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Common myth suggests synchronicity and unidirectionality of nuclear and electronic fluxes. Accurate
quantum dynamics simulations of the vibrating model system, aligned Hþ2 , confirm this rule, but with
exceptional opposite behaviours during short periods in the attosecond time domain. The ratio of elec-
tronic versus nuclear fluxes increases systematically, from small to large amplitude nuclear motions.
Visualization of the electronic and nuclear densities and flux densities reveals that this is due to broader
dispersion of electronic wavepackets compared to nuclear ones. The accurate results validate an efficient
general method for quantum calculations of the fluxes in terms of densities, not flux densities.
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1. Introduction

Chemical reactions and molecular vibrations involve simulta-
neous fluxes of the coupled nuclei (Fnu) and electrons (Fel) in mol-
ecules. The individual fluxes Fnu and Fel have been investigated
previously, but so far without any quantum evaluations of con-
certed effects. On one hand, for example, nuclear fluxes through
a dividing surface which separates the domains associated with
the reactants and products, typically close to the transition state,
determine the rates of chemical reactions. Quantum expressions
of the corresponding nuclear (nu) flux operator [1–3] allow ab ini-
tio calculations of reaction rates [4,5]. The fluxes (also called ‘cur-
rents’) have dimensions of 1=time; they may be evaluated as
surface integrals over nuclear flux densities jnu (also called ‘current
densities’ or ‘probability current densities’) which have dimensions
of 1=ðtime� areaÞ; moreover, the time integral of the nuclear flux
gives the yield Ynu of the reaction. On the other hand, organic, inor-
ganic, and biochemists have developed and applied powerful albeit
less quantitative rules for electronic fluxes which accompany the
nuclear motions [6–15]. These allow efficient predictions of the
reactions – but quantum mechanics has never been applied to
investigate the related questions such as: how many electrons
are actually travelling with the nuclei? What is the ratio of the
electronic versus nuclear fluxes? Are they flowing synchronously?
On which time scale? In which direction?

As an example, consider pericyclic reactions such as the Cope
rearrangement of 1,5-hexadiene or derivatives – a prototype is
sketched in Fig. 1: Depending on substituents, various possible
ll rights reserved.

nz).
fluxes of one or two electrons are indicated by single and dou-
ble-headed arrows, respectively, allowing to predict the breaking
and the making of chemical bonds, together with associated tran-
sitions from single to double bonds, or vice versa. But the preced-
ing questions about these fluxes lead into terra incognita. Our
motivation to answer them has been stimulated by recent experi-
mental observations and quantum simulations of the motions of
electrons and nuclei in real time, with time resolutions from few
tens of attoseconds (1as ¼ 10�18 s) to femtoseconds
(1 fs ¼ 10�15 s) [16–21]. To the best of our knowledge, the simulta-
neous electronic and nuclear fluxes in molecules, however, have
never been evaluated or analyzed quantum mechanically even
though one may anticipate that they should be an ubiquitous phe-
nomenon. Very recently, Okuyama and Takatsuka have introduced
a complex-valued electron flux density, with imaginary and real
parts which are called the adiabatic and induced flux densities,
respectively. Their approach reveals information of dynamical
electron flows from adiabatic (i.e. based on the Born–Oppenheimer
ansatz) electronic wavefunctions calculated in the frame of the so-
called ab initio molecular dynamics, i.e. classical not quantum nu-
clear dynamics, as well as semiclassical Ehrenfest theory [22].

The purpose of this Letter is threefold: (a) To develop and vali-
date a general approximate quantum method which allows to eval-
uate the simultaneous fluxes of electrons and nuclei in molecules.
(b) To answer the preceding questions for a model system. (c) To
present the first visualization of the underlying electronic and nu-
clear flux densities, together with their densities. In particular, we
are interested in quantifying these processes in the electronic
ground state, the domain of most thermal chemical processes.
The method should be entirely general, however, e.g. it should also
allow to describe electronic and nuclear fluxes in coupled
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Fig. 1. Motivation of the present investigation from organic chemistry [6–11]:
electron fluxes of one or two electrons are indicated by curved single or double-
headed arrows, respectively. The example shows the controversial reaction
mechanism of the Cope rearrangement of 1,5-hexadiene or derivatives, depending
on substitution. (panels A–C) Plausible concerted mechanisms via the transition
state (TS) with various electron fluxes. (panel D) A putative stepwise mechanism via
a cyclohexa-1,4-diyl intermediate (Int). The arrows do not provide any information
about the synchronicity, directionality, the time scale or magnitude of the fluxes,
calling for our new approach.
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electronic excited states, the domain of photochemistry. Moreover,
it should allow for applications of arbitrary external fields. For ref-
erence, we investigate the fluxes associated with small and large
amplitude vibrations in Hþ2 as our model system, because this al-
lows to compare the results of the approximate method with accu-
rate quantum dynamics simulations. State-of-the-art methods for
accurate quantum computations (i.e. without any approximations
such as softcore potentials, or restricted dimensionalities) of nucle-
ar and electronic dynamics allow to consider only processes in very
small systems as touchstone for the new approximate method,
supporting extensions to larger molecules. Recently, complemen-
tary investigations of the systems Hþ2 , H2, or isotopomers, have al-
ready discovered fascinating details of the coupled electronic and
nuclear dynamics, but without considerations of concerted elec-
tronic and nuclear fluxes [16,18–20,23,24]. Nevertheless, the
resulting yields of dissociation and ionization of the laser driven
model systems, Hþ2 and HD+, have been evaluated quantum
mechanically, by integration of the coupled nuclear and electronic
quantum flux densities [23].

2. Theory and model

Our derivation starts with the time-dependent Schrödinger
equation for non-relativistic processes in molecules in the labora-
tory frame [25],

i�h
@

@t
Wðq;Q ; tÞ ¼Hðq;Q ÞWðq;Q ; tÞ; ð1Þ

where Hðq;Q Þ denotes the molecular Hamiltonian, depending on
Q and q, i.e. the spatial and spin coordinates of Nnu nuclei
Q k ¼ fRk;Rkg (k ¼ 1; . . . ;Nnu) and of Nel electrons ql ¼ frl;rlg
(l ¼ 1; . . . ;Nel). The Hamiltonian may include external fields –
important applications include scenarios where the molecular cen-
ter of mass has been centered at the origin, and the molecule is
aligned or oriented in the laboratory. The wavefunction Wðq;Q ; tÞ
of the entire system should be antisymmetric for the electrons
and for indistinguishable nuclei with half integer nuclear spins,
and symmetric for distinguishable nuclei with integer spins. Exten-
sions to Hamiltonians Hðq;Q ; tÞ describing interactions with time-
(t)-dependent external fields will be considered elsewhere. The
complex wavefunction Wðq;Q ; tÞ allows to calculate the Nnu þ Nel

particle density qðq;Q ; tÞ ¼ jWðq;Q ; tÞj2 and flux density jðq;Q ; tÞ
of the entire system, satisfying the continuity equation

_qðq;Q ; tÞ ¼ �div jðq;Q ; tÞ ð2Þ

in accord with the Schrödinger equation, Eq. (1). Here, jðq;Q ; tÞ and
div denote a vector and the corresponding operator for the deriva-
tive, with 3ðNnu þ NelÞ components, respectively. By integrating q
and �div j over all coordinates complementary to r ¼ rl or R ¼ Rk,
one obtains the electronic and nuclear one-particle densities
qelðr; tÞ and qnu;kðR; tÞ as well as the derivatives of the flux densities
jelðr; tÞ and jnu;kðR; tÞ, respectively. Since the nuclear distributions
change during any chemical reaction or coherent vibration, it fol-
lows that the one-particle densities and flux densities are all
time-dependent. In particular, any changes in the nuclear wave-
function will, of course, induce changes in the one-electron density.
The fundamental continuity equation, Eq. (2), implies the corre-
sponding one-particle continuity equations

_qelðr; tÞ ¼ �rr � jelðr; tÞ ð3Þ
_qnu;kðR; tÞ ¼ �rR � jnu;kðR; tÞ ð4Þ

for the electrons and nuclei, respectively.
Before we proceed to derive the expressions for the correspond-

ing electronic and nuclear fluxes, let us first consider the difficulty
which would be implied in case of direct use of Eqs. (3) and (4) in
the frame of the celebrated Born–Oppenheimer (BO) approxima-
tion which is based on the huge difference of the nuclear and elec-
tronic masses [26]. Accordingly, the molecular Hamiltonian,
Hðq;Q Þ ¼Tnu þHelðq; Q Þ contains the nuclear kinetic energy
Tnu, and the complementary, so-called electronic Hamiltonian
Helðq; Q Þ for the electronic kinetic energy as well as the Coulomb
interactions of all particles. The latter depends parametrically on
Q ; subsequently we neglect spin–orbit interactions. The wavefunc-
tion for electrons and nuclei in the electronic ground state is then
approximated as

WBOðq;Q ; tÞ ¼ WBO;nuðQ ; tÞ �WBO;elðq; Q Þ; ð5Þ

where WBO;nu and WBO;el denote the normalized time-dependent nu-
clear and time-independent electronic wavefunctions, respectively.
Specifically, WBO;el is calculated as real solution of the time-indepen-
dent electronic Schrödinger equation

Helðq; Q ÞWBO;elðq; Q Þ ¼ VelðQ ÞWBO;elðq; Q Þ; ð6Þ
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together with the (adiabatic, ground state) potential energy surface
VelðQ Þ, whereas WBO;nuðQ ; tÞ is the complex solution of the time-
dependent nuclear Schrödinger equation

i�h
d
dt

WBO;nuðQ ; tÞ ¼ ðTnu þ VelðQ ÞÞWBO;nuðQ ; tÞ: ð7Þ

For calculations of time-independent molecular properties, separa-
tion of the variables t and Q yields stationary nuclear wavefunc-
tions WBO;nuðQ Þ, together with corresponding rotational and
vibrational energies in the electronic ground state, depending on
nuclear quantum numbers. Extensions to coupled electronic ground
and excited states yield the BO expansion of the total wavefunction
in corresponding products of nuclear and electronic wavefunctions
[27].

For nearly a century, quantum chemists focussed on solving the
electronic Schrödinger equation, Eq. (6), with milestones which
have been recognized last but not least by the awards of Nobel
prizes to several pioneers, till today’s highly advanced state-of-
the-art. It is thus fair to say that Dirac’s vision [28] that the funda-
mental Eq. (1) describes the whole of (non-relativistic) chemistry
has become reality, concerning the calculation of the time-inde-
pendent properties of molecules in the electronic ground state,
by means of the BO wavefunctions WBO;elðq; Q Þ and WBO;nuðQ Þ. More
recently, the field of nuclear quantum dynamics has also seen stu-
pendous advances in the computations of WBO;nuðQ ; tÞ for the nucle-
ar motions of large molecules [5,29,30].

In contrast with the rather mature fields of quantum chemistry
for stationary molecular properties and of quantum reaction
dynamics for nuclear motions, accurate evaluations of the general
Schrödinger equation, Eq. (1), for electrons and nuclei are still re-
stricted to the smallest systems, vide infra [16,18–20,23,24]. First
extensions to larger molecules have been suggested in Refs.
[31,32], but quantum evaluations of the flux densities j and the
resulting simultaneous nuclear and electronic flux densities
jnu;kðR; tÞ and jelðr; tÞ, Eqs. (3) and (4), have not been carried out.
Several previous attempts to develop approximate quantum meth-
ods for electronic flux densities are documented in Refs. [22,33–
35]. All of them conclude that the task is very difficult. For refer-
ence, they note that the BO approximation, Eq. (5), which is so
powerful concerning time-independent properties as well as nu-
clear dynamics, fails completely concerning time-dependent elec-
tronic flux densities, i.e.

jBO;elðr; tÞ ¼ 0; ð8Þ

because the electronic wavefunctions Welðq; Q Þ in electronic non-
degenerate states are real. On first glance, it would thus appear to
be helpless to employ the BO approximation for calculations of elec-
tronic fluxes – Born and Oppenheimer focussed on stationary prop-
erties of molecules, not on time-dependent fluxes! Some important
exceptions from Eq. (8) have been discovered recently, i.e. strong
electronic ring currents or electron circulations exist, even in BO
approximation, in symmetric (e.g. ring-shaped or linear) [36–38]
or nearly symmetric [39] molecules which support degenerate com-
plex electronic excited states, see also the related experimental
investigation [40]. We note in passing that analogous nuclear ring
currents exist in symmetric (e.g. linear) molecules which support
degenerate complex pseudorotational states [41]. But for coherent
vibrations and chemical reactions in non-degenerate real electronic
states, it appeared that one has to go beyond the BO approximation
in order to overcome its fundamental failure, Eq. (8) [22,33–35].

In contrast with all previous approaches, we note that, for the
purpose of this Letter, it is not even necessary to calculate the elec-
tronic and nuclear flux densities, i.e. all that we need in order to
answer the questions about the electronic and nuclear fluxes Fel

and Fnu;k is to calculate the net integrals of the corresponding flux
densities, e.g.
Felðt; AobsÞ ¼ �
Z

Aobs

dA � jelðr; tÞ ð9Þ

for electrons. In Eq. (9), Aobs denotes a surface (with unit normal vec-
tor n, i.e. dA=n dA) of an ‘observer’ (obs), who monitors and inte-
grates the flux density of the electrons which pass through the
surface. We shall now show that Fel can also be calculated using
the electronic density qelðr; tÞ, instead of the flux density jelðr; tÞ.
For this purpose, we note that electronic fluxes are zero at infinity.
This allows us to rewrite Eq. (9) using Gauss’s theorem and the con-
tinuity equation, Eq. (3), as

Felðt; AobsÞ ¼ �
Z

Vobs

dVrr � jelðr; tÞ ¼
d
dt

Z
Vobs

dVqelðr; tÞ ð10Þ

where Vobs denotes the part of the total volume (V) which is located
on one side of the dividing surface Aobs, with the surface vector dAobs

pointing away from Vobs. Eq. (10) is a key result of this Letter. The
time integration of the net electronic flux, Eq. (10), leads to the yield
Yelðt; AobsÞ of electrons which pass through the surface of the obser-
ver from the initial (ti ¼ 0) till the final (tf ¼ t) times,

Yelðt; AobsÞ ¼
Z

Vobs

dVqelðr; tÞ �
Z

Vobs

dVqelðr;0Þ: ð11Þ

Note that Yelðt; AobsÞ can be positive or negative, depending on the
directionality of the flux. Turning the table, we obtain the net elec-
tronic flux Fel, Eq. (10), as the time derivative of the yield (11), i.e. in
terms of qelðr; tÞ, instead of jelðr; tÞ.

Since we know from quantum chemistry that the BO separation
provides excellent approximations of the electronic densities, we
now suggest to use the BO approximation for the electronic density
qBO;elðr; tÞ in Eqs. (10) and (11) to obtain the net electronic flux
FBO;elðt; AobsÞ and the net electronic yield YBO;elðt; AobsÞ, respectively.

Analogous derivations apply for the nuclei. The resulting
expressions are

Fnu;kðt; AobsÞ ¼ �
Z

Aobs

dA � jnu;kðR; tÞ ¼
d
dt

Z
Vobs

dVqnu;kðR; tÞ ð12Þ

for the net nuclear flux through the surface of the ‘observer’ and

Ynu;kðt; AobsÞ ¼
Z

Vobs

dVqnu;kðR; tÞ �
Z

Vobs

dVqnu;kðR; 0Þ ð13Þ

for the nuclear yield. The corresponding BO approximations for the
nuclear flux and yield are obtained using Eqs. (12) and (13) with
density of the nucleus k at time t in BO approximation, qBO;nu;kðR; tÞ.

The general expressions Eq. (10) and (12) with the electronic
and nuclear BO densities are the suggested approximations for
the electronic and nuclear fluxes, respectively. We call them ‘BO
approximations’, because they employ the BO densities, irrespec-
tive of the failure of the BO approximation, Eq. (8).

For the application of the BO approximation to the nuclear and
electronic fluxes in vibrating Hþ2 and comparison with accurate re-
sults, we assume that the molecule has been aligned along the Z-
axis, with its center of mass at the origin, such that the nuclei are
distinguishable, e.g. using the method of Refs. [38,42]. The coupled
electron and nuclear dynamics is evaluated in terms of Jacobi coor-
dinates for the internuclear distance R and the vector r from their
center of mass to the electron, represented in terms of cylindrical
coordinates fz;q;/g. Accordingly, the nuclear coordinates are gi-
ven, in excellent approximation, by Z1 ¼ �Z2 ¼ R=2. Details of the
transformation from the preceding laboratory-fixed coordinates
fr;R1;R2g to the molecule-fixed ones fz;q;/;Rg (subject to the con-
straints of fixed center of mass and orientation) will be presented
elsewhere. We assume that initially, the system has been stretched
in order to induce coherent vibrations. One can induce small to
large amplitude vibrations, depending on the initial stretch
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hRðt ¼ 0Þi, e.g. using the methods of Refs. [43–46] – the challenge is
to evaluate the electronic fluxes which accompany the nuclear
ones; systematic effects of variations of hRðt ¼ 0Þiwill be discussed
in the next section. Specifically, the initial wavefunction is con-
structed as BO wavefunction WBO;nu;v¼0ðRÞ �WBO;elðz;q;/; RÞ for the
electronic and vibrational ground state (2Rþg ðv ¼ 0Þ), with the cen-
ter of its nuclear wavefunction shifted from hRiv¼0 ¼ Re to
hRðt ¼ 0Þi, i.e. the initial amplitude of nuclear vibration is
DRðt ¼ 0Þ ¼ hRðt ¼ 0Þi � hRiv¼0. The time-dependent BO wavefunc-
tion WBOðz;q;/;R; tÞ ¼ WBO;nuðR; tÞ �WBO;elðz;q;/; RÞ (together with
the potential energy curve V 2Rþg

ðRÞ), is obtained as product of the
solutions of the corresponding electronic and nuclear Schrödinger
equations, using standard techniques. For comparison, the accurate
wavefunction Wðz;q;/;R; tÞ starts from the same initial wavefunc-
tion, which is then propagated as solution of the time-dependent
Schrödinger equation, Eq. (1), using the method of Ref. [23], with
corresponding grid representation for the variables fz;q;Rg, and
exploiting the cylindrical symmetry for /. The same grid is used
for the BO approximation. Further technical details will be reported
elsewhere. Exemplarily, two surfaces Aobs of observers are defined
as horizontal planes parallel to the x–y plane, at symmetric dis-
tances Zobs ¼ �Robs=2, cf. Fig. 2, where Robs is half way between the
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Fig. 2. Nuclear (‘nu’) and electronic (‘el’) fluxes through two planes of observers
located at Zobs ¼ þ1:5a0 and Zobs ¼ �1:5a0 (panel B) and yields (panel C) during
large amplitude vibration of Hþ2 in the electronic ground state 2Rþg (panel A), with
comparison of accurate (continuous lines) results and the present Born–Oppenhei-
mer approximation (dashed lines). The underlying changes of the electronic and
nuclear densities as well as the flux densities are visualized simultaneously (top row
with five snapshots); for a blow-up and the color codes, see Fig. 3. Panel A: mean
bond distance hRðtÞi, starting from amplitude hRð0Þi ¼ 2Re ¼ 4a0; the snapshots are
taken where indicated. Panel B: The ratio of the fluxes Fel=max Fnu;k ¼ 0:17 is
determined where indicated. Electronic and nuclear fluxes are opposite during the
attosecond time interval marked by the empty box.
maximum and minimum mean bond length hRðtÞi: This choice is
made because this is where we expect to monitor the largest possi-
ble nuclear fluxes. In contrast, we anticipate negligible nuclear
fluxes close to the turning points, maxhRðtÞi and minhRðtÞi. This
working hypothesis is confirmed by the results for hRðtÞi and
Fnu;kðt; AobsÞ (k ¼ 1;2), cf. Fig. 2a and b, respectively. Note that
minhRðtÞi is significantly larger than the classical turning point,
due to substantial dispersion of the wavepacket. The volume Vobs

is the domain Z > Zobs.

3. Results and discussion

Applications of the theory for electronic and nuclear fluxes
which accompany molecular dynamics are demonstrated in
Fig. 2, exemplarily for coherent vibrations of aligned Hþ2 . As first
case, consider the scenario hRðt ¼ 0Þi ¼ 2Re, where Re ¼ 2a0 is the
Fig. 3. Blow-up of second snapshot, shown in the top panel of Fig. 2 (t ¼ 6:45 fs) –
visualizing simultaneously nuclear and electronic densities as well as flux densities,
with color codes as indicated. The following is valid also for all snapshots displayed
in Fig. 2: The magnitude of the nuclear density is proportional to the radius of the
rotationally symmetric shape around the Hþ2 symmetry axis; the magnitude and
direction of the nuclear flux density are color coded on this shape, cf. ‘nuclear flux
density’ color map. The electronic density is displayed using nested, semi-
transparent isosurfaces; they are colored according to the ‘electronic density’ color
map; the lines in the color map indicate the chosen iso-levels. The electronic flux
density is depicted by the vectors and by the contours in the two observer planes
using the same logarithmic ‘electronic flux density’ color map.
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equilibrium distance, cf. Fig. 2a. Obviously, the agreement of the
accurate results and the BO approximation is in general excellent,
not only for the mean bond length (panel 2a) but also for the elec-
tronic and nuclear fluxes (panel 2b) and the yields (panel 2c). The
only discrepancy is seen for the initial time evolution (less than
3 fs) where the accurate electronic flux Felðt; AobsÞ shows high-fre-
quency oscillations which are absent in FBO;elðt; AobsÞ. This is a
numerical artifact implied by the initial BO wavefunction – the
accurate solution reproduces this as a superposition of the domi-
nant electronic ground state and a very small component of the
electronic excited state, with the same (2Rþg ) symmetry.
Accordingly, the oscillatory frequency times �h correspond to the
potential energy gap between the electronic ground and excited
state, close to the initial bond length hRð0Þi [47]. Soon after this ini-
tialization, the nuclear wavefunctions in the electronic ground and
excited states move towards smaller and larger bond lengths,
respectively, i.e. they can no longer overlap, such that the artificial
oscillatory patterns in Felðt; AobsÞ vanish within � 3 fs, in accord
with Ref. [48].

Fig. 2a and b (together with Figs. 3 and 4, see below) discover all
the answers to the questions at the beginning of this Letter, for the
present example of the aligned Hþ2 . To begin, the symmetry of the
system implies the corresponding symmetry of the fluxes, i.e. the
directions of the electronic and nuclear fluxes through the parallel
planes of the observers at Zobs ¼ �Robs=2. Specifically, for most of
the time, the directions of the nuclear fluxes are along the nuclear
momenta, or equivalently along the time derivatives of the nuclear
coordinates h _Z1ðtÞi ¼ �h _Z2ðtÞi � h _RðtÞi=2, of the two nuclei
(k ¼ 1;2), compare Fig. 2a and b. Also, for most of the time, the
electronic fluxes Felðt; AobsÞ follow the nuclear ones Fnu;kðt; AobsÞ. This
is in accord with an intuitive hypothesis which underlies the BO
approximation, i.e. the light electrons can adapt to the motions
of the heavy nuclei quasi-instantaneously. The overall time scale
of the nuclear and electronic fluxes is, therefore, similar to the
vibrational period. Surprisingly, however, Fig. 2b also reveals
exceptions from this rule of the unidirectionality of nuclear and
electronic fluxes: In particular, there are short time intervals with
opposite directions of the nuclear and electronic fluxes, typically
when they switch directionality within less than 1 fs. This is due
not only to the different dispersions of the nuclear and the elec-
tronic wavepackets, but also to the corresponding densities and
flux densities which are illustrated by means of snapshots, in the
top of Fig. 2, see also the blow-up in Fig. 3. Note that this is the first
visualization of both nuclear and electronic flux densities, together
with the two densities. These accurate quantum results have been
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Fig. 4. Ratio of the magnitudes of the electronic and maximum nuclear fluxes
Fel=max Fnu;k versus initial amplitude DR. The case of Fig. 2b is indicated by the
square box.
evaluated using the method of Ref. [23]; in contrast, the BO
approximation is not applicable for this purpose (Eq. (8), jBO;el ¼ 0).

Another concerted quantum effect of the fluxes is discovered in
Fig. 2c. Apparently the nuclear yields reach maximum (minimum)
values close to 1 (�1), i.e. the nuclei travel almost completely from
initial locations corresponding to large bond distances hRð0Þi to
short ones minhRðtÞi, and back. The small deviation from ideal val-
ues 1 (�1) are due to the dispersions of the nuclear wavepackets. In
contrast, only about 2� 22 ¼ 44% of the electron pass through the
planes of the observers, in opposite directions. The much smaller
absolute values of the electronic yields, compared to the nuclear
ones, corresponds to the rather small value of the ratio
Felðt; AobsÞ= max Fnu;kðt; AobsÞ ¼ 0:17, cf. Fig. 2b. This is a consequence
of the much larger dispersion of the electronic wavepacket, com-
pared to the nuclear one, cf. Fig. 3. Ultimately, this is due to the
much smaller mass of the electron, compared to the nuclei.

Fig. 4 shows the results of a systematic investigation of the ratio
of the magnitudes of the electronic versus maximum nuclear fluxes
Felðt; AobsÞ=max Fnu;kðt; AobsÞ, depending on the initial amplitude
DR ¼ hRð0Þi � hRim¼0 of vibration, with hRim¼0 ¼ Re ¼ 2a0. Predomi-
nantly, small and large amplitude motions are associated with
small or large ratios of electronic versus nuclear fluxes, respec-
tively. This tells us that the electronic densities are quite robust
for small amplitude vibrations, whereas large amplitude nuclear
motions cause significant changes of the electronic wavepackets
which travel with the nuclei. Intuitively, one would expect that
the ratio Felðt; AobsÞ=max Fnu;kðt; AobsÞ should approach the limit
1=2 (i.e. half of the electron is travelling with each of the nuclei)
for very large amplitudes. The fact that this limit is not obtained
in Fig. 4, even for quite large initial amplitudes (DR ¼ 4a0) is due
to another quantum effect, i.e. the vibration becomes slower than
the dispersion of the wavepacket such that only about half of the
molecule vibrates whereas the other half dissociates.
4. Conclusion

This Letter achieves the triple goal:

(a) We have developed and validated a new, approximate quan-
tum method for the coupled electronic and nuclear fluxes.
The method bypasses the fundamental short-coming of the
BO approximation concerning the electronic flux densities,
Eq. (8), by means of Gauss’s theorem as well as electronic and
nuclear continuity equations, Eqs. (3) and (4), respectively.
Gratifyingly, the final expressions, Eqs. (10) and (12), may
also be written as time derivative of the electronic and
nuclear mean values d=dthhiel and d=dthhinu of the Heaviside
function h which is equal to 1 (0) inside (outside) the volume
Vobs, respectively. This is in formal analogy with correspond-
ing mean values of Miller’s flux operator d=dt ĥ in the Hei-
senberg picture or i=�h½H; ĥ� in the Schrödinger picture [3];
further details will be published elsewhere. They allow fur-
ther extensions to several, possibly also non-planar dividing
surfaces in order to investigate concerted fluxes of several
electrons, associated with various nuclear fluxes during
rearrangements of several bonds in molecules, in electronic
ground and excited states. In any case, the coupled nuclear
and electronic fluxes, and also the yields, are expressed no
longer in terms of flux densities, but in terms of densities
– this is the key to the present approximation which aban-
dons the flux densities and employs the BO densities instead
of accurate ones. The excellent agreement of the results of
the accurate method [23] and the present BO approximation
suggest to proceed to applications, from the ‘touchstone’ Hþ2
to large amplitude vibrations or reactions of polyatomic
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molecules in all domains of chemistry. For this purpose, one
can readily employ the arsenal of methods of quantum
chemistry and quantum reaction dynamics, which has been
developed over approximately 80 and 20 years, respectively.
As byproduct, multiplication of the resulting fluxes and
yields with the electronic and nuclear charges will also pro-
vide the associated electronic and nuclear currents and the
transferred charges, respectively.

(b) The new method has allowed us to discover novel effects of
the concerted nuclear and electronic fluxes. Most of the
time, they confirm chemical intuition which underlies the
BO approximation and which have become, indeed, dogmas
since the original paper of Born and Oppenheimer [26], i.e.
synchronicity and the same directionality of the nuclear
and electronic fluxes. Surprisingly, however, we have also
discovered exceptions from these rules, specifically during
short periods (below 1 fs) when both the nuclear and elec-
tronic fluxes change directions. These effects deserve further
investigations. Moreover, we could show that the electronic
fluxes in Hþ2 are smaller than nuclear ones, due to larger dis-
persion of the wavefunctions WBO;elðq; Q Þ of the light elec-
trons compared to WBO;nuðQ ; tÞ of the heavy nuclei. The
ratio of the magnitudes of the electronic versus nuclear
fluxes increases systematically with the amplitude of
nuclear motions. By extrapolation, this suggests a stimulat-
ing working hypothesis for many applications. For example,
consider again the Cope rearrangement shown in Fig. 1: Con-
trary to the traditional rules [6–15], we anticipate that the
electronic fluxes which are symbolized by the double
headed arrows do not automatically represent fluxes of
two electrons, e.g. they should be smaller for shaking single
to double bonds, or vice versa, compared to making and
breaking bonds. One should be able to measure these fluxes,
e.g. using ultrafast photoelectron spectroscopy [49,50].

(c) Last but not least, we have presented the first visualization
of the coupled nuclear and electronic densities and flux den-
sities, see the snapshots in Figs. 2 and 3. Such visualization
techniques provide new means for analysis and comprehen-
sion of the detailed mechanisms underlying the coupled
nuclear and electronic fluxes.

This Letter should stimulate many applications to concerted ef-
fects of electronic and nuclear fluxes in molecules, as well as re-
newed efforts to derive related simple yet accurate expressions
for the underlying flux densities.
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