf
index [4,15] but a definite theoretical treatment and
actual observation are still lacking. Nonetheless mag-
netic bubbles with a wide range of winding num-
bers have been observed in ferromagnetic films [2,3].
Finally, if the magnetization itself is allowed to be non-
differentiable at isolated singular points, one is natu-
rally led to a class of topological defects that are also
characterized by a winding number of the form (3.9)
except that the surface § is closed around a singular
point. Such defects have been observed in the bulk
of the ferromagnetic continuum and are called Bloch
points [2,3].

We now organize the various hints concerning the
connection between topology and dynamics by con-
sidering the time evolution of the vorticity (3.1). An
elementary calculation based on the Landau-Lifshitz
equation at vanishing dissipation, Eq. (2.15), leads to

Vi = —&ijk0i (f - hm) = &, 9; 7, .11

where

W
= —(f - om) = (— . Bkm) (3.12)
dm
is the “generalized force density” that appeared first
in the work of Thiele [1]. We take this calculation one
step farther using the formal argument

W
/dev=/(—-3km> dV =W =0 (3.13)
ém

to conclude that 7x may be written as a total diver-
gence,

T, = 90, (3.14)

where oy; will be called the stress tensor. Eq. (3.11)
then reads

Vi = &ijk0j 010K (3.15)

and proves to be fundamental for our purposes [4].

To complete this line of reasoning we must also
supply an explicit expression for the stress tensor. As
a first step we insert in Eq. (3.12) the effective field f
of Eq. (2.13):

=1+ 0+,
Ty = —(Am - m),
T = k(mdmy + madmy),

o

T, = —hpdgms,
T = —(h - m). (3.16)

We then search for a tensor
oy = o +op + a,?l + oy (3.17)

that must lead to Eq. (3.16) by applying the general
relation (3.14). The first three terms are simply

o5 = Webpy — (O - m),
ko et (3.18)

b
o = Wab, 0y = wpdk,

where we, w, and wy, are the energy densities defined
in Egs. (2.19) and (2.23). The construction of the mag-
netostatic contribution is slightly more involved but
trial and error leads to

o = hby — b8y, (3.19)

where the magnetic induction b = A+m is used mostly
as a notational abbreviation. As usual, it is understood
that the magnetic field in Eq. (3.19) is expressed in
terms of the magnetization through the magnetostatic
equations (2.14). A repeated application of these equa-
tions establishes the desired relation

oy = —(h-m) = 1. (3.20)

A notable feature of the derived stress tensor oy; is
that all but the magnetostatic contributions are sym-
metric under exchange of the indices k and /. The
asymmetry of the last term anticipates the physical
fact that the orbital angular momentum and the to-
tal magnetization are not separately conserved in the
presence of the magnetostatic interaction, as we shall
see shortly. A further interesting property is that the
preceding construction applies whether or not bound-
aries are present, taking into account that the magnetic
induction b is equal to the magnetic field & outside the
ferromagnetic material where the stress tensor reduces
to

ou = off = hxhy — §H8, (3.21)
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which is symmetric and satisfies the continuity equa-
tion

dor =0 (3.22)

by virtue of V x h = 0 = V - h. Eq. (3.22) is consis-
tent with a vanishing Thiele force density outside the
material.

4. Conservation laws

The occurrence of ambiguities in the canonical
definition of conservation laws has already received
considerable attention. Slonczweski [16] was appar-
ently the first to recognize that the usual definition
of linear momentum fails for magnetic bubbles with
a nonvanishing winding number. Haldane [17] and
Volovik [18] also addressed the question from dif-
ferent perspectives. But we believe that a simple as
well as complete resolution of this issue was given
only in some recent work [4] where the linear and an-
gular momentum were expressed as moments of the
topological vorticity (3.1). Since the available studies
address strictly 2D or 3D models, our aim here is
to establish unambiguous conservation laws in the
context of the quasi-2D geometry appropriate for the
description of ferromagnetic films.

We consider the geometry of Fig. 1 where a film
of constant thickness ¢ extends to infinity in the
(x1, x2) plane and the easy axis is perpendicular to
the film. Therefore the relevant symmetries are: (i)
translations in the (x{, x7) plane, and (ii) azimuthal
rotations around the third axis. We shall show that the
corresponding conserved quantities are the moments

1, = /x#de, mw=1or2, 4.1)

which are related to the linear momentum, and the
third component of the total angular momentum

J=14u

1
= E/pz)qdv, ;L:/(ma—l)dV, “4.2)

where p? = x? + x3 and hence the “orbital” angu-
lar momentum / is also expressed as a moment of the
vorticity; p is the total magnetic moment along the
easy axis, except that we have subtracted the trivial
contribution from the ground state so that y is finite
and negative. It should be noted that all volume inte-
grals in Egs. (4.1) and (4.2) extend over region I of
Fig. 1.

Although the conservation laws quoted above have
a similar appearance with those derived for strictly
2D models [4] a proof of their validity is not obvious
because of potential boundary effects. We consider
first the time evolution of the moments (4.1),

Iy = /x,m dv = g3jkfxﬂa,a,ak,dv, (4.3)

where we have used the fundamental relation (3.15)
applied for i = 3. Notation is organized by asserting
that Greek indices u, v, ... assume only the two dis-
tinct values 1 and 2, corresponding to the two spatial
coordinates x; and x7, while Latin indices i, j, ... as-
sume all three values, as usual. We further introduce
the 2D antisymmetric tensor €,,,,, whose elements are
g1 = 0 = g and g2 = 1 = —¢&71, and invoke
the summation convention for repeated indices with-
out exception. Then

qus‘,x/xuavalaﬂdV

=Eu /[au(xw?ztm) — 8uvdion]dV, (4.4)

where both terms in the integrand are in the form of
a total divergence. Since the film extends to infinity
in the x| and x> directions, the first integral vanishes
for either v = 1 or 2 provided that the magnetiza-
tion exhibits a reasonable behavior at large x; or x».
By reasonable we mean that the magnetization ap-
proaches its ground-state value sufficiently fast so that
the energy of the configuration is finite. Then we may
write

iu = —e#,\/ala,udv, 4.5)

where the integrand is also a total divergence but the
integral need not vanish because the Latin index [ is
summed over all three values, / = 1,2 and 3, and
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may lead to a nonvanishing contribution from the film
boundaries, namely

Iy=—eu / ox3dx) dx
x3=d/2

— / oizdxydxs |, (4.6)
x3=—d/2

where the tensor elements 0,3 are evaluated right in-
side the boundaries and are certainly not equal to zero.

However we may now return to the explicit form
of the stress tensor given in Section 3 and apply it for
053 with A # 3 to obtain

053 = —(0ym - dz3m) + hy b3, 4.7)

which must be evaluated at the boundaries of the film
where dsm = 0 on account of the unpinned boundary
condition (2.22). Hence

o3(x1, x2, x3 = £5 d) = hybs, (4.8)

where we further note that the combination of fields
hybs, with A = 1 or 2, is continuous across the
boundaries thanks to the familiar boundary conditions
of magnetostatics. The double integrals in Eq. (4.6)
may thus be evaluated right outside the boundaries
where the stress tensor satisfies the continuity equa-
tion (3.22). An application of the divergence theorem
in region II yields

0= f B0 AV = — / o33 dxy dxa, 4.9)
I x3=d/2

and a similar relation for region I1I. The net conclusion
is that both integrals in Eq. (4.6) vanish and

I, =0, (4.10)

which is the desired result. We shall defer discussion
of the interesting physical consequences of Eq. (4.10)
until a corresponding result is obtained for the angular
momentum.

The time evolution of the orbital angular momentum
is governed again by the fundamental relation (3.15).
The analog of Eq. (4.4) now reads

o]
1=§evk/pza.,alax,dv

]
= € /[au(pzazau) — 2x,003]1dV, (4.11)

where the first integral in the last step of Eq. (4.11)
vanishes for both v = 1 and 2:

[Z—SUA/XDSIJ}L[ dv

— e / (03 — 31 (xucs)1dV. @.12)

Recalling that the volume integration extends over re-
gion I we write

/al(xvakl)dvz / xp0;33dx; dxo
I x3=d/2

— / xpoy3 dxydxa,  (4.13)

x3=—d/2
where the double integrals may be calculated either
above or below the film surfaces because the tensor
elements o3 given by Eq. (4.8) are continuous across

the boundaries. An argument similar to that used in
Eq. (4.9) then leads to

/ xyo3dxpdxy = — / o dV, (4.14)
X]:d/z 11
and

/ xpo3dxydxy = fa;\u dv. (4.15)
x3=—d/2 111
Therefore Eq. (4.13) may be rewritten as
/31(xu0u)dv :—/Ukv dv — /Oxu dv,
I 1 i

(4.16)

where the right-hand side is symmetric under ex-
change of the indices v and A because the stress
tensor is symmetric outside the film. Hence inserting
Eq. (4.16) in Eq. (4.12) yields a vanishing contribu-
tion, because of the contraction with the antisymmet-
ric tensor &,,, and

[ = /suxaxvdv.
I

4.17)
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To summarize, if the magnetostatic interaction were
absent, the stress tensor would be symmetric in all
regions and Eq. (4.17) would lead to a conserved or-
bital angular momentum (/ = 0). In general, using the
complete stress tensor given in Eqgs. (3.18) and (3.19),

EvaOay = Enpnby = &y hm,, (4.18)
and
Z:/(mlhg—mghl)dv, (4.19)

so that the orbital angular momentum is not by itself
conserved.

Nevertheless a conservation law is obtained by in-
cluding the total magnetic moment u of Eq. (4.2)
whose time derivative is computed by applying di-
rectly the Landau—Lifshitz equation (2.15) to write

L :fm3dv = —f(m xf)adV. (4.20)

Now taking into account the explicit expression for
the effective field f of Eq. (2.13) we find that the
contributions from the anisotropy and bias fields drop
out of Eq. (4.20) and

/lz—/(mxAm—l—mxh)3dV. (4.21)

To compute the exchange contribution we note that
f(m x Am)dV :/Bi(m x d;im)dV

_ }£ (m x %m)dS;, 4.22)

where the surface integral vanishes because of the un-
pinned boundary condition (2.22). Therefore

;l:—/(m x h)3dV = —/(M1h2—m2h|)dv.
(4.23)

Comparing this result with Eq. (4.19) establishes that

J =0, (4.24)

or that the total angular momentum J = [ 4+ p is
conserved.

Having thus demonstrated the validity of the con-
servation laws (4.1) and (4.2) we now tum to the

discussion of their physical content. We first note that
these conservation laws are free of all ambiguities
even for configurations with a nontrivial topological
structure. Suffice it to say that the potential nondif-
ferentiability of the canonical variables [T and @
does not affect Eqgs. (4.1) and (4.2) because they are
both expressed in terms of the vorticity which can be
calculated directly from the magnetization through
Eq. (3.1). A detailed discussion of this issue may
be found in our earlier work within a strictly 2D
context [4] and applies here with minor modifica-
tions. Hence we will simply list the important points
adapted to the present quasi-2D situation.

The conserved moments (4.1) are related to the lin-
ear momentum p = (pj, p2) by

Pu=¢wly, {pu,m}=—0,m, (4.25)

where the Poisson bracket relation establishes that p
is indeed the generator of translations in the (x1, x2)
plane. However p cannot be interpreted as ordinary
momentum for two related reasons. First, the Poisson
bracket of its two components,

{pls P2} = —4JTdQ, (426)

does not vanish except for a vanishing winding num-
ber. Second, under translations in the plane, x; —
x| + c1 and x2 — x2 + ¢3, the moments transform
according to

I, — 1, +47dQc,, 4.27)

which is a consequence of definition (4.1) and
Eq. (3.10). The nontrivial transformation of the lin-
ear momentum (4.25) implied by Eq. (4.27) is surely
an unusual property because one would expect the
momentum to remain unchanged under a rigid trans-
lation. Nevertheless the above properties suggest a
formal analogy with the familiar electron motion in
a uniform magnetic field, the role of the latter being
played here by the winding number.

Therefore, when Q # 0, a more useful interpreta-
tion of the conserved moments is obtained through the
guiding center coordinates

_ [ xuy3dv L

_ - . u=lor2, (428
T T pdv  amdgt M7 (4.28)
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which are conserved and transform as (R, Rp) —
(R1+c1, Ra+c2) under a rigid translation in the plane
(x1, x2) = (x1+c1, x3+c2). The latter property sug-
gests that the 2D vector R = (R, R2) may be inter-
preted as the mean position of a magnetic bubble with
Q # 0 in a ferromagnetic film, and its conservation
implies that such a bubble cannot be found in a free
translational motion. In other words, Q # O bubbles
are always spontaneously pinned or frozen within the
ferromagnetic medium provided that external pertur-
bations are absent; in analogy with the electrons un-
dergoing a 2D cyclotron motion in a uniform magnetic
film, in the absence of electric fields.

The physical meaning of the orbital angular mo-
mentum / defined in Eq. (4.2) is also unusual, for it
actually provides a measure of the size of a configu-
ration with Q # 0. More precisely, one may define a
mean squared radius from

2 J161 = R’ + (0 — Ro)’lys dV
[ysdv

i
= — R?, 4.29
27dQ (4.29)

which is directly proportional to / when the latter is de-
fined with respect to the guiding center (R = 0). Note
that we use the abbreviated 2D notation R = (R}, R;)
and R? = R? + R3. The radius r of Eq. (4.29) plays
an important role in our theoretical development but
does not, in general, coincide with the native radius
at which the third component of the magnetization
vanishes (m3 = 0). One should add that » would be
a conserved quantity in the absence of the magneto-
static interaction because the orbital angular momen-
tum would then be by itself conserved.

In order to pursue further a meaningful discussion
of dynamics, one must first ascertain the existence
of interesting static solutions of the Landau-Lifshitz
equation such as magnetic bubbles with a nonvanish-
ing winding number; an issue addressed in the follow-
ing two sections. We shall return to a more detailed
study of the implications of the derived conservation
laws for dynamics in Section 7.

5. Virial theorems

A simple scaling argument due to Derrick [7] leads
to a virial relation that must be satisfied by any finite-
energy static solution of a nonlinear field theory. Since
Derrick’s relation is mainly used in the literature to es-
tablish the nonexistence of nontrivial static solutions,
it is of some interest to demonstrate how the present
theory evades its potential consequences and leads to
the observed wealth of magnetic bubbles with prac-
tically any winding number [2]. However a general-
ization of the original scaling argument to the present
case is not completely straightforward, because of the
film boundaries, and is given below.

Static solutions are stationary points of the energy
functional W = W(m) provided that the constraint
m? = 1 is taken into account. For instance, one may
use the spherical variables (2.35) to write
wo 0= sSW
Y BT
which are the static versions of the Hamilton equa-
tions (2.36). In this section, we shall neither write out
nor solve the above equations explicitly but merely
use them to derive some general relations.

For the moment, let us ignore the film boundaries
and assume that the medium extends to infinity in
all directions. We may then apply Derrick’s scaling
argument in a straightforward fashion. Suppose that
T = [T(x) and @ = P (x) is a solution of Egs. (5.1)
with (finite) energy W = W, + W, + Wy + Wy, The
energy of the configuration /7(¢x) and @ (¢x), where
¢ is some constant, is then given by

1
F
By our hypothesis ¢ = 1 is a stationary point of W(¢)
and hence W/ (¢ = 1) =0or

) 5.1

l
W) = EWe + == (Wa + Wy, + Wn). (5.2)

We + 3(Wy + Wy + W) =0, (5.3)

which is a virial relation that must be satisfied by any
static solution with finite energy. Since all pieces of
the energy are positive definite, one must conclude
from Eq. (5.3) that nontrivial static solutions with finite
energy do not exist in a 3D ferromagnetic continuum
without boundaries.
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The preceding derivation of virial relation (5.2) is
clearly inapplicable in the presence of boundaries. We
thus seek to obtain the analog of this relation for the
film geometry of Fig. 1 by a method that was already
employed in the simpler context of Ref. [4] and leads
to a series of virial theorems, Derrick’s relation being
the simplest example. An alternative form of the Thiele
force density is given by

W

W
= —oll + —0, P =9 54
o= oo +8<1> k Ok (5.4)

and vanishes for static solutions satisfying Eqgs. (5.1).
Therefore the stress tensor satisfies the continuity
equation

dio =0 (5.5)

within the ferromagnetic medium. Recalling that the
stress tensor satisfies the continuity equation out-
side the film even for time-dependent solutions, see
Eq. (3.22), we conclude that static solutions satisfy
Eq. (5.5) everywhere.

A series of virial relations may now be derived by
taking suitable moments of Eq. (5.5) and by a system-
atic application of the divergence theorem. The sim-
plest possibility is

ijalak,dv =0, (5.6)
v

where the integration extends over some volume V
that is left unspecified for the moment. The divergence
theorem then yields

/Uij dVv = %xjo,-[ dS[, (57)

v N

where we have effected a trivial rearrangement of in-
dices and S is the surface surrounding the volume V.
It is understood that the region of integration is such
that the surface S does not cross the film boundaries
because of potential discontinuities that may render
the divergence theorem invalid.

Thus we proceed with an application of Eq. (5.7) in
several steps. First we consider the subset of relations
obtained by restricting the indices i and ; to the values
1 or 2. Using our standard convention we write

/qu dVv = fxuom ds;, (5.8)
\' S

where @, v = 1 or 2, and subsequently apply this
relation to each region I, II or III separately:

/o,wdv =St =S
I

/o*w dv = -7, (5.9)
11
/GW dv = S;U,
11
where
S;fu = / Xy0y,3 dxp dx
x3=+xd/2
= / Xphyb3dxg dxo. (5.10)
x3==d/2

Here we have recalled the boundary values of the ten-
sor elements 0,3 from Eq. (4.8) which are continu-
ous across each boundary for = 1 or 2. In fact, the
last two equations in (5.9) coincide with Eqgs. (4.14)
and (4.15) obtained in our earlier discussion of con-
servation laws because the stress tensor satisfies the
continuity equation outside the film even for time-
dependent fields. However the first equation in (5.9)
applies only to static solutions. An immediate conse-
quence of all three equations is the set of relations

0,dV =0, u,v=1o0r2, (5.11)

all volume

where explicit surface contributions are no longer
present. A special case that emphasizes the role of the
magnetostatic interaction is obtained by contracting
both sides of Eq. (5.11) with the 2D antisymmetric
tensor,

/ewa,wdv = /(mlhg —myh)dV =0, (5.12)

a relation that is consistent with Egs. (4.19) and (4.23)
since both the orbital angular momentum / and the
total magnetic moment p are time independent in a
static solution.
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The absence of explicit surface terms in Eq. (5.11)
is not surprising because scaling arguments of the
Derrick variety continue to apply in the x; and x;
directions. Specifically Eq. (5.11) may be arrived at
also by performing the linear transformation x; —
Ziixy + Z12xp and xo — £21x) + {2x2 in a static
solution and by demanding that the resulting energy
W = W(¢) be stationary at £j; = 1 = {22 and {12 =
0 = ¢21. However the situation is different when one
or both indices i, j in Eq. (5.7) are equal to 3.

Actually some useful information on the latter case
can be obtained directly from the continuity equa-
tion (5.5) which is written as

avaiu + 330'[3 =0 (513)

and implies that the double integrals | 0i3 dx| dxz,
with i = 1,2 or 3, are independent of x3 but may
assume different values in regions I, II, or IIL In fact,
all integrals vanish outside the film because they can
be calculated at large |x3| where the tensor elements
vanish. For i = @ = | or 2 the integrals vanish also
inside the film thanks to Eq. (4.9):

f0”3 dx;jdx; =0, wu=1or2, (5.14)

for any x3. On the other hand,

/033 dxydxy = { 0.
s,

where s is constant throughout the film but need not
vanish. Collecting the above information we may also
write

3| > 5d

5.15
—%d <x3 < %d ( )

o33dV = sd, (5.16)
all volume

which should be contrasted with Eq. (5.11) where the
right-hand side vanishes.

We have thus derived a number of virial relations
that must be satistied by any static solution. We have
also gathered sufficient information to make contact
with relation (5.3) obtained for a strictly 3D medium.
Indeed Egs. (5.11) and (5.16) may be combined to
yield

/tradV:sd, 5.17)

where the integration extends over all volume, tr o =
o111 + 022 + 033 is the trace of the stress tensor, s
the constant defined from Eq. (5.15), and d the film
thickness. The trace is calculated by using the ex-
plicit expression of the stress tensor from Egs. (3.18)
and (3.19):

tro = we + 3wy +wp) + (h-b) — 362, (5.18)

where we, w, and wy, are the exchange, anisotropy
and bias energy densities. We may further insert in
Eq. (5.18) the magnetic induction b = h + m to write

tro =we + 3(wy + wp) — 34°
+4(= Yhm) = 3, 619

where the magnetostatic energy density appears both
in the form entering Eq. (2.25) and that of Eq. (2.32),
while in the last term set m?> = 1 within the film
and zero outside. Therefore a more explicit form of
Eq. (5.17) reads

We + 3[Wa + W + (Wi — W] = sd, (5.20)

where we recognize the various pieces of the energy,
as in relation (5.3), and Wr(no) orginates in the last term
of Eq. (5.19) and is equal to the magnetostatic energy
of the ground state configuration mgy = (0, 0, 1).
Virial relation (5.20) differs from (5.3) in two sig-
nificant ways. First, a surface term appears in the right-
hand side which is entirely due to the film geometry
and is generally different from zero. Second, the mag-
netostatic energy of the ground state, Wé?), is sub-
tracted out. Now implicit in the derivation of (5.3) was
the assumption that the magnetostatic field vanishes
at large distances, in all directions, so that the energy
Wi, is finite. This assumption is clearly false in a fer-
romagnetic film because h = —my at large x; and x;
and thus both Wy, and W,;O) are infinite. Nevertheless
the difference Wy, — Wr(no) is expected to be finite for
reasonable solutions. Furthermore this difference is no
longer positive definite and is, in fact, negative in the
case of magnetic bubbles. Indeed the magnetostatic
field favors expansion of a domain with magnetization
opposite to that of the ground state, which is balanced
by the exchange, anisotropy and bias fields to produce
a stable bubble of definite radius [19]. Therefore virial
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relation (5.20), unlike (5.3), does not a priori exclude
nontrivial static solutions in a ferromagnetic film, ir-
respectively of the sign of the surface contribution in
the right-hand side. An explicit example is worked out
in the following section where both Wy, — W&O) and s
are negative but Eq. (5.20) is verified.

6. The fundamental magnetic bubble

The construction of static solutions with a nonvan-
ishing winding number is an issue of significant prac-
tical interest and occupied most of the early studies of
magnetic bubbles [2,3]. Because of the long-range na-
ture of the magnetostatic field and the related effects
of finite film thickness, writing out the static equa-
tions (5.1) explicitly leads to a rather complex system
that is not particularly illuminating. Hence the ques-
tion was addressed through approximate solutions in
the limit of a large quality factor « [19], variational
methods [20], and numerical simulations in the im-
portant special case of the fundamental (Q = 1) bub-
ble [21]. However, in order to illustrate some basic
aspects of our theoretical development, we shall need
some detailed information on the profile of a bubble
that is not easily accessible from the early work. We
have thus decided to recalculate the Q = 1 bubble by
a numerical method with a simple physical origin.

Suppose that some initial configuration with a given
winding number Q evolves according to the Landau—
Lifshitz equation (2.37) including dissipation. After a
sufficiently long time interval precession effects are
suppressed and the configuration eventually relaxes
to a static solution of the Landau-Lifshitz equation
with the same winding number. Since our aim in this
section is only to obtain static solutions, the process
may be accelerated using Eq. (2.37) with a very large
dissipation constant A. On introducing the rescaled
time variable T = ¢ /A, the A — o0 limit of Eq. (2.37)
reads
om
ar
In view of Eq. (2.38) the energy decreases when the
configuration evolves according to either Eq. (2.37) or
its fully dissipative limit (6.1). The advantage of the

+mx(mxf)=0, m* =1 (6.1)

latter is that it suppresses transients and leads to equi-
librium with reasonable speed. Of course, the calcu-
lated static solution is independent of the details of the
initial configuration provided that the winding number
is kept fixed. Thus the initial condition may be chosen
more or less at convenience and convergence may be
improved by incorporating any a priori information on
the expected static solution. To be sure, Eq. (6.1) can-
not be used as a substitute for the complete Landau—
Lifshitz equation but merely as a means to derive a
numerical relaxation algorithm for the calculation of
static solutions.

Although the principle of the method is very sim-
ple, an efficient solution of the initial-value problem
posed in the preceding paragraph confronts us with
a nontrivial numerical task; at every step of the time
evolution one must solve the Poisson equation (2.27)
in order to determine the magnetostatic field & and
subsequently the effective field f from Eq. (2.13). Cal-
culation of the latter near the film boundaries should
also take into account the unpinned boundary condi-
tion (2.22). A detailed description of our numerical
algorithm will be given elsewhere [22], so the remain-
der of this section will be devoted to a discussion of
the resuits of an explicit calculation of the fundamen-
tal magnetic bubble.

A substantial simplification occurs in the case of the
fundamental bubble because of its strict axial symme-
try; that is, invariance under a simultaneous rotation
in the (x;, x2) plane and a corresponding azimuthal
rotation of the magnetization. It is then convenient to
use cylindrical coordinates defined from

X} =pcos¢, xp=psing, x3=2z. 6.2)

A strictly axially symmetric configuration is of the
general form

my +imy = (m, +img)el®, m3 =m; (6.3)

where the radial (m,), azimuthal (mg) and longitudi-
nal (m;) components are functions of only p and z,
mp = mp(pv Z)s

me = mg(p, ), (6.4)

m; = m;(p, 2),
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while they continue to staisfy the constraint
mf, +m<2,, + mg = 1. 6.5)

The dissipative equation (6.1) becomes effectively
two-dimensional and a significant simplification of
the numerical problem results.

Specifically, when ansatz (6.3) is inserted in
Eq. (6.1), the resulting equation retains the same
form except that the three-component vector m =
(m1, my, m3) is formally replaced by (m,, my, m;)
and the effective field f by (f,, f. f;) with

mp
fo=Aam, — Sz KM +hp,

m
fp = Amg — —p§ — kmg + hg, (6.6)
fo=Am; + hy + by,
where the Laplace operator is reduced to

32 +1 3 9
p2  pdp 872

(6.7)
hy is the bias field, and h,, hy and h, are the polar
components of the magnetostatic field. Actually, the
azimuthal component vanishes because
a am,
V.m:_ﬂ+ﬂ oz (6.8)
ap o a9z
and hence the magnetostatic potential is a function of
only p and z; ¥ = ¥ (p, z). Therefore

_% _
ap’ dz "’

0= hg =0, h;= (6.9)
and the polar components of the magnetic induction

are

bp=hp‘+’rnp4 b¢=m¢, bz=hz +mz. (6.10)

For future reference we also quote some discrete
symmetries of the reduced system of equations. First,
given a static solution of the form (6.4), the configu-
ration

my(p,2), —my(p,z), my(p,2) (6.11)

is also a solution. Second, the parity relations

mp(p’ Z) = —mp(p, —Z)s
me(p,2) = mgy(p, —2),

m:(p,2) =mz(p, —2),
6.12
hy =0,

h(p,2) = h;(p, —2),

are compatible with the evolution equation (6.1). In
other words, if Eq. (6.1) is solved with an initial con-
dition satisfying relations (6.12), the resulting static
solution will satisfy the same relations.

To complete the description of strictly axially
symmetric configurations we return briefly to the
conservation laws (4.1) and (4.2). The relevant third
component of the vorticity reduces to

_1dm,
= ;—a—p—
Therefore the winding number calculated from
Eq. (3.10) is given by

V3 (6.13)

looa
m7
= 2d
0 2/ dp

= 3lm (00, 2) —m (0, 2)] = 1, (6.14)

provided that the magnetization approaches its
ground-state value m; = 1 at infinity and the value
m; = —1 at the origin. We further note the trivial fact
that the moments [, vanish and the guiding center
coincides with the origin of the coordinate system.
Finally the orbital angular momentum is computed
from Egs. (4.2) and (6.3),

d/2 00
1 om
l=- d Lomp?d
2 / Z[ ap P
—d/2 0
d/2 o)
=- f dz f(mZ - 1)2npdp, (6.15)
—di2 0

where we have performed a partial integration taking
into account that m, = 1 at infinity. We then recognize
in the right-hand side of Eq. (6.15) the total magnetic
moment u of Eq. (4.2). Hence [ = —u and

J=l+p=0. (6.16)
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As expected, the total angular momentum vanishes for
a strictly axially symmetric configuration. A related
fact is that the radius r calculated from Eq. (4.29) with
R = 0 and | = —pu satisfies the relation

w = —2mdr?, (6.17)

which could also be obtained by considering a crude
model of a bubble where the magnetization points to-
ward the north pole, m = (0,0, 1), for p > r and
toward the south pole, m = (0,0, —1), for p < r.

Now, if Eq. (6.1) is solved for an initial condi-
tion with strict axial symmetry and winding number
@ = 1, it will eventually lead to a static solution with
the same symmetry and winding number. A simple
choice of the initial configuration is given by the two-
parameter family

my=0, my==xsechu, m;=tanhu (6.18)
with
u=1In(p/po) + (p — po)/do, (6.19)

which coincides with the variational ansatz employed
by DeBonte [20] treating the constants py and &g as
variational parameters. The constant pg is the naive
radius of the bubble, i.e., the radius at which the third
component of the magnetization vanishes, while both
po and 8¢ provide a measure of the wall width §,, in a
picture where the bubble is viewed as a curved domain

wall:
1 _ du

8, dp

1 1
=— 4+ —. (6.20)
p=pe PO S0

On this occasion we recall that the width of an ideal
(straight) domain wall in an infinite medium is

w = Kor\/l_(— (6.21)

in the original or rationalized units, respectively (see
Section 2). Needless to say, for our purposes the con-
stants pp and &g need not be determined variationally
because the relaxation algorithm should lead to the
true static solution for any choice of these parame-
ters. However convergence may be accelerated when
configuration (6.18) is as close as possible to the true
bubble.

The description of the initial ansatz is completed
noting that the + freedom in Eq. (6.18) reflects the
discrete symmetry (6.11). The specific choice of sign
in my will be referred to as the polarity of the bubble,
the winding number being the same (Q = 1) for either
polarity. Finally configuration (6.18) is independent
of z and trivially satisfies the parity relations (6.12).
Therefore the anticipated static solution will satisfy the
same relations, even though it will develop a nontrivial
z dependence.

At this point, one must specify the true parameters
of the problem, namely the quality factor «, the bias
field hy, and the film thickness . We have aimed at
providing an illustration where the bubble radius is
roughly equal to the film thickness and have thus ar-
rived at the specific values (in rationalized units)

k=2, hy =032, d=164, =16/k, (622

which belong to a parameter regime that is thought to
be ideal for the formation of magnetic bubbles [19].
A possible choice of the parameters in the initial
ansatz (6.19) is accordingly given by pg = 184,, and
8o = 1.14,, but it is certainly not unique. We finally
mention that in all of the ensuing graphical illustra-
tions of the fundamental bubble we invoke a slight
departure from the rationalized physical units intro-
duced in Section 2 and used throughout the theoretical
development; distances will now be measured in units
of the ideal domain wall width A, = 1//k = 1/4/2
in order to emphasize the wall structure of the cal-
culated bubble. For instance, the film thickness will
appear as d = 16.

The calculated fundamental magnetic bubble is il-
lustrated in several ways. We mostly describe a Q = 1
bubble with positive polarity, originating in the initial
ansatz (6.18) with the upper sign in mg, the results for
negative polarity being inferred from the discrete sym-
metry (6.11). In Fig. 2 we display the dependence of
the magnetization on the radial distance p at the film
center (z = 0) and near the upper boundary (z = %d);
the p dependence near the lower boundary (z = —%d)
may be obtained from the parity relations (6.12). The
corresponding results for the magnetic induction are
shown in Fig. 3. One should keep in mind that the mag-
netostatic field extends beyond the film boundaries,
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Fig. 2. The calculated magnetization for the fundamental
(Q = 1) magnetic bubble with positive polarity and parame-
ters specified by Eq. (6.22). Results are given at the film center
(z = 0) and at the upper boundary (z = %d), whereas the cor-

responding results at the lower boundary (z = ~%d) may be
inferred from the parity relations (6.12). Here and in all sub-
sequent graphical illustrations distance is measured in units of
the ideal wall width 4, = 1//x.

but the calculated values will not be discussed further
in the present paper.

Some important general features of the fundamen-
tal bubble are already apparent in Fig. 2. If we view
the bubble as a curved domain wall, the wall is purely
Bloch at the film center (m, = 0) and nearly Néel
at the boundaries where the radial component m,
achieves significant values while the azimuthal com-
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Fig. 3. The calculated magnetic induction for the O = 1 bubble;
see caption of Fig. 2 for further explanations.

ponent my is small. A better view of the situation is
obtained by plotting the projection of the magnetiza-
tion vector m on the (x;, x2) plane in Fig. 4; whereas
Fig. S illustrates the projection on a plane that con-
tains the easy axis, which is chosen to be the (x;, x3)
plane without loss of generality thanks to the axial
symmetry.

The case of a Q = 1 bubble with negative polarity
may be inferred from Eq. (6.11) applied, for example,
to Fig. 4. The reflection mg — —my will reverse the
sense of circulation of the magnetization at the film
center but will not significantly affect the picture at
the boundaries where my is small.
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Fig. 4. lllustration of the Q = | bubble with positive polarity
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(x3 = 0) and Néel-like near the boundaries (x3 = ﬁ:%d).
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Fig. 5. Another view of the Q = 1 bubble through the projection
of m on the (x1, x3) plane.

Having thus provided an overall view of the funda-
mental bubble, we now turn to the description of some
important details. The simplest way to analyze the fine
structure of the bubble is by recalling the concept of
a vortex line introduced in Section 3. We first restate
the condition of strict axial symmetry in terms of the
spherical variables (2.33):

& =0(p,2), D =¢+ x(p, 2), (6.23)

where the function 6 and x are independent of the
angle ¢ and are related to the polar components of the
magnetization by

cosf = my, X = arctan(mg/m,). (6.24)

Therefore a vortex line is equivalently defined as the
intersection of the two surfaces

mZ(pv Z) = m3, ¢+X(pa Z) =¢()7 (6'25)

where m3 and ¢ are arbitrary constants in the intervals
[—1,1] and [0, 2], respectively.

The first relation in (6.25) defines a curve in the
(p, z) plane, illustrated in Fig. 6 for three typical val-
ues of m3, and the surface obtained by a simple revo-
lution of the curve around the third axis has the shape
of a barrel. Of special interest is the case m3 = 0
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Fig. 6. The calculated curves m,(p, z) = m3y for my = 0, :}:%
(upper entry) and the z-dependence of x along a vortex line
(lower entry) for the Q = 1 bubble with positive polarity; see
the text for further explanations.

which may be used to define a (naive) radius of the
bubble po = pp(z) as the radius of the circular in-
tersection of the barrel with the (x), x2) plane at alti-
tude z. We use the same symbol for the naive radius
as for the variational parameter py in Eq. (6.19) be-
cause the two coincide within the initial ansatz. The
current definition of the radius is especially useful at
the film boundaries where pg is the distance from the
center of the bubble at which a sharp change in con-
trast takes place (see Fig. 4) that may be detected ex-
perimentally. In our numerical example we found that
polz = ﬂ:%d) = 15.94,, which should be compared

with the value at the film center pg(z = 0) = 16.34,,,
thus providing a measure of bubble bulging [19]. We
also quote the average value of the naive radius

ds2

1
Po=1 / po(2) dz = 16,154, (6.26)
—d/2

and compare it with the radius » defined by Eq. (4.29)
and related to the total magnetic moment by Eq. (6.17):

r=1621A4A,. (6.27)

The radius » appears naturally within the theoretical
development, as will become evident in the discussion
of skew deflection in Section 7, whereas the naive ra-
dius pp is closer to what is actually measured in an
experiment. Therefore the observed proximity of the
numerical values quoted in Eqs. (6.26) and (6.27) is of
special significance. Note incidentally that the calcu-
lated bubble radius for the specific parameters (6.22)
is approximately equal to the film thickness.

Next we consider the second relation in (6.25). We
will not attempt to draw the corresponding surfaces,
for various values of the constant ¢, but examine di-
rectly their intersections (vortex lines) with a barrel
at given ms3. Thus in Fig. 6 we also display the z-
dependence of x along a vortex line; that is, we plot the
function x(p(z;m3),z) = x(z; m3) where p(z; m3)
is the root of the algebraic equation m,(p, z) = m3
which depends on z and the particular value of m3. At
m3 = 0, the rood p(z; m3 = 0) reduces to the naive
radius pp(z) discussed in the preceding paragraph. Ac-
tually Fig. 6 shows the z-dependence of x along a
vortex line only for m3 = 0, but our numerical simu-
lation furnished values for x that are virtually indis-
tinguishable when mj3 varies in the region |m3| < %
Nevertheless departures from such a universal behav-
ior occur for |m3| > %

The preceding findings are best summarized by the
sketch of a typical vortex line given in Fig. 7. Since
the sum ¢ + x(p(z; m3), z) must remain equal to a
constant ¢g, a vortex line originating at a point A of
the upper boundary, i.e., at given ¢ and m3, proceeds
downward along the surface of the barrel at the same
time twisting by an amount determined by the varia-
tion of x illustrated in the lower part of Fig. 6. The
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Fig. 7. Sketch of a typical vortex line for a Q = I bubble with
positive polarity. The sense of twist is reversed fora Q = 1
bubble with negative polarity.

vortex line eventually terminates at the lower bound-
ary, at a point B, having sufferred a total twist A¢ =
—Ax = —x(z = 3d;m3) — x(z = —1d; m3) which
generally depends on mj. For the specific example
m3 = 0 shown in Fig. 6 the calculated total twist is
A¢ = 158°. This value remains practically the same in
the range |m3| < % but deviations do occur for |m3| >
%. Finally we note that the vortex lines twist around
the surface of a barrel counter-clockwise for the Q =
1 bubble with positive polarity considered in our il-
lustrations; the twist take place clockwise for the Q =
1 bubble with negative polarity obtained through the
discrete symmetry (6.11).

Returning to the topological classification dis-
cussed in Section 3, we note that all vortex lines in
the fundamental magnetic bubble terminate at the film
boundaries and do not tangle with each other. Hence a
definition of a Hopf index is not possible, as expected
for a film of finite thickness. On the other hand, the
flux of vorticity through the plane (x1, x2) is equal to
4 for all z, thus leading to a unit winding number.

We also return to the virial relations derived in Sec-
tion 5 and comment on the manner they are satisfied
in our explicit calculation of the fundamental bubble.
Because of the strict axial symmetry the surface inte-

grals s;fu of Eq. (5.10) reduce to
Sy = S8, (6.28)

where 8., is the 2D Kronecker delta and

5 (6.29)

x3==+d/2

o
1
§* = —/ phpb2mpdp.
0

Hence relations (5.9) applied for u # v simplify to

f0'12dV =0=f021 dv,

which are valid in each region I, II or III separately. In
fact, using the explicit expression of the stress tensor
for an axially symmetric configuration, Egs. (6.30)
reduce to the single equation

(6.30)

/h,,m dv =0, (6.31)

which is automatically satisfied thanks to the parity
relations (6.12). Furthermore Eqs. (5.9) applied for
@ =v =1 or 2 yield for the various regions

/andV=/022dV=S+—S_,
1 I

/011 dv = /azng =-S5, (6.32)
I II

/andV =/022dV =5,

| ur

as well as

/011dV =O=f022dV, (6.33)

when the integration extends over all volume. The
above relations were verified explicitly in our nu-
merical simulation and were thus used to test its
validity. We further verified the Derrick-like rela-
tion (5.20) in our specific numerical example where
We = 4134, W, = 6008, Wy = 11952, Win — Wiy =
—22573, and sd = —9713; here energy is measured
in the rationalized units introduced in Section 2.
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7. Skew deflection

We are thus ready to study the main dynamical ques-
tion posed in Section 1. A static bubble with winding
number Q initially located at, say, the origin of the co-
ordinate system is subjected to an external magnetic
field

hexi = (0,0, hex),  hext = hext(x, 1), (7.1)

that points along the easy axis and its strength is some
prescribed function of position and time. Qur task is
to determine the response of the bubble to such an
external probe. In the absence of dissipation (L = 0)
the relevant dynamical equation is Eq. (2.15) extended
according to

S = [+ hex, (7.2)

in order to include the effect of the applied field (7.1)
which is turned on at = 0. One must then solve the
resulting equation with an initial condition provided
by the static bubble and calculate the magnetization
m = m(x, t) at all later times.

However a great deal can be learned without ac-
tually solving this initial-value problem thanks to the
special nature of the conservation laws derived in Sec-
tion 4. Since the position of the guiding center R =
(Ry, Ry) is conserved in the absence of dissipation and
external fields other than a uniform bias field, exam-
ining the rate at which R changes in the presence of
the field (7.1) should yield direct information on the
response of the bubble. The vorticity ¥ now obeys the
relation

Vi = €ijk[8;010k — 3j(Rext - Im)], (7.3)

which is Eq. (3.11) or (3.15) extended according to
Eq. (7.2). In particular, the evolution of the third com-
ponent of the vorticity is governed by

V3 = eua[0v0103; — Oy (hexy - m)], (7.4

where we have returned to the 2D notation for Greek
indices, as in Section 4, except for the index / that
is summed over all three values. The evolution of the
moments [, of Eq. (4.1) is then given by

iy = f evixuldodon — dylhexs - im)]dV,  (1.5)

where the contribution of the first term may be shown
to vanish by reasoning completely analogous to that
used in the derivation of the conservation laws in Sec-
tion 4. Implicit in the above statement is the assump-
tion that the applied field does not affect significantly
the configuration of the bubble at large distances or,
equivalently, it does not affect the ground state of the
ferromagnet. We shall return to this assumption later
in this section. Thus the evolution of the moments in
the presence of the applied field is governed by

[-‘u = —/SVAxuav(hextakm3) dv

=/5uuhext3vm3 dv, (7.6)

where we have taken into account that the field (7.1)
points in the third direction and have also performed
an elementary partial integration. On the assumption
that m3 — 1 sufficiently fast at spatial infinity, one
may perform a further partial integration to write

i,u = - f(guvavhext)(m3 ~1dv. (7.7

Also recall that the winding number is conserved even
in the presence of the applied field provided that the
latter does not destroy the ground state of the ferro-
magnet. Therefore the drift velocity of the bubble may
be inferred from Eqgs. (4.28) and (7.7):

. 1
Vum R =~ / (EpBohex) 3 — 1) V.
(1.8)

This result for the drift velocity is not completely
explicit because the third component of the magne-
tization appearing under the integral sign must still
be determined through a detailed solution of the
initial-value problem described in the introductory
paragraphs of this section. However Eq. (7.8) already
contains the essential information concerning the ex-
perimentally observed skew deflection of magnetic
bubbles, for it suggests that the drift velocity will
acquire a significant component mainly in a direction
prependicular to the gradient of the applied field.

In order to appreciate the physical content of
Eq. (7.8) the applied field is written as



S. Komineas, N. Papanicolaou/Physica D 99 (1996) 81-107 103

hext = gX1, 8 :g(xw t)v (79)

where the “gradient” g may still be a function of po-
sition and time. The two components of the drift ve-
locity (7.8) are given equivalently by

1

Vi= —— 9 - 1dv,

1 ard0 /(m hg)(m3z — 1)dV
1

 4ndQ

(7.10)

/(8 +x1018)(m3 — 1)dV

The field is now restricted to the physically interest-
ing situation where the gradient is nearly spatially uni-
form, ie. g & g(¢), over a large region surrounding
the bubble and drops to zero outside that region. Un-
der such conditions all implicit assumptions made in
deriving Egs. (7.10) are satisfied. In particular, all par-
tial integrations performed on the assumption that the
field does not significantly alter the behavior of the
bubble at large distances are justified. Nevertheless it
is clear from Eqs. (7.10) that an especially transparent
result would be obtained in the ideal limit where the
gradient g is spatially uniform everywhere. Then
Hg

= g(1); Vi=0, W= s 7.11
g=2g@) | 2 Ird0 (7.11)

where p is the total magnetic moment defined in
Eq. 4.2).

A completely uniform gradient would imply an in-
finite field at x; — —oo opposing the magnetization
in its ground state m = (0,0, 1). Therefore, in the
presence of some dissipation, the magnetization would
allign with the applied field almost immediately af-
ter the field is turned on and assume the value m =
(0, 0, —1) far in the left plane. Such an instance would
destroy the original topological structure of the bubble
and obscur the question of skew deflection. Neverthe-
less the preceding critism does not apply in the case
of vanishing dissipation considered so far because the
magnetization would then precess wildly around the
easy axis far in the left plane but never align with
the external field. Hence the uniform limit considered
in Eq. (7.11) is mathematically meaningful in the ab-
sence of dissipation and provides the clearest, albeit
idealized, illustration of the main theme discussed in
this paper.

The guiding center of a bubble with Q # 0 moves
in a direction perpendicular to the applied gradient, in
analogy with the familiar Hall motion of an electric
charge in a uniform magnetic field (the analog of the
winding number) and a uniform electric field (the ana-
log of the uniform magnetic-field gradient). Further-
more the drift velocity (7.11) is expressed in terms of
quantities with a simple physical meaning. However
this expression for the drift velocity is not completely
explicit because the total moment is not conserved dur-
ing the application of the gradient and thus acquires
some time dependence u = u(¢) that can be deter-
mined only through a detailed solution of the initial-
value problem. The moment & would be conserved if
the magnetostatic field were absent. Indeed the orbital
angular momentum / and the total magnetic moment
1 would then be separately conserved in the absence
of the applied field and, while the latter violates con-
servation of / because it breaks rotational symmetry,
it does not affect x because it points in the third di-
rection. Under such conditions Eq. (7.11) provides an
explicit expression for the drift velocity since the con-
served moment p could then be calculated from the
initial configuration of the (static) bubble. This situa-
tion occurs in the case of the 2D isotropic Heisenberg
model where an analytical result for the drift veloc-
ity was given in Ref. [4] and was later verified by a
numerical simulation in Ref. [5].

Returning to the realistic case where the magneto-
static field is not negligible, we note that the total mo-
ment . may still be calculated from the profile of the
static bubble during the initial stages of the process.
If we further restrict our attention to the fundamental
bubble calculated in Section 6, the moment is related
to the bubble radius through Eq. (6.17) and the initial
drift velocity may be written as

Q=1  Vi=0, Vi=-lgr? (7.12)

where we may substitute the numerical value for the
bubble radius given in Eq. (6.27) which is approxi-
mately equal to the naive radius measured in an exper-
iment. Now applying Eq. (7.12) for speed V = |Va|
yields

gr’/2v =1, (7.13)
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which is golden rule (1.1) with a deflection angle § =
90°, as is appropriate in the absence of dissipation,
and a winding number Q = 1.

One should keep in mind that the above result pro-
vides only a partial verification of the golden rule for
two reasons. First, Eq. (7.13) is in general violated
during the late stages of the process because neither
@ nor r are conserved; in particular, the relation p =
—27dr? is strictly valid only for a static bubble. Sec-
ond, one must examine the extent to which (1.1) is
valid in the presence of dissipation when the deflec-
tion angle is no longer equal to 90°. The last statement
follows from the simple physical fact that dissipation
induces a tendency for alignment of the magnetization
with the external field, which drives the bubble also
toward the left half plane where the field points along
the negative third direction.

In order to study the effect of dissipation more pre-
cisely we return to Eq. (2.37) and extend it according
to Eq. (7.2) to write

m+mxG) =0, m>=1, (7.14)

where the effective field G is given by

G = A (f + hext) + A2[m < (f + hex)],
1 = A
Y T
Since Eq. (7.14) is formally identical to the dissipa-
tionless equation, with the replacement f — G, the
time derivative of the vorticity may be inferred from
Eq. (3.11) with the same replacement:

Al (7.15)

Vi = —¢&iji0;(G - em). (7.16)
Substitution of the field G from Eq. (7.15) leads to

Yi = €ijk {1010k — A1 (hexe - dim)
—A2[m x (f + hex)] - dkm}, (7.17)

a result that may be used to study the time evolution
of the guiding center in a manner analogous to our
earlier discussion in the absence of dissipation. The
drift velocity is now given by

Euy
V= ZJ—I’%—Q_ /[Alhext + Az[m x (f + hex)]]

B,mdV, (7.18)

which reduces to Eq. (7.8) at vanishing dissipation.

The above result is highly implicit in that the mag-
netization in the right-hand side must still be deter-
mined through a detailed solution of the initial-value
problem. However some explicit information can be
extracted from Eq. (7.18) for the early stages of the
bubble motion. The magnetization may then be cal-
culated from the static profile of the bubble for which
m x f = 0. Therefore the initial drift velocity is given
by

I
V= 4”;4va f[)\[hext + Aa(m X hexy)] - dymdV,
(7.19)

where it is understood that the magnetization is that of
a static bubble with winding number Q. Taking into
account that the field points in the third direction and
performing a partial integration in the first term yields
the equivalent relation

Epv
Vy= —477‘;Q /[)Ll(auhext)(m3 -1

+ Ahext(m18ymz — madymy)]dV. (7.20)

At this point, one should recall the assumptions on
the gradient g = g(x, 1) discussed following Eq. (7.9)
which are especially important in the presence of dis-
sipation. Specifically the gradient must vanish outside
a large region surrounding the bubble, for otherwise
both the ground state and the topological structure of
the bubble would be significantly altered. Yet the spe-
cific choice of the gradient at large distance will cer-
tainly affect the long-time behavior of the bubble but
should not be crucial during the early motion. There-
fore it is still meaningful to approximate the initial
drift velocity by inserting in Eq. (7.20) the applied
field hexe = gx) with a gradient g = g(¢) that is spa-
tially uniform. If we further restrict Eq. (7.20) to the
fundamental magnetic bubble calculated in Section 6
we find that

A
Yy = 3, BB T2

4nd’ 4rd
(7.21)

o=1;

VI = —)\.2

where A is the dissipation constant, d is the film thick-
ness, and the constants w4, v anc ¢ are given by
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1
p,:/(mz—l)dv, v:if(m§+m§,)dV,
1

- = e _ e V.
pr(mp d o m¢)d

Here p is the total moment, v is essentially the
anisotropy energy, and ¢ vanishes on account of the
parity relation (6.12). Therefore our final result for the
initial drift velocity in the presence of dissipation is

zﬁrid-, Vo = 4 % (7.23)
Since the total moment u is always negative and
the constant v positive, the guiding center moves off
in the lower left plane with an initial deflection angle

& with respect to the negative x; axis given by
V2

tand = — = —
Vi nA

o
|

Vi=—-A

I
or sind = ———, (7.24)
1+ 0222

where the coefficient

n=—-2 =008 (7.25)
n

is calculated from Eqs. (7.22) using as input the static
bubble. The specific numerical value quoted above
corresponds to the specific choice of parameters made
in Section 6. Finally we calculate the speed

V1 2)2
vz,/vf+v§=%% (7.26)
and relate it to the bubble radius through Eq. (6.17)
and the deflection angle through Eq. (7.24):

2 2
"’;LV sin§ = 11+—+n%5 (7.27)
At vanishing dissipation (A = 0) the deflection an-
gle (7.24) becomes § = 90° and relation (7.27) re-
duces to (7.13).

Relation (7.27) establishes contact with the semi-
empirical golden rule (1.1) in the important special
case of the fundamental magnetic bubble. For small
values of the dissipation constant A encountered in
practice [2] the right-hand side of Eq. (7.27) is well
approximated by unity, to within terms of order A2,
and is thus consistent with Eq. (1.1) applied for Q =
1. However this is again only a partial verification
of the golden rule because Eq. (7.27) is strictly valid

(7.22)

only for the initial drift velocity. A complete verifi-
cation would require first to ascertain that the bubble
eventually reaches a steady state, namely a state with
constant velocity and radius. Such a question could be
addressed by a direct numerical solution of the initial-
value problem posed in the first paragraph of this sec-
tion. This numerical task in several respects similar
to the solution of the fully dissipative equation (6.1)
described in Section 6, except for a technical differ-
ence that might prove crucial in practice. Because the
applied field breaks rotational invariance the bubble
looses its strict axial symmetry during skew deflection
and thus leads to a 3D numerical simulation that is
beyond our current capabilities.

Nevertheless the question was addressed and an-
swered within a strictly 2D Skyrme model [6] which
also leads to Eqs. (7.24) and (7.27) for the initial drift
velocity. It was then found through an explicit numer-
ical solution of the initial-value problem that a sharp
transient period exists during which the deflection an-
gle departs rapidly and significantly from Eq. (7.24).
The transient period is followed by an intermediate
regime where the deflection angle reaches a more or
less constant value and the golden rule is verified in a
rough manner. But a true steady state is never achieved
and the finer predictions of the golden rule are not
sustained. In particular, the long-time behavior of the
bubble is sensitive to the details of the gradient at large
distances.

The results from the 2D Skyrme model [6] could
be used as a guide for future numerical investigations
of the realistic quasi-2D model studied in the present
paper. We thus turn to a summary of our main con-
clusions given in the following section.

8. Concluding remarks

We believe to have provided a clear illustration of
an important link that exists between the topologi-
cal complexity of ferromagnetic structures and their
dynamics. The most direct manifestation of such a
link is the construction of unambiguous conservation
laws as moments of the topological vorticity. The spe-
cial dynamical features of magnetic bubbles become
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transparent and are formally related to more familiar
situations such as the Hall effect of electrodynamics
or the Magnus effect of fluid dynamics.

Our work has also revealed that some of the quan-
titative predictions of the early studies must be inter-
preted with caution. In particular, the golden rule is
valid in its gross features but not in its details. Hence
there exists room for further development of the dy-
namical theory of magnetic bubbles. Numerical sim-
ulations along the lines of those performed within the
strictly 2D Skyrme model [6] could prove feasible
and provide important hints concerning the remaining
questions. There has also been some speculation to
the effect that the dynamics might simplify for hard
(1@] > 1) bubbles, in analogy with the adiabatic dy-
namics of electric charges in strong magnetic field
fields [5]. The semi-empirical golden rule might then
prove to be exact in the extreme large-Q limit and
could possibly be corrected through a systematic adi-
abatic perturbation theory at finite Q.

In this paper we have confined our attention to the
response of a bubble to an externally applied magnetic-
field gradient. However a field gradient is intrinsically
present also in the problem of two or more interacting
magnetic bubbles. Thus two interacting bubbles with
winding numbers of the same sign are expected to
orbit around each other, in analogy with the 2D motion
of two electrons in a uniform magnetic field or two
vortices in an ordinary fluid. Similarly two bubbles
with opposite winding numbers (e.g., @ = 1 and Q =
—1) should move in formation along roughly parallel
lines, also in analogy with an electron—positron pair
in a uniform magnetic field or a vortex—antivortex pair
in a fluid. These expectations were confirmed through
numerical simulations in the Skyrme model [6] and
should be possible to establish both theoretically and
experimentally in real ferromagnetic films. Analogous
results are expected for interacting Abrikosov vortices
in a superconductor {23].

Finally we return briefly to the possibility of gen-
uinely 3D magnetic solitons alluded to in Section 3.
The experimentally observed Bloch points are 3D
topological defects whose dynamics has not yet been
studied within the present framework. Furthermore
theoretical arguments for the existence of magnetic

vortex rings with a nonvanishing Hopf index [4,15]
have not yet been concluded to a definite calculation
that would provide the necessary background for a
corresponding experimental search in the bulk of the
ferromagnetic medium.
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