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15 This work is devoted to Blo ch oscillations (BO) of cold neutral atoms in optical lattices.
After a general introduction to the phenomenon of BO and its realization in optical
17 lattices, we study dieren t extentions of this problem, which account for recent devel-
opments in this eld. These are two-dimensional BO, decoherence of BO, and BO in
19 correlated systems. Although these problems are discussedin relation to the system of
cold atoms in optical lattices, many of the results are of general validit y and can be well
21 applied to other systems showing the phenomenon of BO.
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23 1. Intro duction
This review is mainly addressedto researders, whose prime scierti ¢ interests
25 are far from the topic announcedin the title. We assumethe reader to have no
preliminary knowledgeof Bloch oscillations and intro ducethe problem step by step,
27 beginning from the notion of optical lattices. On the other side, we try to avoid
any extendedderivations and the theoretical analysis of the consideredphenomena
29 is preserted in a simplied form. Moreover, in some caseswe only explain the
main idea of the analytical approach (referring to the original papers) and directly
31 proceedwith the results. In this sense,this review servesonly as an intro duction
to Bloch dynamics of cold atoms. For those already familiar with the subject we
33 advisethem to skip the rst sectionsand move directly to Section4 and Section5

where the most recert developmerns in the eld are discussed.

Permanent address: Kirensky Institute of Physics, 660036 Krasnoyarsk, Russia.
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2 A. R. Kolovsky & H. J. Korsch

1.1. Brief historic al review

Originally the problem of Bloch oscillations (BO) was formulated in context of
crystalline electrons. Considering the response of the system to a static electric
eld, Zenercameto the conclusionthat, instead of the uniform motion which one
would naively expects, the electronsin the crystal should oscillate.! The period of
theseoscillations, now known asthe Bloch period, is givenby Tg = 2 ~=dF, where
d is the lattice period and F is the magnitude of the static electric force. However,
for arealistic strength of the electric eld, the period Tg appearsto be much smaller
than the characteristic relaxation time in the system.(The main contributors to
are the scattering by impurities or phononsand the electron-electroninteractions.)
Due to of this reasonBO have never beenobsened in the bulk crystal.

The status of BO as a pure theoretical problem changed after fabrication of
semiconductor superlattices.? Here, due to the essetially larger period d and the
lower density of the carriers, one can satisfy the condition Tg < and in 1992the
rst experimental obsenation of BO was reported for such systems? It should be
stressed,however, that BO in semiconductor superlattices are still dominated by
the relaxation process.This di cult y is overcomeby optical lattices, wherestanding
laserwavesand cold neutral atoms play the role of the crystal lattices and the elec-
trons, respectively. In the latter system,the relaxation processesan be suppressed
to any desiredlevel, which haso ered unique opportunities for experimental studies
of BO.4{®

We would like also to note that the semiconductorand optical lattices are not
the only systemsshowing BO. As will be shovn below, the deeporigin of BO laysin
the band spectrum of the system. In this sense,any spatially periodic system may
showv BO. A recert exampleis the periodic oscillation of a light beamin periodic
photonic structures.0:11

1.2. List of notations

For the sake of quick referencewe list below the notations used throughout the
paper.

| the laserwave length, de nes the period of the optical lattices d= =2;
p. = 2~k_ | double recoil momertum (k. = 2 =);
Er = ~?k?=2M | recoil energy de nes the characteristic energy scale of the
system;

(x) | Bloch states, i.e. the eigenstatesof the quantum patrticle in a periodic

potential;
E ()| energyspectrum of Bloch waves,with  being the band index and
the quasi-momenum ( =d< =d);

1 (X) | Wannier states, which provide an alternativ e basisin the Hilb ert space
of the system, the site index | labelsthe wells of the optical lattice;
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Bloch Oscil lations of Cold Atoms in Optical Lattices 3

1 (X) | Wannier{Stark states,i.e. the eigenstatesof the quantum particle in a
periodic potential plus a homogeneouseld. Rigorously speaking, the Wannier{
Stark states are resonane or metastable states.

E, = E, i =2 { the spectrum of the Wannier{Stark states, where ~=
de nes the lifetime of the states.

2. Optical Lattices

An optical lattice is a practically perfect periodic potential for atoms, produced by
the interference of two or more laser beams.In this section, we explain the origin
of optical lattices, their properties and somelimitations.

2.1. Optic al potential

The physical origin of the optical lattice is the so-calleddipole force, which acts on
the atoms in the laser eld. Indeed, let us considera two-level atom in a standing
plane wave:

=

Ee 0 P 1 0 0 1
+ — 2 coq! L t)cosk.x
o B, "W 0 1 itcoskux) | o

1)
In Eq. (1), M is the atomic mass,E4 and E. are the ground and excited electronic
states of the atom, Rabi frequency of the dipole transition betweenthesestates,
I the frequency and k. the wave vector of the standing wave. Substituting the
wave function ( x;t) = exp( il Lt) e(X;t)jei + ¢(x;t)jgi into the Scredinger
equation with the Hamiltonian (1) and using the rotating wave approximation, one
obtains the following system of coupled equations,

i~%: ~ e(xt)+ % e(xit)  ~ cogkix) o(x1); @

. it

|~%: % g(x;t)  ~ cogkix) e(x;t); ®)
where = (Ee Eg)= ! isthe detuning. Let us now assumethat the atom is

initially in its ground electronic state and that the detuning is much larger than
the Rabi frequency . (More precisely is the largest characteristic frequency
of the system.) Then, (x;t) ( =)cogk.x) ¢(x;t) and we end up with the
Sdcredinger equation

i~%: %+V(x) (X 1) (4)

V(X) = Vocog(k x); Vo= ~ 2= ; (5)

which describesthe motion of the atom along the standing wave. The potential (5),
which has a spatial period d equalto one half of the laserwave length, d= =2, is
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4 A. R. Kolovsky & H. J. Korsch

called the optical potential or, simply, the optical lattice. Conveniertly, the depth
of the optical lattice is measuredin units of the recoil energyEr = ~?k?=2M . For
example, for sodium atomsin alaser eld detuned by 60 GHz from the D, sodium
line (resonart wave length 589nm), a4 mW power lasercreatesan optical potential
with an amplitude V, of about 10 recoil energies!?

2.2. Spontane ous emission

In a more sophisticated approach, where the electromagnetic eld is treated
quantum-mechanically, the dipole force appears due to the stimulated exchange
of photons between the modes of the electromagnetic eld, assaiated with two
courter-propagating running waves. Namely, the atom absorbsa photon from one
of the running wavesand \immediately" emits it into the other wave, getting a re-
coil kick p_. along the standing wave. During this absorption{emission process,the
atom may emit a photon in the other modes of the electromagnetic eld, getting
a recoil kick in an arbitrary direction. The latter process,known as spontaneous
emission(which should be opposedto the stimulated emissiondiscussedabove) is
a kind of relaxation processdue to interaction of the systemwith the ervironment,
i.e. a bath of the electromagnetic modes. The rate ~ of spontaneous emissionis
given by the product of the natural width of the excited level (which is a unique
characteristic of the chosenatomic transition) and the population of the upper
state,

~= (=)% (6)

This equation implies that by simultaneously increasing the detuning and the in-
tensity of the laser eld, one can keepthe depth of the optical potential constart
but this suppresseshe interaction of the systemwith its ernvironment. For exam-
ple, in the caseof sadium atoms in a laser eld detuned by 60 GHz, the rate of
spontaneousemissionis ~ 100s *, which is actually negligible on the time scale
of the laboratory experiment.'?

2.3. Lattic e dimensionality

Up to now, we have consideredan idealized situation of plane waves.In practice,
however, one dealswith beamsof a nite width, i.e.

" 2#

V() = Vo exp rr—o co2(k, X) ; 7)

whererp 50 m is the 1=e diameter of the beam. Note that for a red detuning,
the laser eld also provides a transverse con nement for the atoms. Besidesthe
optical potential (7), there is an additional harmonic con nement

2,2 2,,2 2,2
Vtrap (r) !XX + !yy +!ZZ



May 3, 2004 10:8 WSPC/140-IIMPB 02448

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

Bloch Oscil lations of Cold Atoms in Optical Lattices 5

in the laboratory experiment due to a magnetic time-orbiting potential, which is
usedto capture the atoms during the cooling procedure. After the sampleprepara-
tion (the samplepreparation includesthe cooling of the atoms and an adiabatically
switching on of the optical potential) this harmonic potential can be kept \switc hed
on" or relaxed towards zero. If not stated otherwise, we assumethe secondcase
throughout the paper.

Using two crossedstanding laser waves (4 running waves) one can create two-
dimensionallattices with approximately (ro=) 100wellsin ead direction. There
is a high degreeof freedomin choosing a particular form of the 2D potential. For
example, by playing with the frequenciesof the waves, one can realize separable
\egg-crate" or non-separable\quantum dot" potentials (seeFig. 5 below); changing
the angle between the crossing standing waves from 90 to 60 degreestransforms
the square lattice into a hexagonal one; and so on. We shall study 2D optical
lattices in more detail in Section4. Needlessto mertion that using three mutually
perpendicular standing waves one gets a true 3D lattice | an extention of the
results of Section 4 to the 3D caseis straightforward.

Going ahead,we note that, besideproviding a richer dynamics of BO, the higher
dimensionality of an optical lattice also a ects the strength of the atom{atom in-
teraction. Namely, due to a stronger con nement of the atomic wave function, the
e ectiv e constart of atom{atom interactions in 2D lattices is at least one order
of magnitude (two | four orders for 3D lattices) larger than in 1D lattices (see
Section 5.2).

2.4. Bloch waves

As well known, the energy spectrum of a quantum particle in a periodic potential
consistsof the Bloch bands.An exampleof the atomic Bloch band spectrum is given
in Fig. 1, where zeroenergycorrespondsto the bottom of the potential wells. If the
optical lattice is switched on adiabatically, the atoms populate the bottom of the
ground band. The characteristic width of the distribution over the quasi-momerum

depends mainly on the frequency of the harmonic trap. For a small frequency (a
weak con nement) the atoms may cohererly populate hundreds of the wells, which

results in a very narrow distribution in the quasi-momerium, 0:01 =d. Thus
one may speak of an atomic Bloch wave,
(x) = exp(ix) ; (x); ;o (x+d) = () 8

One of the facilities provided by optical lattices is that the atomic Bloch waves
can bedirectly measuredin the laboratory experimert.? Usually, the measuremen
goesasfollows. After preparation of the Bloch wave, the optical potential is abruptly
switched o and the atoms move in free spacefor a giventime (the so-called\time-
of-igh t*). Then the atoms are exposedto resonart light and, by \taking a picture"
of the atomic cloud, one records the spatial distribution of the atoms. Because
the time-of- igh t is known, this spatial distribution carriesinformation about the
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Fig. 1. Energy spectrum of an atom in an optical potential of depth Vo = Er (left panel) and
Vo = 4ER (right panel).

P(p)

Fig. 2. Dynamics of the atomic momentum distribution P (p), induced by a weak static force
F < 0. The depth of the optical potential is Vo = 10Eg. The weak wiggling of P (p) is an artifact
due to the nite size of the lattice (L = 10, periodic boundary conditions) used in the numerical
simulations.
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Bloch Oscil lations of Cold Atoms in Optical Lattices 7

momertum distribution of the atomsin the optical lattice. The latter is givenby the
squaredFourier transform of the Bloch wave (8) and consistsof a number of peaks,
separatedby p. = 2 ~=d. This peak-like structure of the momertum distribution

(seeFig. 2 below), well obsenedin the laboratory experimerts, is a direct indication
of the atomic Bloch waves.

We concludethis section by intro ducing the Wannier states which we shall use
later on. TheseWannier statesare obtained by integrating the Bloch states(8) over
the guasi-momernum,

Z o
1 00=  doexp( idl) ; (0); )
=d

and provide an alternativ e basisin the Hilb ert space.Unlike the Bloch waves,the
Wannier states are localizedin space.Note that, becauseof | (X) = .o(x Id),
it su ces to calculate only oneWannier state (I = 0in what follows) for eac energy
band.

3. Blo ch Oscillations in 1D Lattices

This section studies di eren t regimesof BO of cold atoms in 1D optical lattices. It
is implicitly assumed,n what follows, that neither spontaneousemissionnor atom{
atom interaction are important and, thus, we can usethe single-particle Schrodinger
equation to analyzethe problem. Besidethis, we assumethat the transversemotion
of the atoms is frozen (i.e. we are dealing with a 1D problem). Although we do not
discussthe validity of this approximation, the experimental results*%'? indicate
that this is, indeed, the caserealizedin quasi 1D lattices.

3.1. Bloch period and Landau{Zener tunneling

Bloch oscillations are the dynamical responseof the systemto a static force:

B=Mm+Fx; M= %+ Vo cof (k. X) : (10)

For neutral atoms, the static forceF is usually intro ducedby acceleratingthe optical
lattice, V(x) ! V(x at?=2), which can be done by an appropriate chirping of
the frequenciesof two counter-propagating waves. Then, in the lattice coordinate
frame, the atoms experience an inertial force of magnitude F = aM. The other
option is to employ the gravitational force for a vertically oriented optical lattice,
then a= 9:8 m/s?2.

The common approac to the problem of BO is to look for the solution as a
superposition of Houston func)téons,13

(x;t) = c () (xt); (11)

z
() =exp = e (9 . o) (12)

0
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8 A. R. Kolovsky & H. J. Korsch

where . o(x) is the Bloch function with quasi-momernum °ewlving accordingto

the classicalequation of motion p= F,i.e. °=  Ft=~ Substituting Eq. (12)

into the time-dependert Schreodinger equation with the Hamiltonian (10), we obtain
. Z

X
i =F X, (9exp ~ dIE (Y E (9 c; (13)
0

where
Z

X, ()= dx . @ ; (x)=@:

When neglecting the inter-band coupling, i.e. X. () = O0for 6 , we have
i~ = FX. ( 9c and, thus,

jc (0j=jc (0)j: (14)

This solution is the essencef the so-calledsingle-land approximation.

The correction to the solution (14) is obtained by using the formalism of
Landau{Zener tunneling. In fact, when the quasi-momerum © exploresthe Bril-
louin zone, an adiabatic transition occurs at the points of \avoided" crossingsbe-
tweenthe adjacert Bloch bands(see,for example,the avoided crossingbetweenthe
1st and 2nd band in Fig. 1(a) at = =d). As a result, the population of the th
band decreasesxponertially with the decay time

== = a Fexp( b =F); (15)

wherea andb areband-dependert constarts. Note that Eq. (15) providesonly an
estimate for the meandeca rate and, to nd the exactdependence (F), onehas
to employ a di erent approach which we shall brie y discusslater onin Section3.4.

As follows from the estimate (15) for a weak static force the Landau{Zener
tunneling can be neglectedand the solution of the problem is essetially given by
Eq. (12),i.e., (x;t) ., Ft=~(X). The linear changeof the quasi-momernum of
the Bloch wave results in a periodic change of the atomic momertum distribution
P(p) = j (p;t)j? (seeFig. 2) which is the quartity measuredin in the laboratory
experiments.*° (Sincethe measuremen is destructive, onehasto repeat the exper-
iment seweral times to record the time-evolution of the momertum distribution.)
The period of these oscillations is given by the Bloch period,

Tg = 2 ~=dF (16)
with d = =2 and F = aM. Using the single-band approximation, it is also
easy to showv that the mean momertum ewlves as hp(t)i = Myv(Ft), where

v( )= @ ( )=@ is the group velocity. Note, that the amplitude of oscillations
of hp(t)i is proportional to the band width and, thus, can be extremely small (deep
optical lattices). The oscillations of the atomic momertum distribution, however,
are qualitativ ely the sameindependert of the particular choice of the parameters
and, in this sense,are a more reliable signature of BO.
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Bloch Oscil lations of Cold Atoms in Optical Lattices 9

3.2. Wannier{Stark  ladder

Bloch oscillations can alsobe described in terms of the Wannier{Stark states,which
provide a useful insight into the physics of this phenomenon.To simplify the anal-
ysis, we consider a tight-binding model | an additional (after the single-band)
approximation to the original problem. This approximation is not crucial and one
obtains similar results for the single-band model. Using the notion of the Wannier
states (9), the Hamiltonian of the tight-binding model has the form,

X g X
Mg = (E + dFDjlinlj + > (I + i Hj+jl  1i Hj); (a7)
[ [
where J is the hopping matrix elemen, E = E (), and ixjli = | (x). The
Hamiltonian (17) can be easily diagonalized, giving the spectrum,
E()=E +J cosd); if F=0 (18)

(note, in passing,that the tight-binding model approximates the Bloch dispersion
relation by a cosinefunction), and

E, =E +dFl; if F&O: (19)

The discrete spectrum (19) is known as the Wannier{Stark ladder and the eigen-
functions corresponding to E ; ,

X J o

J;I|—meI >gF M (20)
(here J,(z) is the ordinary Bessel function) are known as the Wannier{Stark
states Becausethe Besselfunctions J,(z) are exponertially small for jnj > jzj,
the Wannier{Stark states are localizedin spacewith a localization length lwys = 1
(in units of lattice period) for dF > J andlws J =dF for dF < J . One may
refer to thesetwo casesasthe \strong force" and \w eak force" regimes.In this pa-
per, howewver, we resene the term \strong force" to static force magnitudes which
break the single-bandapproximation (strong Landau{Zener tunneling).

3.3. Wave packet dynamics

In Section 3.1 we have consideredthe caseof a Bloch wave as an initial condition.
It is also interesting to study a situation, where only a few wells of the optical
potential are populated.}* Then, along with the oscillations in momertum space,
the atoms also oscillate in con guration space.This is illustrated in Fig. 3 which
shaws the dynamicsof P(x) = j (x; t)j? for a \minim um uncertainty” wave padet.
The amplitude of the oscillationsis given by the localization length of the Wannier{
Stark states. Indeed, sincethe generalsolution of the Schrodinger equation can be
written asa sum over the WaQnier—Stark states,

()= aexp( IE;t=2) 4 (x); (21)
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Fig. 3. Spatial oscillations of the localized wave-padket. The amplitude of the oscillations is given
by the localization length of the Wannier{Stark states lyys 1=F.

the localization length Isy de nes the maximum distance where the wave-padket
can move to.
For the purpose of future use, we also display the solution (21) in the mo-
mentum rlspresemation. Expanding the initial state in terms of Bloch states,
(x;00= dg (=) . (x), weintroducethe envelope functions g (p) = g (~ ).
Then, using the extendedBrillouin zonerepreseration, the solution (p;t) canbe
represerted as

X X
(pit)y = exp( iE t=~) g (p*+ Ft+np) ;o(p) (22)
n=1
(in comparisonwith Eqg. (21) here we also included the sum of ). Equation (22)
is well suited for a numerical simulation of Bloch dynamics and has actually been
usedin Section3.1to illustrate the oscillations of the momertum distribution.

3.4. Bloch oscil lations for strong static for cing

Above we have consideredonly the caseof a weak static force, where the Landau{
Zener tunneling is negligible and one can use the single-band approximation to
study the system dynamics. This section is dewvoted to the regime of strong forc-
ing, which we shall analyze by using the formalism of metastable(or resonance)
Wannier{Stark states. The latter are de ned as non-Hermitian eigenstatesof the
Hamiltonian (10), corresponding to the complex energies

E, =E +dFl i =2: (23)
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The spectrum (23) generalizesthe notion of the Wannier{Stark ladder (19) and
is given by the polesof the scattering matrix of the system. For the details of the
scattering matrix approad to the Wannier{Stark problem we refer the readerto the
review.!®> Here we only note that this approach doesnot involve any approximation
and, hence,the results preserted below are rigorous.

The deca constart in Eqg. (23), which de nes the lifetime of the Wannier{
Stark states, has a rather nontrivial dependenceon the static force. An example
is givenin Fig. 4, where the six di erent curvescorrespond to of the Wannier{
Stark ladder, originating from the six lowest bands of the Hamiltonian Hg. Strong
uctuations of the decgy rate, superimposedon the Landau{Zener dependence(15),
are noticed. These uctuations are due to resonancetunneling, occurring when the
positions of the Wannier{Stark levels in dierent wells of the optical potential
coincide,i.e. when Re[E, (F)] = Re[E . (F)I.

Having the scattering problem solved, one generalizeskq. (22) for the system
dynamics simply by substituting the stationary Wannier{Stark states (20) by the
metastable Wannier{Stark states, the real energyE by the complex energyE =
E i =2, and multiplying the whole expressionby the Heaviside step-function
( p+ Ft) which truncates the momertum distribution at p< Ft:%°

X *
(p;t) = (p+ Ft) exp( IE t=-) g (p+ Ft+np.) .o(p): (24)

n=1

30

0 10 20 30 40 50
1/F

Fig. 4. Imaginary part of the complex energies (23) as the function of the inverse scaled static
force 1=F (F ! dF=2 Vp). The depth of the optical potential is Vo = 8ER.
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12 A. R. Kolovsky & H. J. Korsch

The characteristic feature of the resonanceWanier{Stark states ., is an expo-
nentially growing tail for negative momertum, . (p) exp( p=F). Then, as
follows from Eq. (24), the solution (p;t) is essetially a sequenceof wave padets,
separatedby a distance p, . In the coordinate represeration, these equidistant se-
quenceof the \momentum" wave packets transforms into a train of \coordinate"
wave padkets, distributed in spaceaccording to a squarelaw. Thus, in the strong
eld regime, the atomic array acts as a matter laser, emitting one pulse of matter
per Bloch period.®

3.5. Related problems

In this subsection,we brie y discusstwo important modi cations of the problem of
atomic BO. The rst onedealswith BO in the presenceof harmonic con nement, 16
i.e.V(x) = Vo cog(k.x)+M! 2x2=2. (The characteristic value of the frequency!  is
a few Hz, which should be comparedwith the frequencyof small atomic oscillations

I R(Vo=ERr)**? of few kHz.) Let us considerthe situation where the atoms are
located far from the trap origin. In practice, this initial condition is realized by a
sudden shifting of the certer of the trap to a distance xg d.2 Then the atoms
locally feel a static force F = M 2xq, which is one of the preconditions for BO.
It should be noted, however, that the analogy with BO should be drawn here with
someprecautions. Indeed, using the tight-binding approximation, the Hamiltonian
of the atom in the combined potential reads

X J X
Mers = EI2jlih|j + 5 (jl + ihlj + jI  1ihlj) (25)
[ [
with = M! 2d2. This Hamiltonian formally correspondsto the Hamiltonian of
the quantum pendulum,
d2
I'be = EF"‘ J cos ; (26)

and, hence,the characteristic frequency of atomic oscillations is given by the fre-
quencyof the pendulum. The latter is known to have a rather nontrivial dependence
on pendulum energy and can be approximated by a linear law only in the asymp-
totic region of large energiest’ Thus, to mimic BO (in a sensethat the frequency
of oscillations is inversely proportional to the local static eld) one should satisfy
the condition that the pendulum (26) is well above its separatrix.

The secondproblem we would like to mention dealswith BO in a resonar or
near-resonan laser eld. In this case,the external degreeof freedom of the atom
(the motion of the certer of mass)cannot be decoupledfrom its internal (electronic)
degreeof freedom and, thus, we have to solve the system of partial dieren tial
Egs. (2){(3) (with a static term added) exactly, without adiabatic elimination of
the upper state.!® It wasfound, in particular, that BO of the atoms in a resonari
eld enforcea kind of Rabi oscillations, where up to 90 percert of the atoms may
appear in the excited electronic state. We note, however, that an experimental
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realization of this interesting regime of BO requires a very narrow width of the
optical transition ~ < Eg.

4. Blo ch Oscillations in 2D Lattices

In this section, we study Bloch oscillations in 2D optical lattices. We restrict our-
selves to square lattices, created by laser beams of equal intensities. If the fre-
guenciesof the crossingstanding wavesalso coincide, the optical potential is given

by
V(x;y) = Vo[cogky x) + cogkiy)]?; (27)
as can be easily showvn by repeating the derivation of Section 2.1. Note that the

potential (27) is not separable.If, howewver, the frequenciesof the wavesare slightly
mismatched, we obtain a separablepotential

V(x;y) = Vo[coS (kL x) + cos(ky)]: (28)

Obviously, the property of separability can be attributed only to 2D or 3D poten-
tials. The consequencesf this property for the dynamics of BO is one of the main
guestionswe addressin this section.

4.1. Band spectrum

We beginwith the analysisof the Bloch band spectrum for the speci ed 2D lattices.
To simplify the equations, we shall usea scaling where the coordinate is measured
in units of the lattice period d and the time in periods of the recoil frequency

Fig. 5. Contour plot of the non-separable optical potential (27) (left panel), and the separable
potential (28) (right panel). Note that the primitiv e translation vectors for the lattice (27) are
rotated by 45 degreeswith respect to the laboratory coordinate system.
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(t! ! Rrt). This scaling (which also involvesa rotation of the coordinate system)
leadsto the dimensionlessHamiltonian
m 2 d2 d2
= — —+ — + COSX+ COSy " COSXCOS 29
0 7 o’ Ay X y X COSy (29)

where the only independert parameter is the the scaled Planck's constart ~
(Er=W)'™2 and the constart " equalto zeroor 1 for aseparableand non-separable
potential, respectively. (Although " can take only the speci ed integer values, for
theoretical purposesit might be usefulto considerthe whole interval 0 j"j 1.)
To characterize the two-dimensionaldispersionrelation E ( x; y), we consider

the cross-sectionof the spectrum alongthe lines y = Ofor x < Oand y =  for

x > 0. The result is depicted in Fig. 6, wherethe left and right panelsreferto the
case" = 0and " = 1, respectively. It is seenin the gure that a nonzerovalue of
" strongly modi es the certral part of the spectrum. (In particular, it removesthe
degeneracybetweenthe bandsalongthe lines y =  ,.) As concerningthe ground
Bloch band, the di erence shows up in the coe cien ts of the Fourier expansionof
the dispersion relation

X
Eo( x; y) = Jmn €xp(i2 m y)exp(i2 n y): (30)

m;n
In the separablecase,only the coe cien ts Jm.n with n = 0Oorm = Odier from zero
while in the non-separablecaseall elemeris have non-zerovalues. (Also note the

|
Il

0.5 0 0.5 0.5 0 0.5
k

Fig. 6. Cross-section of the energy spectrum E ( x; y) along the lines y = 0 ( x < 0) and
y= x ( x>0)for" = 0 (left panel) and " = 1 (right panel). The value of the scaled Planck's
constant is ~ = 2.
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symmetryJ . m = Jmn .) At the sametime, eventhe largestnon-trivial coe cien t
J1.1 isonly 1/20 of the coe cien t Jo.1, which practically alonedeterminesthe width
of the ground Bloch band.

4.2. Fractional Wannier{Stark ladder
Let us briey discussthe energy spectrum of the 2D Wannier{Stark system,
M= B+ Fux + Fyy; (31)

where By is givenin Eg. (29). First we considerthe special casewhen the vector
F of the static force is parallel to one of the crystallographic axes of the lattice
(the x-axis, to be certain). In this case,the Hamiltonian (31) possessethe \ladder
symmetry" alongthe eld direction and a translational symmetry in the direction
perpendicular to the eld. Thus, the spectrum of the system consistsof replica of
the Bloch band E ( ), shifted relativeto ead other by the Stark energy2 F (here
2 standsfor the lattice period).

The above result can be extendedto the caseof arbitrary \rational" directions
of the eld,

Fx _Qq
—_— = - 32
Fy r (32)
where g;r are co-prime integers. In this case,one usesthe transformation of the
coordinates,'®

0 QX+ ry o_ A rx

x= ' y = (r2 + q2)1:2;

(rz+ @)=2" (33)

which intro ducesa new lattice with the period d®= 2 (r?+ ¢?)'=2 and matchesthe
vector F to the primitiv e vector of this new lattice,

62, B’
o= -+ %+V(x°;y°)+ Fx°: (34)
It is also easyto seethat the transformation (33) actually introducess = r2 + ¢
di erent (sub)lattices, whose Hamiltonians di ers from (34) by an additive term
(dF=9)j,j = 1;:::;s 1. Thus, for rational directions of F, the spectrum of the
original Hamiltonian (31) is a fractional Wannier-Stark ladder along the direction
of the eld, constructed from the Bloch bandswith = s times reducedBrillouin zone
in the direction perpendicular to the static force, i.e.

2 Fl - (2),

E;I(?):E(?)*'my E(-2)=E (») i 5

(35)

Note that for a separablepotential the sub-bandsk ( »), s ¥ » < s 172
have zerowidth for any direction ofthe elds = arctan(r=q), exceptfor = 0; =2.
(For the imaginary part of the dispersion relation one obviously has (F; ) =
€ (Fcos )+ € (Fsin ), where€ (F) is obtained by solving the 1D problem.) As
" deviatesfrom zero, the sub-bandsgain a small but nite width. A more dramatic
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consequencef the non-separability, however, is the strong dependenceof the decay
rate  ( ») onthe quasi-momenum -, wherethe decay rate may vary by seweral
orders of magnitude.?°

4.3. Wave packet dynamics

It is interesting to compare the wave padket dynamics for separable and non-
separablepotentials. Restricting ourselvesto the ground Bloch band, the results of
these studies’*'?2 can be summarized as follows.

For a weak static force (negligible Landau{Zener tunneling) and " = 0, the two-
dimensional BO are given by a superposition of the one-dimensionalBO. In other
words, BO is a (quasi)periodic processwith two periods de ned by the projections
of the static force to the crystallographic axesof the lattice, Txy = 2 ~=dFy,y . In
coordinate space,this is re ected in the Lissajous-like trajectories of a localized
wave padket in the xy-plane. Note that for " = 0, the motion of the wave padket
is generally non-dispersive. (Exclusions are = 0; =2, where BO along one axis
are accompaniedby a dispersive spreading of the wave packet along the other
axis.) A nonzeroj"j 1 only slightly modies this dynamics which is actually not
surprising, becausethe dispersion relation (30) for the ground Bloch band can be
well approximated by a \separable" dispersive relation,

E( X y) (Jl;O:Z) COS—(Z X) + (‘JO;l:Z) 005(2 y)3

In terms of the energyspectrum (35) this approximation amounts to neglectingthe
width of the bandsE ( »).

The caseof a strong static force is essetially more complicated and here the
di erence betweenthe separableand non-separablepotentials appearson the qual-
itative level. Indeed, in the strong force regime, the atoms may escape out of the
potential wellsthrough a sequenceof Landau{Zener tunneling transitions to higher
bands. The details of this processcrucially depend on the particular structure of
the upper bands which, as seenin Fig. 6, is quite dierent for " = O and " 6 0.
Similar to the 1D case,one can analyze the tunneling of the atoms using the for-
malism of metastable (now 2D) Wannier{Stark states. This analysis leadsto the
prediction that in the separablecasethe atoms may escap out of the potential
wells only along the x- and y-axis of the lattice, while for the non-separablepoten-
tial additional escape channelsappear?! This is illustrated in Fig. 7, which shows
\snapshots" of two-dimensionalBO in the strong forceregimefor " = 0 (left panel)
and " = 1 (right panel). The additional chanel along the (1, 1)-crystallographic
direction is clearly seenin the right panel. (Also notice a rich interferencestructure
betweenthe channels,which is absen in the separablecase.)

4.4. Related problems

The 2D optical lattice also o ers an opportunity for studying a number of related
problems like, for example,\t wo-bands" BO. Indeed, superimposing the potentials
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Fig. 7. A fragment of the wave function of the atom in the separable (left panel) and non-
separable (right panel) potential in the case of a strong static force. The system parameters are
~=2,F =02, and Fx=Fy = 1.

shown in Fig. 5, one can easily realize the case,where the two lowest Bloch bands
of the combined potential are separatedby an arbitrary small gap (located along
the edgesof the Brillouin zone). Then, performing a BO, the atom tunnels between
these two bands at eat crossing of the Brillouin zone, which results in a very
non-trivial dynamics of BO.?%22

The other problem we would like to mertion is the scattering of an atomic
beam by a 2D optical potential. % In classicaldynamics, and for a non-separable
potential, this would be a chaotic scattering process,with fractal basins for the
scatteredchannels.The classicaland quantum scattering of the atoms by 2D lattices
is studied in somedetails in the paper cited above.

5. Decoherence of blo ch oscillations

Since BO is a coherert quantum phenomenon,it is important to study the pro-
cesseswvhich causea decoherenceof the system. In this section we consider two
of these processed decoherencedue to spontaneous emissionand due to atom{
atom interactions. We would like to stressthat decoherenceor relaxation, usually
consideredas \un welcome" phenomena,are also of interest on their own. Indeed,
as was already noticed by Esaki,?* the convertional conductivity is an interplay
betweenBO and relaxation processesThus, the analysis of decoherenceof BO is
a necessarystep for developing a theory of atomic conductivity.

5.1. Decoherence by spontane ous emission

As mentioned above in Section2.2, spontaneousemissionis a particular caseof the
systemsinteraction with an environment. For this kind of problem, the approac
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basedon the single-particle Schrodinger equation is not applicable, and the dynam-
ics of the systemshould be describedin terms of the density matrix  (x; x%t), which
is de ned asthe trace of the total wave function (system plus ervironment) over
irrelevant variables of the ervironment. For a specied ervironment (the photon
bath), the density matrix obe%/sthe master equation,?®

= Liye 5 dup(bib,n 20,000+ RYBy): (36)
where | is the Hamiltonian (10) (we considera quasi-one-dimensionallattice), ~
the rate of spontaneous emission(6), and B, the projection of the recoil operator

on the x axis,
b, = cogk. x)exp(iuk.x) ; juj 1: (37)

Note that Eqg. (36) hasthe Lindblad form and, thus, Tr[ (t)] = Rolx (x; x;t) = 1.
The distribution P (u) of the random variable u in Eq. (36) is de ned by the angle
distribution for the momertum of the spontaneously emitted photons?® and is, in
the caseof linearly polarized light consideredhere, approximately givenby P (u) =
1=2.

Using the tight-binding approximation, i.e. substituting the Hamiltonian ] by
the tight—bindilqg Hamiltonian (17), and the recoil operator (37) in its tight-binding
version B, = ( 1)" exp(i ul)jlinlj, the master equation (36) can be solved an-
alytically, with the following main results:?’ The spontaneous emission leads to
decoherenceof the system, i.e. the density matrix tends to a diagonal one in the
basis of the Wannier states. As a consequenceBO deca as

hp(t)i = poexp(  t)sin(! st) (38)
where the decay rate  appears to coincide with the rate ~ of the spontaneous
emission.The decay of BO is accompaniedby (asymptotically) di usiv e spreading
of the atoms (seeFig. 8),

po 2 ~
M 2 2
M 12+

x?(t)i Dt; D= (39)
(here pg is the amplitude of BO in the absenceof the relaxation process).Note that
(since! g F) the static force actually suppresseghe di usion. Considering the
di usion as a \generalized conductivity", this result agreeswith the prediction of
Esaki and Tsu that the conductivity of the systemtendsto zerowhenthe frequency
of BO becomesmuch larger than the characteristic frequency of the relaxation
processes.

The (numerical) analysis of the system dynamics beyond the tight-binding ap-
proximation leadsto qualitativ ely the sameresults, although the quartitativ e devi-
ation can be larger than 50 percert.?’ It should alsobe mertioned that the validity
of Eq. (36) still assumesa low population of the excited electronic state of the atom
and, hence,the caseof resonart driving (briey analyzedin Section3.5for = 0)
is excludedfrom this consideration.
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Fig. 8. Dispersion h x2i = hx2i txi? of the atomic wave packet as a function of time. Time
is measured in the units of T; = 2 ~=J, the scaled rate of spontaneous emission ~~=J = 0:05,
d = , and the scaled magnitude of the static force (F ! dF=J) is indicated in the gure. The
slopes of the dashed lines are given by the values of the di usion coe cien t (39).

5.2. Inter acting atoms and the Bose{Hubb ard model

Up to now, we have studied BO using single-particle quantum mecdhanics. This is
justied only for a very dilute gas of atoms, where the atom{atom interactions
can be neglected.If this is not the case,the problem of BO becomesvery diverse
and, rst of all, one should distinguish between Bose and Fermi statistics. In this
review we restrict ourselvesto bosonicatoms. Moreover, we assumein what follows
that the initial state of the systemis a Bose{Einstein condensate ,where all atoms
occupy the zero quasi-momerum state of the ground Bloch band. To study the
time ewolution of this state, one usually usesthe Gross{Pitaevskii (or nonlinear
Sdredinger) equation. It is understood, however, that this equation has a limited
applicability | in particular, the Gross{Pitaevskii equation is unable to describe
the decoherenceof the system. Becauseof this, we employ here a more general
approad, basedon the Bose{Hubbard model.

The Bose{Hubbard model (with a static term added) generalizesthe tight-
binding Hamiltonian (17) to the multi-particle case.To simplify the analysis we
shall consider only the 1D Bose{Hubbard model, even when discussingthe 3D
lattices. (This approximation is not crucial for the phenomenadiscussedbelow.)

Then the Hamiltonian of the systemhasthe form
|
' X w X
a,,&a+hc +dF In + > Ay 1) (40)
[ [ [

o
w= 3
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(the band index = 0is omitted, J > 0). In the Hamiltonian (40), the creation
operator &' and the annihilation operator & \creates" or \annihilates" an atom
in the Ith well of the optical potential in the Wannier state |(x). Hence,the rst
term on the right hand side of Eq. (40) is responsiblefor the tunneling (hopping) of
the atoms betweenthe wells of the optical potential. Note that the hopping matrix
elemens J (de ned by the overlap integral of the Wannier states in neighboring
wells) exponertially dependson the depth of the optical potential and, hence,can
be easily varied by sewral order of magnitude (0:30 J=Eg 0:0035 for 2

Vo=Er 22). The secondterm in the Hamiltonian (40) is the Stark energy of the
atoms in the homogeneouseld. The third term is the interaction energy of the
atoms sharing one and the samewell, where the interaction constart W is mainly
de ned by the s-wave scattering length as; of the atoms and by the geometry of

the lattice,

z
4 a.SC ~2

M

As an estimate, onecanuseW = 0:28Er | the experimertal value for 8 Rb atoms
(asc = 5:8 nm) in 3D separablepotential of the depth Vo = 22ER .28 Interpolating
this result to Vo = 2Er would give W = 0:027ER.

A remark about the phasediagram of the Bose{Hubbard model (the Hamilto-
nian (40) without the static term) is appropriate here. As it is known, the Bose{
Hubbard model shows the super- uid/Mott-insulator quantum phase transition
when the ratio betweenthe parametersJ and W exceedssomecritical value.?® (In
the laboratory experiments one varies the ratio W=J by changing the depth of the
optical potential | the critical value for 8’Rb atomsis Vo 15Eg and Vo  44Eg
for the 3D and 1D lattices, respectively.)3%:31 Obviously, the dynamical responseof
the systemto a static force alsodependson whether the systemis in the super- uid
or Mott-insulator regime.In the next section, we study the Bloch dynamicsin the
super- uid regime, wherethe ground state of the Bose{Hubbard system (which we
take asthe initial state in our numerical simulations) can be well approximated by
the product of Bloch waveswith zeroquasi-momerium. The responseof the system
to a static forcein the Mott-insulator regimewill be briey discussedn Section5.4.

W =

F(r)dr: (41)

5.3. Decoherence due to the atom{atom inter actions

Numerically, the problem of BO of interacting bosonic atoms consi%s of solving

the Schreodinger equation for the multi-particle wave function ( t) = | ¢, (t)jni,

where jni = j:::;n; ;NN ;i are the Fock (number) states, given by the

symmetrized product of Wannier states |(x). Note that the translation symmetry

of the system, obviously broken by the static term, can be actually recovered by

using the gaugetransformation, |
AR TOE % X e'etal & +hc + %X A 1): (42)

[ [
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This allows us to imposeperiodic boundary conditions, which greatly facilitate the
corvergencein the thermodynamic limit N;L ! 1 ,N=L = n. HerelL isthe lattice
sizeand N the number of atoms. For givenL and N, the dimension of the Hilb ert
space (the total number of Fock states)is N = (N + L 1)I=NI(L 1).. Note
that the dimension of the Hilb ert spacebut not the size of the system cortrols the
corvergencein the thermodynamic limit.

Having a (numerical) solution of the Sdredinger equation, i~@( t)i=@ =
rb(t)j ( t)i, we then calculate the single-particle density matrix,

X
(x;x%1) = 1) m (XY 1m (1) tm (1) = h( O)j&famj ( )i (43)

I;m

which carries essetial (although not complete) information about the system. In
particular, the diagonal elemeris of the density matrix (43) in the momertum
represenation de ne the momertum distribution of the atoms P (p) which, as dis-
cussedabove in Section 2.4, is the quantit y most easily measuredin the laboratory
experimerts.

An example of the time ewolution of the momertum distribution is depicted
in Fig. 9. Comparing this gure with Fig. 2 for BO of non-interacting atoms, a
rapid decay of BO is noticed. The reasonfor this deca is the decoherenceof the
density matrix, similar to that consideredin Section5.1, but with the fundamertal
di erence that here the systemitself plays the role of a \bath". To get a qualita-
tive understanding of this phenomenon,it is useful to considerthe instantaneous

P(p)

Fig. 9. Decay of BO due to the interaction induced decoherence.Parameters are J = 0:038ER,
W = 0:032Eg, and dF = 0:05ER.
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a/2p

Fig. 10. Instantaneous spectrum of the Hamiltonian (42). Lattice size L = 5, number of the
atoms N = 5, interaction constant W = 0:1J.

spectrum of the time-dependert Hamiltonian (42) (seeFig. 10). The thin line in
Fig. 10is the mean- eld solution (diabatic continuation of the ground state), where
all atoms would oscillate cohererily. However, due to Landau{Zener transitions at
avoided crossings,the other Fock states becomepopulated when the static force
drivesthe systemalong the the mean- eld solution. This leadsto a thermalization
of the atoms and, as a consequenceto the decay of BO.

In principle, onecantry to describethe thermalization processby thoroughly an-
alyzing the Landau{Zener tunneling at the avoided crossings.An alternativ e (and,
actually, more constructive) approad is to study the properties of the Floquet{
Bloch operator,®? which we de ne asthe ewvolution operator over one Bloch period:

Z, #
B=ep -~ B : (44)

0

It hasbeenfound that for the parameter region of a typical experiment with cold
atoms in the 3D lattices (W J, n 1, and dF < J) the matrix of the Floquet{
Bloch operator (44) can be well identied with a random matrix of the circular
orthogonal ensenble and, thus, the system (40) is a quantum chaotic system?33:34
In fact, this is precisely the Quantum Chaos, which justi es the use of the terms
“bath' and “thermalization' for the system of interacting atoms.
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5.4. Dier ent regimes of BO of inter acting atoms

As already mertioned in Section 5.2, BO of interacting atoms is a rather diverse
problem and the irreversible decay of BO discussedabove is in no way the only
possible regime of Bloch dynamics. In particular, a static force with magnitude
dF J suppresseshe Quantum Chaosand BO becomequasiperiodic (seeFig. 11).
This regimeof BO can betreated analytically and, for example,for the meanatomic
momertum we have

ho(t)i = posin(! gt)expf 2n[1 cog! wt)]g; lw = W=-: (45)

Note, in passing,that the sameinteraction frequency! w = W=~ (but for adi erent
problem) has recertly beenobsenedin a laboratory experimert.28

The other limiting caseof BO is the caseof a weak atom{atom interactions,
which is typically realizedin the quasi b lattices. Indeed, becauseof a weaktrans-
versecon nement rg , the integral #(r)dr in Eq. (41) is orders of magnitude
smaller than for 3D lattices. An increaseof the lling factor from n 1 in the
3D caseto n  100in the 1D case(presert days situation) may not be able to
compensatethis decreaseof the interaction constart W and, therefore, a regular
dynamics of BO can be expected. Let us alsoremind that a large lling factor and
a small interaction constarnt are usually consideredas a validity condition for the
Gross{Pitaevskii equation. We shall discussthis issuein more detail in Section 6.

It is alsointeresting to study \Blo ch oscillations" in the Mott-insulator regime
J W). In this case,a responseof the systemto a static force has a resonart

Fig. 11. Quasiperiodic Bloch oscillations. Parameters J and W are the same as in Fig. 9 but
dF = Er. Note that the scale of the time axis is changed in comparison with Fig. 9.
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character,3%%6 with the main resonancecorresponding to the condition dF ~ W.
Providing resonart (or near resonar) forcing, the particle-hole excitations of the
Mott-insulator statesare createddynamically. This excitation processis re ected in
the (almost) periodic dynamics of the atomic momertum distribution. 37 It should
be stressed,however, that in spite of the formal analogy with BO, the origin of
these oscillations as well as the characteristic period T;  ~=J are fundamentally
dierent.

6. Conclusion

We consideredthe phenomenonof BO for cold neutral atoms in optical lattices. In
Section2 and Section 3 of the review, which mainly serve astutorials, we focusedon
a dilute gasof atomsin quasi 1D lattices. In addition to the theoretical analysis,we
also discussedthe schemeof a typical laboratory experiment on BO and indicated
the characteristic values of the parameters.

It can be safely stated that in the above caseof a dilute gasin 1D lattices the
BO of cold atoms are well understood. The further progressin the eld is related
to the problems of BO in lattices of higher dimensionality, BO in the presenceof
relaxation processesand BO of interacting atoms.

A dilute gasof cold atoms in 2D lattices was discussedin Section 4. Naively,
one may expect the two-dimensional BO to be a superposition of one-dimensional
BO, where the values of the static force F,, are given by the projection of the
vector F to the crystallographic axis of the lattice. However, this is true only in
the separablecase.For a non-separableoptical potential, the two-dimensional BO
generally cannot be expressedn terms of the 1D problem. This is especially the case
for a strong static force (strong Landau{Zener tunneling), where non-separability
of the potential manifestsitself in a number of e ects.

The ultimate goal for studying BO in the presenceof relaxation processess to
obtain a directed di usiv e current of atoms, similar to that of electronsin a con-
ductor. In Section4.1we studied the relaxation (decoherence)pf BO dueto sponta-
neousemission.Note, that the rate of spontaneousemissioncan be increasedto any
desired level by simply tuning the laser frequency closerto the atomic resonance.
The e ect of spontaneous emissionis shawvn to lead only to \non-directed”" di u-
sion. The theoretical analysisof the other relaxation medanisms,like scattering on
\impurities" is strongly in need. In this connection we would like to mertion the
recert experiment,® which studies the dynamics of the fermionic 4°K atoms with
an admixture of bosonic® Rb atoms in inhomogeneousoptical lattices.

Finally, we commert on the problem of BO for a Bose{Einstein condensate.
This eld of researd opensunlimited perspectivesfor studying the di erent phe-
nomenaof correlated systems.In particular, by loading a BEC of cold atoms into
a quasi 1D lattice, one can realize the caseof a large lling factor (mean num-
ber of atoms per lattice cite) and a small interaction constart. This is believed to
be the realm of the Gross{Pitaevskii equation, where BO becomesa macroscopic
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qguantum phenomenon.We intentionally did not discussthis casebecauseeven the
mertioning of all publications on this subject would draw this review out of the
length limit. Instead, we analyzedBO of interacting atoms in the 3D lattice. Load-
ing BEC in the 3D lattice increasesthe interaction constart by seweral orders of
magnitude and simultaneously decreaseghe lling factor to n 1. In this regime
the Gross{Pitaevskii equation fails to describe the dynamics of the atoms and a
fully microscopictreatment of the systemis required. Sudh a microscopicapproach
is provided by the Bose{Hubbard model. It wasshown that, dependingon the value
of the static force, BO of interacting atoms may vary from quasiperiodic to irre-
versibly decaying behavior. Moreover, in the latter case,the system appearsto be
chaotic in the senseof Quantum Chaos. This intriguing regime of BO is waiting for
experimental studies.
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