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Decoherence with a Chaotic Environment

Classical Baker Map

Transformation in q, p ∈ [0, 1]

qi+1 = 2qi − [2qi]

pi+1 = (pi + [2qi])/2

[j] : integer part of j.

Symbolic Dynamics
q = 0.ε0ε1 . . ., p = 0.ε−1ε−2 . . .

(p, q) = . . . ε−2ε−1 • ε0ε1ε2ε3 . . .

↓ B
(p′, q′) = . . . ε−2ε−1ε0 • ε1ε2ε3 . . .
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Decoherence with a Chaotic Environment

Quantum Baker Map

• Prequantization

I D-dimensional Hilbert space

I Imposing periodicities:
qj = j+η

D
; pk = k+κ

D
• hD = 1; j, k = 0, . . . , D − 1
• η, κ ∈ [0, 1) → Floquet angles q

p

η

κ
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D
; pk = k+κ

D
• hD = 1; j, k = 0, . . . , D − 1
• η, κ ∈ [0, 1) → Floquet angles q

p

η
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• Quantization
Converting MSB(q) → MSB(p) (Most Significative Bit)

BBVS ≡ Bη,κ
pos =

(

F η,κ
D

)

−1





F η,κ
D
2

0

0 F η,κ
D
2





(F̂η,κ
D

)kj ≡ 〈pk|qj〉 = 1√
D
e−i 2π

D
(j+η)(k+κ)
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Decoherence with a Chaotic Environment

Quantum Baker Map Families

QBM families on N qubits, for n = 1, . . . , N

B̂N,n ≡ Ĝn−1 ◦ Ŝn ◦ Ĝ−1
n =

(

Î2n−1 ⊗ B̂ N−n+1, 1

)

◦ Ŝn

Ŝn: Shift operator acting only on the first n qubits

Ŝn|x1〉|x2〉 . . . |xn〉 . . . |xN 〉 = |x2〉 . . . |xn〉|x1〉 . . . |xN 〉

Ĝn−1: Partial Fourier Transform

Ĝn ≡ Î2n ⊗ F̂
η,κ

2N−n , n = 0, . . . , l

0 Circuit Representation →
BN ,n

BBVS
x n
x n-1

x n+1

x N

x 1

x 2
x 1

x N
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Decoherence with a Chaotic Environment

Quantum Walk

• Hilbert space: H = HP ⊗HC

I Particle: HP , {|j〉; j ∈ Z} (line)
I Coin: HC , {|0〉, |1〉}

• Evolution: |Ψ(t + 1)〉 = Ûσz ◦
(

Î ⊗ Ĉ
)

|Ψ(t)〉

I Û : Translation operator in particle’s space Û |j〉 = |j + 1〉
I σz, Ĉ in coin’s space

Hadamard Walk

Ĉ = Ĥ ≡ 1√
2

0

@

1 1

1 −1

1

A
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Decoherence with a Chaotic Environment

QW coupled to QBM
• Hilbert space: H = HP ⊗HB, dim(HB) = D = 2N

• Evolution: |Ψ(t + 1)〉 = M̂ |Ψ(t)〉
I M̂ =

(

Û ⊗ P̂0 MSQ + Û
−1 ⊗ P̂1 MSQ

) (

Î ⊗ B̂N,n

)

I Circuit Representation of M̂
BN,n

Particle
Space U

MSQ

LSQ

I Momentum Representation: 〈k|M̂ |k′〉 = δk,k′M̂k

M̂k =

0

@

e−ϕk 0

0 eϕk

1

A B̂N,n; ϕk =

8

<

:

k in a line
2πk
M

in a cycle

• Probabilty distribution for |Ψ0〉 = |0〉 ⊗ |Φ0〉

p(x, t) =
∫

dk
4π2

∫

dk′e−ix(k−k
′)〈Φ0|(M̂ †

k)
t(M̂k′)

t|Φ0〉
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Decoherence with a Chaotic Environment

Standard Deviation

σ =
√

〈x2〉 − 〈x〉2 ∼







CRW → O(
√

t)

QW → O(t)
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Decoherence with a Chaotic Environment

Entanglement
SL ≡ − ln (Tr[ρ2

P ]): entanglement between Particle and Environment.
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Decoherence with a Chaotic Environment

Distance in phase-space

Wigner function −→ W (q, p) = 1
M

Tr[ρA(q, p)]

A(q, p) = U qRV −p exp (iπpq/M);

U |n〉 = |n + 1〉, R|n〉 = | − n〉, V |k〉 = |k + 1〉

• W ∈ <
• W is complete ρ =

∑

q,pW (q, p)A(q, p)

• Marginal probabilities =
∑

line W

Distance to QRW (∆):

∆ =
∑

q,p[Wcrw(q, p) − W (q, p)]2 ∝ Tr[(ρcrw − ρ)2]
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Decoherence with a Chaotic Environment

Spectrum
Consecutive level spacing B̂N,n|Φj〉 = eiθj |Φj〉

                                        

                                        

                                        

                                        

                                        

-0.7 -0.6 -0.5 -0.4 -0.3

1

2

3

4

5

6

7B
7,n

θ/π

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

0.000 0.005 0.010 0.015 0.020 0.025
0

100

 B
9,1

0.000 0.025
0

100

 B
9,3

0.000 0.025
0

100
 B

9,5

0.000 0.025
0

100

 B
9,7

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0

250

500

 B
9,9

BN,n differs with RMT prediction because of

the dimension (D = 2N ) and the simmetries

“most chaotic maps” (middle members) −→ “best environments”

11



Decoherence with a Chaotic Environment

Spectrum
Consecutive level spacing B̂N,n|Φj〉 = eiθj |Φj〉

                                        

                                        

                                        

                                        

                                        

-0.7 -0.6 -0.5 -0.4 -0.3

1

2

3

4

5

6

7B
7,n

θ/π

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

0.000 0.005 0.010 0.015 0.020 0.025
0

100

 B
9,1

0.000 0.025
0

100

 B
9,3

0.000 0.025
0

100
 B

9,5

0.000 0.025
0

100

 B
9,7

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0

250

500

 B
9,9

BN,n differs with RMT prediction because of

the dimension (D = 2N ) and the simmetries

“most chaotic maps” (middle members) −→ “best environments”

11



Decoherence with a Chaotic Environment

Spectrum
Consecutive level spacing B̂N,n|Φj〉 = eiθj |Φj〉

                                        

                                        

                                        

                                        

                                        

-0.7 -0.6 -0.5 -0.4 -0.3

1

2

3

4

5

6

7B
7,n

θ/π

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

                                        

0.000 0.005 0.010 0.015 0.020 0.025
0

100

 B
9,1

0.000 0.025
0

100

 B
9,3

0.000 0.025
0

100
 B

9,5

0.000 0.025
0

100

 B
9,7

0.00 0.01 0.02 0.03 0.04 0.05 0.06
0

250

500

 B
9,9

BN,n differs with RMT prediction because of

the dimension (D = 2N ) and the simmetries

“most chaotic maps” (middle members) −→ “best environments”

11



Decoherence with a Chaotic Environment

Conclusions

• Exact numerical simulation for a system and its chaotic
environment.

• Analysis of decoherence and recoherence of the particle
studying σ, SL and ∆.

• Recoherence time for BN,n with n = N is O(N), and with n 6= N

is O(D = 2N ).

• Saturation value of entanglement for BN,n with n = N is
O(log N), and with n 6= N is O(N).

• BN,N (Many Coins map) does not produce entanglement
between qubits, and for this reason differs significatively with the
rest of QBMs.

• Middle members of QBM are the best environments and the
most chaotic maps.
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