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The paper deals with dynamics of a quantum chaotic system under influence of an environment. The
effect of an environment is known to destroy the quantum coherence and can convert the quantum
dynamics of a system to classical. We use a semiclassical technique for studying the process of
decoherence. The condition for transition from quantum to classical dynamics is obtained in general
form and checked numerically for a particular chaotic system, known as quantum the standard map
on a torus. The relevance of the obtained results to the problem of correspondence between quantum
and classical mechanics is briefly discussed. ©1996 American Institute of Physics.
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Numerous connections between quantum and classica
mechanics clearly indicate that classical behavior is de
scribed perfectly well by an extension of quantum phys-
ics. However, the details of the quantum-to-classical tran-
sition are still uncertain, as are the conditions for which
this transition is applicable. For this present work, we
have examined the transition from quantum to classical
dynamics for a chaotic system.

I. INTRODUCTION

The problem of transition from quantum to classical m
chanics has been a subject of permanent interest since
foundation of quantum mechanics. One of the motivatio
for this interest comes from the well known experimen
fact that one and the same quantum system can behav
different laboratory conditions either as a quantum system
a classical one. It seems that common agreement on ex
nation of such a phenomenon has been achieved. The
idea is the following—there are no systems which are co
pletely isolated from their environment~heat bath, cosmic
microwave background, measurement device and so on! and
this influence can be important. The exploration of this id
~so-called ‘‘environmental approach’’! makes the context o
a large part of the recent papers devoted to the corres
dence problem~see, for example, Refs. 1–4 and referenc
therein!.

Within the environmental approach, the ‘‘whole’’ prob
lem of correspondence can be divided into two subproble
The first one is the emergence of a ‘‘definite’’ classical t
jectory of a particle from ‘‘indefinite’’ quantum dynamics
The second subproblem keeps us within the probabilistic
proach. The main question here is how to obtain the class
distribution function from a quantum equation. The pres
paper deals entirely with the second subproblem. It is nat

*See AIP Document No. E-PAPS: E-CHAOE-06-534-2.4MB for color v
sions of Figs. 1–4. E-PAPS document files may be retrieved free of ch
from our FTP server~http://www.aip.org/epaps/epaps.html!. For further
information: e-mail: paps@aip.org or fax: 516-576-2223.
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to take the Wigner function of a quantum system as ini
point for approaching to classical mechanics. In fact,
Wigner function has a number of properties of the class
distribution function and seems to be its closest analog in
realm of quantum mechanics. Thus our question of inte
can be reformulated in the following way—we want to o
tain a condition for which the Wigner function converts in
the classical distribution function.

A new impetus to increasing the interest in the cor
spondence problem has been recently given by study of
so-called quantum chaotic systems—those systems w
have chaotic dynamics in the classical limit.5–14 For an iso-
lated~from its environment! chaotic system, the discrepanc
between the Wigner function and the classical distribut
function becomes apparent after an extremely short t
tc;l21ln(I/\), whereI is some characteristic action of th
system andl is the Lyapunov exponent.15 To give a feeling
of how small the timetc is, let us chooseI;1027 J•s ~a
particle with mass 1 g moving with speed 1 cm/s! and
l;1 s21: then tc'22 s. This short time contradicts a com
mon perception of classical mechanics as a limiting c
from quantum mechanics. Thus it is no wonder that quant
chaotic systems have attracted much attention in connec
with the correspondence problem in general, and in conn
tion with the environmental approach in particular.

The beginning of study of an open~i.e., under influence
of an environment! quantum chaotic system can be dat
back to the paper of Ottet al.,5 where dynamics of the quan
tum kicked rotor affected by external noise was analyzed
was shown that as the strength of noise exceeds some cr
value, the kicked rotor recovers classical diffusion for me
energy. The study of open quantum chaotic systems
continued in the papers of Graham and Dittrich.6 The authors
used an approach based on a master equation for the de
matrix of a system~the kicked rotor and similar systems wit
discrete time! coupled to a reservoir of linear oscillators, o
to a macroscopic system acting as a measurement de
Both effects of dissipation and noise caused by a bath
measurement device were considered. An approximation
noise isd-correlated was used. Cohen studied dynamics

ge
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535Andrey R. Kolovsky: Coherence, function, and transition
the quantum kicked rotor without use of the Marko
approximation.7 In particular it was shown that under an a
propriate choice of the interaction term, the effect of dissi
tion can be neglected, and therefore, the problem reduce
that studied in Ref. 5. The stochastic equation for both h
and low temperature limits were constructed and the effec
a noise correlation was studied in detail. The problem of
recovery of classical dynamics by external stimulus was c
sidered by Toda, Adachi and Ikeda.8 A striking result was
obtained; that one can recover classical behavior by coup
the quantum kicked rotor to another quantum chaotic sys
~in fact another quantum kicked rotor was used!. We also
note a recent paper,16 where the authors study the effect
the environment on dynamics of the quantum cat map—
of the models of quantum chaos, which we also use in
numerical simulations.

It should be noted that the analyses performed in
cited papers are more or less model dependent, where
singular form of the kicked rotor Hamiltonian is strongly
use. For a generic quantum chaotic system a condition
the recovery of classical dynamics was independently form
lated in recent papers12,13 by analyzing the Moyal equation
for the Wigner function. In the present paper we use se
classical techniques to obtain such a condition.14 The semi-
classical approach provides a deeper look inside the pro
which causes a transition from quantum to classical dyn
ics. Besides this, the method suggested is more accurate
in principle, allows one to find the threshold exactly, pr
vided the classical dynamic of a system is known in deta

The structure of the paper is the following. In the ne
section we briefly discuss a common approach for treating
open system. We also show, using a qualitative argum
why influence of an environment ‘‘prevents’’ a quantu
chaotic system from logarithmically small corresponden
time. The condition of correspondence is formulated in S
III. The condition obtained is shown to be consistent w
that in Refs. 12 and 13. Section V contains the numer
results for dynamics of the Wigner function for a particu
chaotic system, known as the standard map on a torus. T
numerical simulations are aimed to illustrate and check
analytical results of Sec. III. A short Sec. IV, devoted to t
definition of the Wigner function for different topologies o
the system phase space~plain, cylinder or torus!, precedes
the numerical simulation. Finally, the concluding Sec. VI
devoted to general discussion of classical mechanics as
‘‘m→` ’’ limit from quantum mechanics.

II. MASTER EQUATION FOR AN OPEN SYSTEM

We remind the reader of a common approach to anal
of an open system. The starting point is the Hamiltonian
the composed system

H tot5H1Hen1H int . ~1!

In Eq. ~1! H5H(x,p,t) is the Hamiltonian of the system
considered,Hen5H(q) is the Hamiltonian of its environ-
ment (q is the set of the environmental variables!, and the
interaction between the system and environment is assu
CHAOS, Vol. 6,
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to be smallH int;e. In what follows we shall restrict our-
selves to the caseH int5VVen, whereV andVen depend only
on the system and environment variables respectively.
aim is to obtain an equation for the reduced distributi
function

f ~x,p,t !5E dq f tot~x,p,q,t ! ~2!

in the classical approach, or for the reduced density ma
r̂(t)5Trq@ r̂ tot(t)# in the quantum approach. We shall di
play the equations for the classical case. The quantum e
tions have the same structure with the Poisson brackets
stituted by the commutator:$ . . . %→(2 i /\)@ . . . #.

To realize the aim one has to assume~to postulate! a
number of properties for the environment or to choose
particular model forHen. Historically the second way wa
preferred, where the bath of linear oscillators was mai
considered asHen. The equation forf (x,p,t) takes the sim-
plest form in the case of the Ohmic environment (Hen corre-
sponds to 1-dimensional scalar field,V;x)1,2

] f

]t
5$H, f %12g

]~p f !

]p
1D

]2f

]p2
. ~3!

In Eq. ~3! D52gmkBT, T is the temperature of the field, an
g is the relaxation constant. The first term on the right ha
side of Eq.~3! corresponds to unperturbed evolution of t
system, the second describes the energy lost from the sys
and the third is the influence of noise coming from the th
mostat. For the problem considered in this paper the th
term is of the most importance,6–9,12,13so we shall neglect
dissipation in what follows.~This also can be considered a
the limit g→0 andT→` while D is kept constant.! For a
weak coupling the equation similar to Eq.~3! can be also
obtained for arbitraryV.17 Neglecting the dissipation term, i
has the form

] f

]t
5$H, f %1D̃$V,$V, f %%. ~4!

It is easy to see that Eq.~4! is again a diffusion-like equation
but now diffusion is inhomogeneous in phase space, w
local diffusion constantD5D̃(]V/]x)2.

A new trend in treating an open system is connec
with the study of a ‘‘thermostat’’ with a finite number o
degrees of freedom~the term ‘‘booster’’ is often used!.18–20

It has been found that the assumption about an infinite n
ber of degrees of freedom forHen is not a necessary one an
can be ‘‘substituted’’ by the assumption that the dynamic
the systemHen is chaotic. Then, irrespective of the particul
form for Hen, one can obtain a self-consistent equation fo
system weakly coupled with the booster. This equation
the same form as Eq.~4!,20 where the constantD̃ is entirely
defined by the correlation function^Ven(t)Ven(t8)&
; exp@(t2t8)/t# of the booster. We shall return to the ca
discussed in Sec. VI.

Now we come to the question of how the influence of
environment prevents a chaotic system from having a lo
rithmically small correspondence time. First, let us consi
No. 4, 1996
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536 Andrey R. Kolovsky: Coherence, function, and transition
an isolated system. Following Refs. 12 and 13 we consid
1-dimensional chaotic system with the Hamiltonian

H5
p2

2m
1U~x,t !. ~5!

Then the dynamics of its Wigner functionw5w(x,p,t)
obeys the following equation:21,22

]w

]t
5$H,w%M

[$H,w%1 (
n>1

\2n~21!n

22n~2n11!!

]2n11U

]x2n11

]2n11w

]p2n11 . ~6!

In Eq. ~6! we denote by$ . . . %M the Moyal brackets and we
display their explicit form for the 1-dimensional Hamiltonia
considered. For\50 this equation coincides with the Liou
ville equation for the distribution function, and therefore t
terms containing Planck’s constant can be regarded
‘‘quantum corrections’’ to classical Liouville flow. The cru
cial point is that for the chaotic regime the partial derivativ
of the classical distribution functionf (x,p,t) behave as
]nf /]pn;exp(lnt), with the incrementl given by the
Lyapunov exponent. Thus the quantum corrections grow
ponentially and after a characteristic timetc;l21ln(I/\)
~this time is often cited as Zaslavsky’s time15! they become
of the same order as the main term.

The situation will change if we take into account th
influence of an environment. In fact, let us denote bydp(t)
the characteristic scale of the distribution function struct
in Eq. ~4!. If D̃50 in Eq. ~4!, thendp(t) would decrease a
dp(t);dp(0)exp(2lt). However, sinceD̃ Þ 0 the diffusion
term ‘‘tries’’ to smooth the distribution function a
dp(t);@dp(0)1Dt#1/2 @hereD is the local diffusion con-
stant,D5D̃(]V/]x)2#. Combination of these two process
will fix some minimaldpmin;(D/2l)1/2. This means that the
partial derivatives]nf /]pn;(1/dpmin)

n are restricted for any
time. Thus the quantum corrections do not grow and we h
a possibility to reconcile quantum with classical evolutio
This kind of argument was used to formulate a condition
quantum-classical correspondence in the papers Refs. 12
13. In the notation used it reads

S adpmin
\ D 25S a\AD

2l D 2@1, D5D̃~V8!2, ~7!

whereV8 stands for the characteristic value of the derivat
]V/]x anda denotes a characteristic length for variation
the potentialU(x,t). In the next section we shall obtain th
condition in a different way.

To conclude this section we would like to make a rema
concerning the numerical method used to solve the ma
equation for an open system. The quantum counterpart of
~4! has the form

]r̂~ t !

]t
52

i

\
@Ĥ,r̂~ t !#2

D̃

\2 @V̂,@V̂,r̂~ t !##. ~8!
CHAOS, Vol. 6,
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The numerical method used is based on evidence that
equation for the density matrix is equivalent to the followin
stochastic Schro¨dinger equation:

i\
]c~ t !

]t
5Ĥ1ej~ t !V̂c~ t !, ~9!

where j(t) is a random process with correlation functio
j(t)j(t8)5d@(t2t8)/t#, andD̃5e2t). ~We note that using
a technique suggested in Ref. 23 it is possible to constru
stochastic Schro¨dinger equation for a master equation of
rather arbitrary form.! Having obtained the solution of Eq
~9!, one obtains the solution of the problem~8! by averaging
the pure density matrix over the different realizations of t
stochastic processj(t)

r̂~ t !5$uc~ t,j!&^c~ t,j!u%j . ~10!

This method is essentially more effective than the dir
solving of Eq.~8!. We have found that one hundred runs a
already enough to get a convergence. We also use this a
ogy between the stochastic equation for the wave func
and the master equation for the system density matrix in
analytical calculation.

III. CONDITION OF QUANTUM CLASSICAL
CORRESPONDENCE

We shall analyze the problem in the Wigner represen
tion which, as has already been mentioned, is the most
propriate representation for the purpose of comparison
tween quantum and classical mechanics. Besides this, we
interested in the caseI /\@1 (I is some characteristic actio
of the system!, when such a comparison is possible in pri
ciple. Thus, our nearest aim is to obtain the semiclass
expression for the evolution of the Wigner function.

The Wigner function is defined according to the follow
ing formula:21,22

w~X,P,t !5
1

2p\E dx expS iPx\ D rSX2
x

2
,X1

x

2
,t D ,

~11!

wherer(x8,x9,t) in the right hand side of the equation is th
density matrix of the system in the coordinate representat
Due to the equivalence between Eq.~8! and Eq.~9! we can
presentr(x8,x9,t) as follows:

r~x8,x9,t !5$c~x8,t !c* ~x9,t !%j . ~12!

Let us denote byG(X,Y,t) the Green’s function for the sto
chastic Schro¨dinger equation~9!

c~X,t !5E dY G~X,Y,t !c~Y,0!. ~13!

Substituting Eq.~13! and Eq.~12! into Eq. ~11!, we obtain
after simple transformations

w~X,P,t !5E E F~X,P;Y,Q;t !w~Y,Q,0!dY dQ,

~14!

where
No. 4, 1996
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537Andrey R. Kolovsky: Coherence, function, and transition
F~X,P;Y,Q;t !

5H 1

2p\E E expS i Px\ DGSX2
x

2
,Y2

y

2
,t D

3G* SX1
x

2
,Y1

y

2
,t DexpS 2 i

Qy

\ Ddx dyJ
j

~15!

is the evolution operator. The ‘‘semiclassical evolution’’ co
responds to the choiceG(X,Y,t) in the common form24

G~X,Y,t !5(
a

ga~X,Y,t !, ~16!

ga~X,Y,t !5S 1

2p i\ D 1/2S 2
]2Sa~X,Y,t !

]X]Y D 1/2
3expF i\ Sa~X,Y,t !1

ip

2
naG , ~17!

where the indexa labels the different classical trajectorie
connecting the pointsX andY, Sa(X,Y,t) is the principal
Hamilton’s function, andna is the Maslov index. Substitut
ing Eq. ~16! in Eq. ~15! we finally obtain

F~X,P;Y,Q;t !5(
a,b

f a,b~X,P;Y,Q;t !, ~18!

where

f a,b~X,P;Y,Q;t !

5H 1

2p\E E expS i Px\ DgaSX2
x

2
,Y2

y

2
,t D

3gb* SX1
x

2
,Y1

y

2
,t DexpS 2 i

Qy

\ Ddx dyJ
j

~19!

andga(X,Y,t) is given by Eq.~17!.
One might doubt if the semiclassical approximation c

be a basis for studying of a chaotic system. In fact, as
have already mentioned, the time of correspondence betw
pure classical and quantum evolutions is extremely small
scales astc; ln(1/\). Fortunately, this does not imply tha
the semiclassical approximation fails aftertc . It was shown
in the papers of Heller and Tomsovic25 that Eqs.~16!–~17!
can be used to calculate the system wave function for t
much larger thantc .

Now we shall show that the terms witha5b in Eq. ~18!
define the classical evolution of the system. In fact, sub
tuting ga(X7x/2,Y7y/2,t) into Eq. ~19! in the following
form:

gaSX7
x

2
,Y7

y

2
,t D

'S 21

2p i\

]2Sa

]X]YD 1/2 expS i\ FSa7
]Sa

]X

x

2
7

]Sa

]Y

y

2

1
]2Sa

]X2

x2

8
1

]2Sa

]Y2

y2

8
1

]2Sa

]X]Y

xy

4 G1
ip

2
naD ~20!

@hereSa[Sa(X,Y,t)# we obtain:
CHAOS, Vol. 6,
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f a,a~X,P;Y,Q;t !

5(
a

$2~]Pt
a~X,Y!/]Y!d@P2Pt

a~X,Y!#

3d@Q2P0
a~X,Y!#%j , ~21!

where Pt
a(X,Y)5]Sa(X,Y,t)/]X and P0

a(X,Y)
52 ]Sa(X,Y,t)/]Y are the initial and final momentum of
classical particle moving fromY to X. Using the identity
d@x(f)2x0#(dx/df)5d@f2x21(x0)#, we come from
Eq. ~21! to the final expression

(
a

f a,a~X,P;Y,Q;t !5$d@Y2X0~X,P,t !#

3d@Q2P0~X,P,t !#%j . ~22!

In Eq. ~22! X05X0(X,P,t), P05P0(X,P,t) is the solution
of the classical equation of the motion backwards in time a
we omit the sum overa since for givenX andP there is only
one classical trajectory with the specified initial coordina
Y and momentumQ.

We note that Eq.~22! can also be derived in a mor
accurate way by using the stationary phase method. In f
let us continue expansion in Eq.~20! to higher power ofx
and y. Then the equation for the saddle point has t
form “@(P2Pt

a)x1(P0
a2Q)y2 1

24(SXXX
a x313SXXY

a x2y
13SXYY

a xy21SYYY
a y3)1 . . . #50. For given P, Q this

equation has a solutionx5x* , y5y* and one should esti
mate the second derivative at this point. It is easy to see
second derivatives from the function in square brackets t
to zero whenx* andy* approach zero. Thus only the poin
x*50, y*50 is important in the semiclassical limit and w
can approximate the integral~19! by a 2-dimensional integra
of Airy type

f a,a~X,P;Y,Q;t !

5H 2
]Pt

a

]Y

1

~2p\!2
E E dx dy

3expS i\ F ~P2Pt
a!x1~P0

a2Q!y2
1

24
~SXXX

a x3

13SXXY
a x2y13SXYY

a xy21SYYY
a y3!G D J

j

. ~23!

To proceed further let us assume for simplicity th
SXXY

a 5SXYY
a 50 andSXXX

a 5SYYY
a 58s. Then Eq.~23! takes

the form

f a,a~X,P;Y,Q;t !

5H 2
]Pt

a

]Y S 1

s1/3\2/3D 2Ai S Pt
a2P

s1/3\2/3DAi SQ2P0
a

s1/3\2/3D J
j

. ~24!

We remind the reader that the Airy function is normalized
the unit *Ai( n)dn51 and has the asymptote
Ai( n)'(4p)21/2n21/4 exp(22

3n
3/2) for n@0 and Ai(n)
No. 4, 1996
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538 Andrey R. Kolovsky: Coherence, function, and transition
' p21/2n21/4sin(22
3unu3/21(p/4)) for n!0. When we aver-

age the right hand side of Eq.~24! overj, the oscillating tails
of the Airy function disappear and with good accuracy o
can approximate Eq.~24! by Eq.~21!. We also note that this
approximation is consistent with the limitt→` and does not
imply any condition on the intensity of the stochastic proc
j(t). In fact, the variations of the momentumP0

a(X,Y) and
Pt

a(X,Y) due to the stochastic term is proportional
*0
t j(t)dt5(t/t)1/2 @see Eq.~26! below#, while the ‘‘charac-
teristic width’’ of the Airy function, given by
s1/3\2/3;@S(X,Y,t)#1/3, grows only ast1/3.

We have shown that the ‘‘diagonal’’ terms in Eq.~18!
correspond to classical evolution of the system. Having
result in mind we conclude that the transition to classi
dynamics takes place under the condition of the terms w
a Þ b in Eq.~18! vanishing. Let us obtain this condition. Th
use of the stationary phase method fora Þ b brings the com-
plex prefactor exp$i@Sa(X,Y,t)2Sb(X,Y,t)#/\%. Therefore, we
can estimatef a,b(X,P;Y,Q;t) to order of magnitude preci
sion as

f a,b~X,P;Y,Q;t !;H expS i\ @Sa~X,Y,t !2Sb~X,Y,t !# D J
j

.

~25!

Let us denote byS0(X,Y,t) the value of the principal Hamil-
ton’s function fore50, and bydS(X,Y,t) the variation of
S(X,Y,t) due to the stochastic term @S(X,Y,t)
5 S0(X,Y,t)1dS(X,Y,t)#, and letx0(t) be the trajectory
connecting the points X, Y in the case e50
@x(t)5x0(t)1dx(t)#. We restrict ourselves to the cas
where the operatorV̂ of the system interaction with the en
vironment is the function of the coordinatex, i.e.,
V̂5V(x). To first order over parametere we have

S~X,Y,t !5E
0

tFmẋ2

2
2U~x,t !2ej~ t !V~x!Gdt

'S0~X,Y,t !1eE
0

t

@mẋ0d ẋ2U8~x0 ,t !dx#dt

2eE
0

t

j~ t !V~x0!dt

5S0~X,Y,t !2eE
0

t

j~ t !V~x0!dt ~26!

@we have used that dx(0)5dx(t)50 and
mẍ052U8(x0 ,t)#. Substituting Eq.~26! in Eq. ~25! we ob-
tain

f a,b~X,P;Y,Q;t !;H expS i e\ E0tj~ t !@V~x0
a!2V~x0

b!#dtD J
j

.

~27!

Equation~27! can be simplified if we use the fact that th
typical distance between two different chaotic trajector
x0

a and x0
b coincides with the characteristic lengtha for
CHAOS, Vol. 6,
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variation of the potential U(x,t). Approximating
@V(x0

a)2V(x0
b)#;V8a, whereV8 is the characteristic value

for ]V/]x, we obtain

f a,b~X,P;Y,Q;t !

;H expF i eV8a

\ E
0

t

j~ t !dtG J
j

5E
2`

`

dn expF i eV8a

\
nG~2pt/t!21/2expF2

n2

2~ t/t!G
5exp~2kt !, k5

~eV8a!2t

2\2 . ~28!

Now we are able to formulate the condition of corr
spondence. We consider the case of chaotic dynamics. In
case the number of the classical trajectories contributing
Eq. ~16! grows exponentially with incrementh defined by
the Lyapunov exponentl: h5h(l);l.25 Thus one has to
estimate by absolute value a series of the following form

A~ t !5 (
a,b51

N5exp~ht !

f a,b exp~2kt !, u f a,bu;1, ~29!

whereA(t) stands for the overall contribution of the inte
ference termsf a,b(X,P;Y,Q;t) with a Þ b. The function
A(t) decays ifk.2h. Therefore, a required condition ha
the form

e2V82a2t

\2 . h~l!. ~30!

In this formula the quantityeV8a has units of energy and ca
be considered as a characteristic energy of the system i
action with the environment,t is the ‘‘memory time’’ of the
environment, andh is proportional to the Lyapunov expo
nent of the system considered. It is also easy to see
condition ~30! is completely equivalent to that displayed
Sec. II @see Eq.~7!#.

IV. WIGNER FUNCTION FOR DIFFERENT
TOPOLOGIES OF PHASE SPACE

In the next section we shall check the condition obtain
for a particular chaotic system known as the quantum s
dard map on the torus~QSMT!. The Hamiltonian of this
system has the form

H5
p2

2
1u~x!(

n
d~ t2n!, u~x12p!5u~x!, ~31!

where periodic boundary conditions on bothx and p are
imposed.~In the numerical simulation we use scaled va
ables, the semiclassical parameter of the system is define
the scaled Planck constant entering the momentum opera!
Because of the specific form of the potenti
U(x,t)5u(x)(d(t2n), dynamics of QSMT can be explic
itly described by the unitary map, which greatly simplifie
the numerical simulation. This simplicity makes the syste
~31! one of the most popular models for studying the vario
aspects of quantum chaos.26–32,16Our aim is the system dy
No. 4, 1996
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539Andrey R. Kolovsky: Coherence, function, and transition
namics in terms of the Wigner function. Since there is
difference in the definition of the Wigner function for diffe
ent topologies of the system phase space~plain, cylinder or
torus!, we consider a general discussion of the Wigner fu
tion structure to be useful.

In the case of plain phase space the Wigner funct
w(X,P,t) is a continuous function of the coordinateX and
the momentumP and is uniquely defined by the system de
sity matrix r̂. If we use the coordinate representation for t
density matrixr̂(t)5r(x,x8,t), then the Wigner function is
defined according to Eq.~11!. In the momentum representa
tion the formula looks similar

w~X,P,t !5
1

2p\E dp expS iXp\ D rS P1
p

2
,P2

p

2
,t D .

~32!

The properties of the Wigner function~32! are well
known21,22 and do not need to be cited here.

The properties of the Wigner function in the case
cylinder phase space (2`,P,`, 0<X,2p) are less well
known. The Wigner function in a cylinder was introduce
for the first time in Ref. 33 and was then used in analysis
the quantum kicked rotor dynamics in Refs. 34, 6, and 7
we denote bŷnur̂(t)um& the elements of the system dens
matrix in the momentum representation@momentum eigen-
functions areun&5(2p)21/2exp(inx)#, then the Wigner func-
tion can be defined as follows~the formula is adopted from
Ref. 6!:

w~X,Pl ,t !

5
1

2p (
j52`

`

exp~ iX j !
11~21! l1 j

2 K l1 j

2 Ur̂~ t !U l2 j

2 L ,
~33!

where l labels the quantized values of the momentu
Pl5\ l /2. We note thatPl is multiple of a\/2 but not\ as is
intuitively expected. This ‘‘\/2’’-quantization rule leads to
the appearance of a virtual interference pattern, which
shall discuss below for the case of torus phase space.

Our prime interest is in the case of torus phase spa
The periodic boundary condition along the momentum a
is satisfied by a special choice of the Planck const
\52p/N. Then the quantum Hamiltonian~31! defines an
N-level system with basis functionsun&5(2p)21/2

3exp(inxk), wherexk52pk/N, k50, . . . ,N21. Therefore,
the Wigner function is now defined on grid of the si
2N32N and the formula~33! takes the form

w~Xk ,Pl ,t !

5 (
j50

2N21

expS i pk j

N D 11~21! l1 j

2 K l1 j

2 Ur̂~ t !U l2 j

2 L ,
~34!

where Pl5(\/2)l5p l /N and Xk5pk/N (0>X,P.2p).
Let us discuss this particular case in more detail.

The first row in Fig. 1 shows evolution of the Wigne
functionw(Xk ,Pl ,t) for the case of the initial state chose
CHAOS, Vol. 6,
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in the form of the wave packet with minimal uncertaint
The packet was centered atX50, P50, and the function
u(x)5K cos(x) in Eq. ~31!. Here, in Fig. 1, and below we
use a three-color representation for the Wigner function. R
corresponds to a positive value ofw(Xk ,Pl ,t), blue denotes
negative value and white corresponds to the value of
Wigner function being near zerouw(Xk ,Pl ,t)u,« (« is a
small number of the order ofN22). It is seen that the initial
wave packet has three images atP50, X5p, and P5p,
X50,p. We shall call them ‘‘virtual wave packets’’ becaus
they disappear after partial integration of the Wigner fun
tion. In the other words, the functionswx(Xk ,t)
5( l50

2N21w(Xk ,Pl ,t) and the functions wp(Pl ,t)
5 (k50

2N21w(Xk ,Pl ,t) have only one peak. We also note th
the partial integration recovers the usual quantization ru
i.e.,wp(Pl ,t)[0 for odd l andwx(Xk ,t)[0 for oddk.

Sincew(Xk ,Pl ,t) is a rapidly oscillating function in the
vicinity of the virtual wave packets, one can try to remo
this specific interference pattern by coarse-graining of
Wigner function w̃(X,P,t)5*dx dp B(x,p)w(X1x,
P1p,t), using, for example, a Gaussian with variancesx ,
sp asB(x,p). ~The variance should be taken less than\/2,
otherwise one removes any interference pattern.! However,
this procedure does not lead us to the desired results. W
time the virtual packets give rise to the interference pattern
a larger scale~see Fig. 1, second row! and after a rather shor
time it becomes impossible to distinguish between
‘‘imaginary’’ and ‘‘real’’ interference patterns.

In what follows we use a different approach in deali
with the virtual interference. Without being universal it ne
ertheless completely suits our main purpose—the study
the transition between quantum and classical dynamics.

FIG. 1. ~a! Dynamics of the Wigner function for QSMT in the cas
u(x)5K cosx, K51.71. The initial state is chosen in the form of the wa
packet with minimal uncertainty (\52p/N, N5128). The grid of the size
2N32N is shown. Red corresponds to positive value ofw(Xk ,Pl ,t), blue
denotes negative value and white corresponds to value of the Wigner f
tion near zero (uw(Xk ,Pl ,t)u,0.000015;N22). ~b! Dynamics of the
coarse-grained Wigner function.~c! Contour line for the classical distribu
tion function f (X,P,t) for the same initial state.
No. 4, 1996

o¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/chaos/chocr.jsp



d

is
re
du

um
on

ta
wi

ca

as

le

f
e
fo

e
he

e

r
th
an

wn
e

n

t
-

dy-
first
tion
lly
n
ap

-
cs’’
ule.
ter-

d
d

e

540 Andrey R. Kolovsky: Coherence, function, and transition
stead of the function~34! we shall consider the modifie
Wigner function

w̃~Xk ,Pl ,t !5 1
4@w~Xk ,Pl ,t !1w~Xk1N ,Pl ,t !

1w~Xk ,Pl1N!1w~Xk1N ,Pl1N ,t !#.

~35!

It is easy to show that the functionw̃(Xk ,Pl ,t) equals zero
for odd l , k, and therefore the modified Wigner function
defined on the gridN3N. In the classical case the procedu
~35! means that we consider the system dynamics on mo
p instead of modulo 2p.

V. TRANSITION TO THE CLASSICAL DYNAMICS FOR
QSMT

We proceed to the study of the transition from quant
to classical dynamics for QSMT. In the numerical simulati
we choose the momentum eigenfunctionu0& as the initial
state of the system. In the classical approach this initial s
corresponds to an ensemble of the classical particles
P50 and uniform distribution ofX over the interval
@0,2p). The functionu(x) in the Hamiltonian~31! is chosen
in the form

u~x!5FKS px2
x2

2 D G . ~36!

In this special case the classical evolution of the system
be described by the linear map

P85@P1K~x2p!#mod:p,
~37!

X85@X1P8#mod:p.

~For the purpose of the comparison with the quantum c
we consider the classical dynamics on modulop instead of
modulo 2p.! For K.0 this map is homogeneously unstab
with the Lyapunov exponentl5 ln$(21K)/2 1 @(21K)2/
421]1/2% given by the eigenvalue of the stability matrix o
Eq. ~37!. For the first six time steps the evolution of th
classical ensemble is illustrated by the third row in Fig. 2
K51.71, and Fig. 3 forK52. Here the dynamics of the
particles were additionally influenced by noise. The unp
turbed dynamics would correspond to zero width of t
branches.

The first row in Fig. 2 shows a typical evolution of th
modified Wigner function ~35! for \52p/N, N5512.
~Quarter of the phase space 0<X,P,p is shown.! It is seen
that the Wigner function exhibits a rich interference patte
already after the first time step. We especially note that
variation ofw̃(Xk ,Pl ,t) is rather large and exceeds the me
value ~equal toN22) by a factor of between 10 and 20.

A remarkable feature of QSMT withu(x) in the form
~36! is that along with the typical interference pattern sho
in Fig. 2 it can display a very specific pattern for integ
values ofK. @For integerK the map~37! defines the so-
called Arnold’s cat map.# This interference pattern is show
in Fig. 3 for K52. Now the functionw̃(Xk ,Pl ,t) equals
zero everywhere except atN points where it takes constan
valuew̃(Xk ,Pl ,t)51/N. Thus evolution of the Wigner func
CHAOS, Vol. 6,
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tion coincides with evolution of an ensemble ofM5N clas-
sical particles, which move also on the grid for integerK.
The connection of the quantum dynamics with classical
namics in discrete phase space was mentioned for the
time in Ref. 35, where the authors studied quantum evolu
of the kicked rotor. Then this idea was explored and partia
justified in papers34 devoted to the kicked rotor dynamics i
the Wigner representation. The quantum Arnold’s cat m
considered here seems to be a unique system where~as it
was first shown in Refs. 28 and 29! the correspondence be
tween quantum dynamics and ‘‘discrete classical dynami
is exact. Of course, this case is an exception to the r
However, because of the transparent character of the in

FIG. 2. Comparison between the quantum (\52p/N, N5512) and classi-
cal dynamics foru(x) in the form ~36! with K51.71. One quarter of the
phase space (0<X,P,p) is shown. Initial state corresponds toP50 and
uniform distribution overX. ~a! Unperturbed dynamics of the modifie
Wigner functionw̃(Xk ,Pl ,t). ~b! The modified Wigner function average
over 128 realizations of the stochastic processj(t) with intensitye50.05.
~c! Dynamics of an ensemble ofM524064 classical particles for the sam
value ofe.

FIG. 3. The same as in Fig. 2, butK52.
No. 4, 1996
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541Andrey R. Kolovsky: Coherence, function, and transition
ference pattern exhibited, it is ideally suited for the nume
cal study of the transition between quantum and class
dynamics.

Let us turn to our main aim—a conversion of quantu
dynamics affected by a stochastic process~which mimics the
influence of the environment! to classical dynamics. We
choose the interaction operator in Eq.~9! in the form of the
first derivative fromU(x,t), i.e., V̂5]U/]x. ~Such a choice
for the interaction operator will be explained in Sec. VI.! The
middle row in Fig. 2 and Fig. 3 shows the Wigner functio
averaged over 128 runs of the stochastic processj(t). It is
seen that interference pattern disappears and we have a
correspondence with classical dynamics influenced by n
of the same intensity.

Varying the intensity of the noise one can find a critic
value of e necessary to destroy the quantum coherence
to convert the Wigner function into the classical distributi
function. The numerical simulation performed confirms th
the critical valueecr is proportional to\ ~i.e., to the semi-
classical parameter of the system, if one uses unscaled
ables!. This is actually not surprising, sincee and \ enter
into all formulas only through the combinatione/\. The de-
pendence ofecr on the Lyapunov exponentl is less obvious.
To check the dependence predicted we performed the
merical simulation for different values ofl @different K in
Eq. ~36!# at fixed value ofe. The results are presented in Fi
4. It is seen that asK increases the Wigner function exhibi
signs of an interference pattern.

VI. CLASSICAL MECHANICS AS THE ‘‘ m˜` ’’-LIMIT
OF QUANTUM MECHANICS

In the previous sections we have obtained the condi
of correspondence~30! between the classical and quantu
dynamics and checked it numerically for a particular chao
system. In this section we discuss an issue of the result~30!
for the problem of crossover from quantum to classical m
chanics when we pass the border between micro- and ma
worlds.

FIG. 4. The Wigner function fort52 and different values ofK: ~a! e50,
~b! e50.01, ~c! classical distribution function fore50.01.
CHAOS, Vol. 6,
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Usually, classical mechanics is considered as a limit
case of quantum mechanics when the mass of a particle t
to infinity. In fact, it is easy to show that for a generic syste
the limit m→` is equivalent to the limit\→0 and, there-
fore, one has the formal transition from quantum to class
mechanics. However, there is a well known shortcoming
this simple scheme—the limitsm→` andt→` do not com-
mute. In other words, for any finitem we have a finite time
of correspondence between quantum and classical dynam
For a chaotic system, as it was shown in Sec. I, this time
too short for this naive approach to be realized in nature
this section we discuss a different way for the transition
classical mechanics which is free of the above mentio
shortcoming.

First of all we note that the limitm→` necessarily im-
plies a complex particle consisting of many ‘‘elementary
particles. Let

Ĥ tot5(
i51

N

2
\2

2mi

]2

]xi
2 1(

iÞ j
W~xi2xj !1(

i
qiU~xi ,t !

~38!

be the total Hamiltonian of such a particle. Herexi denotes
the coordinates of the ‘‘elementary’’ particles~atoms!,
W(xi2xj ) is the interaction between them, andU(x,t) is
some external potential field. We are interested in the
namics of the particle as a whole. Denoting byx the coordi-
nate of the gravity center we reduce Hamiltonian~38! to the
form

Ĥ tot'Ĥ1ĤR1d
]U

]x
, ~39!

Ĥ52
\2

2m

]2

]x2
1qU~x,t !, ~40!

ĤR5(
i51

N

2
\2

2mi

]2

]z i
2 1(

iÞ j
W~z i2z j !, ~41!

wherem5(mi , q5(qi , d5(qiz i , z i5x2xi . Thus any
macroscopic particle is an open system, even if we neg
its interaction with the cosmic background radiation. Its ow
internal degrees of freedom can play the role of an envir
ment.

A self-closed equation of motion for the system grav
center can be obtained under the assumption of chaotic
namics for the internal degrees of freedom.20,36This equation
coincides with Eq.~8! where we should substitutee by mean
squared fluctuation of the particle dipole momentd and op-
erator V̂ by V̂5]U/]x. As was shown in Sec. III, Eq.~8!
provides a transition to classical dynamics if the conditi
~30! is fulfilled. For a generic chaotic system the Lyapun
exponentl is of the same order of magnitude as the char
teristic frequency of macro-motion and scales as 1/Am. The
fluctuation of the dipole momentum grows with the si
~and, hence, the mass! of a particle. The correlation timet is
fixed at some value which is defined by the characteri
No. 4, 1996
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542 Andrey R. Kolovsky: Coherence, function, and transition
frequency of the internal motion. Thus the condition~30!
will be necessarily satisfied when we consider the lim
m→`.

We especially note that the condition~30! can already be
met for a particle with mass of a few atoms. In fact, let
consider a charged (q51.6310219 C) fragment of a multi-
atom molecule (m;10224 kg! moving in typical laboratory
field U;105 V, ]U/]x;107 V/m. Then, the characteristi
frequency of macro-motion and the Lyapunov expon
l;(qU9/m)1/2;107 s21. The inverse correlation timet21

is of the order of vibration frequency, i.e.,t;10214 s.
Taking the mean squared fluctuation of the order of molec
dipole momentumd;10229 we satisfy the condition with a
factor of more than 10.
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