
Lokalisierung in nichtlinearen Gitternohne UnordnungLocalization in nonlinear latticeswithout disorder
Sergej FlachMax-Planck-Institut f�ur Physik komplexer Systeme,N�othnitzer Str. 38, D-01187 Dresden

Habilitationsschrift
1



AbstractNonlinear classical Hamiltonian lattices exhibit generic solutions in the form ofdiscrete breathers. These solutions are time-periodic and (typically exponen-tially) localized in space. The lattices exhibit discrete translational symmetry.Discrete breathers are not con�ned to certain lattice dimensions. Necessary in-gredients for their occurence are the existence of upper bounds on the phononspectrum (of small 
uctuations around the groundstate) of the system as well asthe nonlinearity in the di�erential equations. We will present existence proofs,formulate necessary existence conditions, and discuss structural stability of dis-crete breathers. The following results will be also discussed: the creation ofbreathers through tangent bifurcation of band edge plane waves; dynamical sta-bility; details of the spatial decay; numerical methods of obtaining breathers;interaction of breathers with phonons and electrons; movability; in
uence of thelattice dimension on discrete breather properties; quantum lattices - quantumbreathers.Finally we will formulate a new conceptual aproach capable of predictingwhether discrete breather exist for a given system or not, without actuallysolving for the breather. We discuss potential applications in lattice dynam-ics of solids (especially molecular crystals), selective bond excitations in largemolecules, dynamical properties of coupled arrays of Josephson junctions, andlocalization of electromagnetic waves in photonic crystals with nonlinear re-sponse.
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Chapter 1IntroductionDiscreteness is at the very heart of almost any many-particle system, if the pro-cesses under discussion involve length scales of the order of (or not too largecompared to) the interparticle distances. Condensed Matter physics is a par-ticular well-known area of research where discreteness plays an important role,and the same could also be said of topics in chemistry or biology. Discretenessis here typically meant with respect to space (particles versus �elds). Conse-quently one deals with Hamiltonians which are discrete in space but de�ne acontinuous phase space 
ow with respect to time.In this review1 which we will discuss time-periodic localized excitations indiscrete systems. The localization is due to the discreteness combined withthe nonlinearity of the system, as opposed to the well known disorder inducedlocalization. The reader is encouraged to check the subsection 'Summary' ofthe conclusions to this report for a full list of the results discussed. Some of theresults discussed here can be found in [166],[80],[14].1.1 General remarksTypically the dynamics of a many-particle system can be regarded as a dis-cretization of certain continuous systems, that is the classical coupled ordinarydi�erential equations (ODE) of the many-particle system can be regarded as dis-cretized versions of partial di�erential equations (PDE). The replacement of thespatial derivatives by spatial di�erences in the equations of motion implies thereduction of the symmetry of the Hamiltonian. In general lowering the symme-try means enriching the class of solutions because less restrictions are imposed.Of course one also looses solutions when lowering the symmetry - namely theones which were generated by the higher symmetry. Let us discuss two sim-ple examples of linear equations (PDE or ODE). Assuming that the PDE has1This work is an extension of the review paper [92].6



a continuous translational symmetry, we can expect a linear spectrum (i.e. adispersion relation) !(q) which is unbounded. The discrete version related tothe PDE will yield a linear spectrum which is i) bounded and ii) might haveadditional gaps depending on the discretization procedure. The �nite upper (orlower) bound of the linear spectrum is intimately connected with the interparti-cle distance (or the discretization step of the space continuum). Replacing e.g.the wave equation U;tt�U;xx = 0 by U(l);tt� (U(l+1)+U(l� 1)� 2U(l)) = 0with l = 0;�1;�2; ::: means replacing the linear spectrum !2(q) = q2 by!2 = 2(1 � cos(q)). Let us now add a translational symmetry breaking in-homogeneity to the system in the form (1 + ��(x))U;tt � U;xx = 0 for thecontinuum and (1 + ��l;0)U(l);tt � (U(l + 1) + U(l � 1) � 2U(l)) = 0 for thelattice. For � < 0 it is well-known that a spatially localized and time-periodicsolution (eigenmode) exists for the lattice version. This happens because thelinear spectrum has a �nite bound, and eigenmodes with frequencies outsidethe linear spectrum can not be spatially extended. However the correspondingPDE does not posess a bound state, simply because the linear spectrum oc-cupies the whole real axis. Indeed, substituting U(x; t) = u(x)ei!t we obtain�u;xx + !2(�1 + ��(x))u(x) = 0 which is the time-independent Schroedingerequation of a particle in the potential V (x) = !2(�1 + ��(x)). Since the cor-responding eigenenergy is zero, obviously no bound state exists - rather anextended state is found. The pattern of thoughts which leads to the last resultwithout performing all calculations is: i) if we discretize a PDE then the linearspectrum will be bounded and might even lead to additional gaps in the PDElinear spectrum (think of electronic band structures in solids); ii) thus we canby proper modi�cations of the discretized equations produce spatially localizedbut time-periodic states, whose frequencies are located in the new gaps openeddue to discreteness.1.2 Nonlinearity and Discrete BreathersAs long as we stick to linear equations, we have to break the discrete transla-tional symmetry of the discretized equations in order to obtain spatially localizedmodes, i.e. we have to add 'impurities'. In this review we will show that one canretain the discrete symmetry and still obtain localized excitations - by addingnonlinear terms to the equations. Certainly nonlinear terms are present in anyapplication of many-particle dynamics. The thought pattern capable of predict-ing the existence of localized excitations will be much more elaborate than forthe linear case. We will see that due to the nonlinearities higher harmonics ofthe excitation's frequency have to be considered too (i.e. their positions withrespect to the linear spectrum). Consequently nonlinearity is crucial with re-spect to the di�erence between continuum and discreteness. Indeed, the abovedemonstrated linear examples can not change the fact that one can add termsto the PDE which cause the opening of gaps (and still preserve the continuous7



symmetry). Then nothing hinders us from adding symmetry-perturbing termswhich are capable of producing localized or bound states. However in the caseof a nonlinear PDE the fact that the linear spectrum is still unbounded typicallyforbids the existence of bound states (because the mentioned higher harmonicsof the bound state's frequency will always resonate with the linear spectrum).Here is the big advantage of a discrete system, because the �nite upper boundof the linear spectrum still allows for frequencies whose entire higher harmonicsmight lie outside the linear spectrum.Thus we are going to investigate solutions of Hamiltonian lattice equations(e.g. describing the classical dynamics of a crystal lattice) which are periodicin time and localized in space. Di�erent names of these objects have appearedin the literature - Intrinsic Localized Modes (ILM), Self-localized AnharmonicModes (SLAM), Nonlinear Localized Excitations (NLE), Discrete Breathers(DB), etc. The �rst three entries of this exotic list are perhaps an attemptto separate the appearance of these objects from some well-known but onlyweakly related solutions of PDEs - namely breathers. The fourth entry of thelist tries to create the di�erence by the attribute 'discrete'. We choose the entry'discrete breather' (although we used NLE before). The main reason is thatthe objects are indeed breathers living on a lattice, so it is sort of confusing tocreate new names. Perhaps 'lattice breathers' would be better? There is stillsome dynamics in that issue, so we will have to wait and see which entry willbe dominant.1.3 Some Properties of breathers in Hamilto-nian Field EquationsBreather solutions are well-known from the study of the sine-Gordon (sG) PDE.The sG equation for a real-valued �eld 	(x; t) is a particular example out of theclass of nonlinear Klein-Gordon (KG) equations	;tt = C	;xx � F (	) (1.1)with the choice FsG(z) = sinz. The breather solution is given by	b(x; t) = 4tan�1 �m! sin(!t)ch(mx)� ; ! =p1�m2: (1.2)It represents a �eld which is periodically oscillating in time and decays exponen-tially in space as the distance from the center x = 0 is increased (see Fig. 1.1).As shown stationary breather solutions form one-parameter families of solutions.Most probably these breather solutions are nongeneric. Birnir [25],[24] andDenzler [55],[56] showed that sG breathers are isolated, i.e. the solutions surviveonly under a �nite number of perturbations �(z) of FsG(z) ! FsG(z) + �(z).Years of searching for breathers in �4 systems (F (z) = �z+z3) were terminated8
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Figure 1.1: 	b(x; t) from (1.2) versus x for 26 di�erent times equally spaced andcovering one breather period and m = 0:5.by the nonexistence proof of breathers by Segur and Kruskal [164]. Relatedresults have been derived by Kichenassamy [119]. Geicke [100] has calculatedthe decay rate of �4-'breathers'. So it appears that breathers are nongeneric(structurally unstable) and thus rare objects in PDEs. The reason for that liesin the fact that a decomposition of (1.2) into a Fourier series with respect to timeyields higher harmonics with frequencies k! (k is the Fourier number). Thesefrequencies resonate with the linear spectrum of (1.1) !q = pCq2 + F 0(z = 0)(q - wave number), if k is larger than a given number which depends on the choiceof !. Consequently the corresponding separatrix manifolds associated with (1.1)are of �nite dimension. The intersection of �nite-dimensional manifolds in anin�nite-dimensional phase space is comparable to a miracle - translated thisimplies an in�nite number of symmetries. Indeed the sG equation is integrable!Together with the in�nity of the dimension of the corresponding phase space thestructural instability of sG breathers follows immediately [67]. It is interestingto note that those arguments are obtained by linearising the equation (1.1) andthen analyzing the ODEs for the Fourier coe�cient functions. However a testof solution (1.2) shows that the linearization is not adequate - simply because(1.2) has nonzero higher Fourier components (with respect to time) and thosecomponents would not spatially decay in the linearized version of (1.1). We willdiscuss similar e�ects in the lattice case.Boyd [35] introduced a very interesting concept of the 'nanopteron' (stillanother exotic name). The nanopteron concept is the following: assume that the9



PDE does not allow for a breather. Then it can still allow for a solution whichis locally close to a breather, but which does not decay to zero in space - ratherit decays to some nonzero but small (compared with the center) amplitude. Theessential di�erence between the breather and the nanopteron is that breathersare solutions of �nite energies, whereas nanopterons are solutions of in�niteenergies. The nanopteron construction essentially uses the fact that there can besolutions periodic in time with frequencies outside the linear spectrum. Becausehigher harmonics resonate with the linear spectrum, the solutions do not decayin space to zero, but nevertheless keep their inhomogeneous spatial properties.It is worthwhile mentioning another �eld equation which supports breathersolutions - the Nonlinear Schr�odinger Equation (NLS) in 1 + 1 dimensions:�i	;t = 	;xx + 2j	j2	 : (1.3)This equation is also integrable (!) (note that the �eld is complex-valued) andposesses soliton solutions [59]. One of them is nothing but a breather solution.The breather solution is obtained by substituting 	(x; t) = �(x)ei!t. The time-independent �eld � is assumed to be real valued and satis�es the equation�;xx = !�� 2�3 : (1.4)For ! > 0 this equation allows for homoclinic orbits de�ned by �(0) = p!,�x(0) = 0. These homoclinic orbits yield breather solutions of the originalNLS equation (1.3). It is interesting to note that in contrast to the sG caseperturbations of the NLS equation sometimes do not destroy the breather solu-tions. However they will not destroy the breather solution typically only if theperturbations preserve the conservation law B = R j	j2dx. This is intimatelyconnected to the nongeneric structure of the NLS equation itself - namely thatthe nonlinearity appears only in the amplitudes, but not in the phases (of thecomplex �eld 	).We have found only one example of a PDE in 2+1 dimensions which allowsfor numerically obtained breather-like objects [7]. Also we want to mention thee�orts to obtain breather solutions for Einstein-Maxwell equations of the electro-vacuum, and for equations describing one-dimensional optical media with Kerrnonlinearities capable of self-induced transparency [187],[68]. Altogether thee�orts of �nding breathers in PDEs have been discouraging. It is hard to be-lieve that isolated, nongeneric and structurally unstable objects are capable ofdescribing phenomena in nature.1.4 The Discrete WorldAlthough there has been interest in the relationship between the continuum anddiscreteness for a considerable amount of time many of the results present hereare quite new. 10



One possible way of testing the di�erence between PDEs and their discretizedversions with respect to breathers would be to �nd a lattice model with discretebreathers and then to test whether they are structurally stable or not. Indeedwe can write down one such lattice model - the Ablowitz-Ladik (AL) lattice [2]i	(l);t+C(	(l+1)+	(l�1)�2	(l))+(	(l+1)+	(l�1))j	(l)j2 = 0 : (1.5)The AL lattice is a discretized version of the NLS equation, and the AL latticeis integrable. It allows for breather solutions. The structural stability analysisof AL breathers has not been done yet. Also any structural stability analysiswill not yield too much insight into why breathers might exist for many di�erentlattice realizations. Thus we choose a di�erent way of analysis. At the end ofthis analysis we will obtain a conceptual approach which allows us to predictthe existence/nonexistence of breathers for lattices without actually solving forthe breather solutions.
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Chapter 2First approximate resultsIn this section we will introduce the models, discuss multiple scale expansionsand rotating wave approximations as well as some numerical studies which havebeen used in order to describe discrete breathers.Let us consider a d-dimensional hypercubic lattice with N sites. Each siteis labeled by a d-dimensional vector l 2 Zd. Assign to each lattice site a vectorXl 2 Rf , where f is the number of components and is to be �nite. The evolutionof the system is given by the set of equations_Xl = Fl(fXmg) ; Fl(f0g) = 0 : (2.1)It will be important for the discussion to agree upon a general form of theexpansion of F in the variables X , which is usually a Taylor expansion:F � 1X�=1 f�X� : (2.2)In fact the expansion coe�cients in (2.2) are tensors re
ecting the true topologyof the interaction incorporated in the general form (2.1). For �nite number ofsitesN we impose periodic boundary conditions. Then the discrete translationalinvariance of the system implies that any solution of (2.1) generates new solu-tions under translation of all l by the same vector L 2 Zd : l! l+L. Accordingto (2.1) Xl = 0 is a solution for all times, hereafter coined groundstate solution(GS). Finally the evolution de�ned by (2.1) is required to have an integral ofmotion (energy) E(fXlg) � 0, E(f0g) = 0 with _E = 0. In the following we willbrie
y discuss various perturbation theories applied to speci�cations of (2.1).2.1 The beginningIn preparing this work we came across a remarkable paper by Kosevich andKovalev [134] (hereafter referred to as KK) which seems to be the �rst direct12



attempt to solve for discrete breathers 1. Furthermore the authors of this earlywork addressed a whole set of questions connected with the existence of discretebreathers, which will be discussed in detail in coming sections - e.g. the connec-tion of the existence of discrete breathers with instabilities of band edge planewaves. One of the models studied is given by equation (1) in [134]:�un + b2(2un � un+1 � un�1)� f(un) = 0 : (2.3)This is a discretized version of the Klein-Gordon equation in 1+1 dimensions(and is a special case of (2.1) with Xn being a two-component vector with thecomponents un and _un). The function f(z) is set to f(z) = �z + �z2 + �z3.Linearization of (2.3) around the stable static solution un(t) = 0 yields the linearspectrum (i.e. dispersion relation) for plane waves !2q = 1+2b2(1� cosq). Notethat the linear spectrum has i) a �nite upper bound - this is important withrespect to higher harmonics of a breather solution, and ii) a lower nonzero bound- this allows for breather frequencies below the linear spectrum (sometimes calledgap modes). KK consider solutions of (2.3) with frequencies below and close tothe lower band edge of the linear spectrum ! = 1. Intuitively those solutionsshould be of large wavelength, thus KK argue in favor of considering the PDEu;tt � u;xx � f(u) = 0. Breather solutions are then derived using multiple scaleexpansions. In lowest order the solution reads (equation (8) in [134])u(x; t) = � 83��1=2 p1� !2chp1� !2xcos!t : (2.4)However 13 years later Segur and Kruskal have demonstrated that those asymp-totic expansions are not correct [164]. Still the analysis of KK is impressive,especially the idea that also solutions with frequencies larger than and close tothe linear spectrum can be considered in a continuum limit after proper substi-tutions. However the continuum approximation is clearly not appropriate forthe discussion of breather solutions, because the breather solution will inevitablyhave higher harmonics with respect to a Fourier series in time, and those higherharmonics will ultimately resonate with the unbounded linear spectrum of thePDE. However the starting point was (2.3) whose linear spectrum is boundedfrom above.2.2 Multiple scale expansionsFurther progress using multiple time scales was achieved by Remoissenet [154](see also [130],[28]). This semi-discrete multiple-scale approach keeps the dis-1According to our present record the �rst qualitative consideration of discrete breathersgoes back to Ovchinnikov [148]. Ovchinnikov considered the dynamics of two anharmonic os-cillators, using averaging methods, observed the existence of permutational symmetry brokenclassical trajectories, and conjectured about the existence of localized vibrations in spatiallyextended lattices. Further the connection of these classical solutions to quantum bound stateswas also discussed. 13



creteness yet still uses the frequency distance from the band edge of the linearspectrum as a small parameter. Typically one looks for solutions in the formun = �n + ( neit + cc) + (�ne2it + cc) + ::: ; (2.5)where the functions �n;  n; �n; ::: are small in amplitude and slowly varying intime. Using � = 1� ! as a small parameter (where ! is some frequency of thesolutions we are looking for) and assuming  n � p�, �n � �, �n � �, d=dt � �one �nally arrives at the celebrated discrete nonlinear Schroedinger equation(DNLS) (we do not care about the explicit form of the coe�cients, so only thegeneral form of the equation is given):i _ n + ( n�1 +  n+1 � 2 n) + �j nj2 n = 0 : (2.6)This is a remarkable equation which has been studied in great detail and hasbeen used to describe many di�erent phenomena (sometimes this equation iscalled discrete self-trapping equation [66])2. Here we want only to discuss itsconnection to discrete breathers. Let us assume  n = Anei�t with An beingreal-valued and time-independent, then we obtain� (�+ 2)An +An�1 +An+1 + �A3n = 0 : (2.7)Equation (2.7) de�nes a two-dimensional discrete map (knowing two neigh-bouring amplitudes allows for the computation of the next amplitude). We arelooking for solutions of this map which are �nite in some region of the chainand decay to zero if we iterate the map to plus or minus in�nity. Solutions ofthat type are homoclinic orbits and arise from the intersection of the invariantmanifolds of a given hyperbolic �xed point. Thus we have to check whether the�xed point solution An = 0 is a hyperbolic one, and if yes, whether the invari-ant stable and unstable manifolds intersect. The �rst question is easy to solve.For that one linearizes (2.7) around An = 0, obtains the matrix de�ning thelinear two-dimensional map and calculates its eigenvalues. The eigenvalues are� = 1 + �=2�p�+ (�=2)2. For � > 0 the �xed point An = 0 is hyperbolic andthus two invariant one-dimensional manifolds exist, which originate at the �xedpoint. The second task - showing that these manifolds intersect - is harder toachieve. However reliable numerical methods exist, and Hennig has shown theintersection of the invariant manifolds [106]. Strictly speaking equation (2.7)has to be analysed in the limit of small �� 1, due to the multiple scale expan-sions. In that case the amplitudes will be small too, and the variation on thelattice is slow compared to the lattice spacing, so that one could replace thedi�erences in (2.7) by di�erentials. That would bring us back to KK's result(2.4). But we will know that the persistence of the manifold intersection in thediscrete system allows for an approximate analytical solution of (2.7) by (2.4).2For a list of publications on the DNLS click on web page:http://www.ma.hw.ac.uk/�chris/dst/. 14



The DNLS (2.6) is an interesting model by itself, i.e. without tying it to themultiple-scale expansion. We will come back to it in the later course of thiswork.Let us discuss the multiple-scale expansions in general. First of all whenstopping at the �rst nontrivial order of the expansion (2.6) we did not advancemuch as compared to the more crude replacement of the di�erence equationsby di�erential ones as done by KK. Indeed the whole problem of higher har-monics of the breather's frequency resonating (or not) with the linear spectrumappears only in higher orders of the expansion. Bang and Peyrard [18] pro-ceeded to higher orders of the expansion and found several complications. Theinterested reader will �nd details in [18]. Here we want to mention two princi-pal problems with those expansions. The multiple-scale expansions attempt tomake a perturbation approach to the linear problem which is perturbed withnonlinear terms. However the nonlinear terms in fact destroy the integrabilityof the linear problem. So what the perturbation approach faces is a noninte-grable perturbation of an integrable problem. This has been quite a topic inmathematics of this century [11]. One type of mathematical approach focuson analytical continuation of solutions of the integrable case into the noninte-grable one (e.g. the famous Kolmogorov-Arnold-Moser theorem continues tori,but only for �nite dimensional systems [11]). Another type of approach tries toestablish new phase space properties of the nonintegrable case, still using thedistance to the integrable system as a small parameter. This second type of ap-proach is very delicate, and the attempt to �nd discrete breathers as describedabove belongs to the second type - simply because no breathers exist in the lin-ear (integrable) case (indeed, if we choose � = 0 which corresponds to the linearlimit, the �xed point An = 0 in (2.7) is not hyperbolic anymore). However the�rst type of approach is useful for describing discrete breathers as we will see.It can be used either to analytically continue discrete breather solutions fromsome trivial integrable limit, or it can be used to analytically continue planewave solutions of the linear integrable limit and study their stability properties.Since only periodic orbits will be continued, the continuation can be carried outequally for a �nite-dimensional as for an in�nite-dimensional phase space!2.3 Rotating wave approximationAnother approximate method frequently used in the literature is the rotat-ing wave approximation (RWA) [181],[167],[171],[149],[178],[173],[195]. This ap-proach is directly searching for discrete breather solutions as solutions harmonicin time. The solution is parametrized using a Fourier series expansionun(t) = k=+1Xk=�1Ankeik!t : (2.8)15



Then one inserts the ansatz into the original equations of motion, collects termswith equal harmonics k � !, k = 0;�1;�2; ::: and neglects all coe�cients in theFourier representation for jkj � k0 for some k0. Usually one puts k0 = 2. In thatcase the RWA is very close to the mentioned multiple-scale expansions. Indeedthe RWA is nothing but a perturbation theory of weakly nonlinear oscillationsfor small amplitudes. This can be immediately obtained for system (2.3) with� = 0 (cf. text below (2.3). Then An0 = 0 for all n (in fact An;2m = 0 dueto the additional symmetry of the Hamiltonian being invariant under change ofsign of the variables). We �nd� !2An;1 + b2(2An;1 �An+1;1 �An�1;1) +An;1 � 6�A3n;1 = 0 : (2.9)The similarity to equation (2.7) is evident. However the RWA has been fre-quently used for quite strong nonlinearities. For instance for the trivial caseb = 0 (independent sites) we solve (2.9) for any site and �nd An;1 = 0 orAn;1 = !=p6�. We can choose any of the two solutions at any lattice site andthus create an in�nite number of solutions characterized by a binary sequence.The position of an element of the sequence is the lattice site, and the value ofthe element encodes either of the two possible solutions for An;1. Using Aubry's'antiintegrability' approach [15] it is possible to prove continuation of those so-lutions into the interacting b 6= 0 case. If we would choose e.g. a sequence(:::0001000:::) the continuation into the interacting case would correspond to asolution which is still spatially localized - and could be called a discrete breather.The richness of the possible internal structure of localized solutions is evidentdue to the arbitrariness in the choice of the coding sequence - e.g. why not take(:::000101011000:::)?The reason why the RWA can give quite reasonable estimations even whenbeing far away from the usual perturbation region of amplitudes has been ex-plained in [93] by studying a single nonlinear oscillator. We apply the RWA tothe one particle problem �Q = �V 0(Q) : (2.10)The potential V (Q) should provide bound motion, at least for the cases underconsideration. Since this problem is integrable, one can (at least numerically)calculate the period of the periodic solution (2.10) and thus the fundamentalfrequency. E.g. for the class of potentialsV (Q) = 12mQ2m (2.11)the solution for the frequency can be found analytically as a function of theenergy E: ! = 12p2�(2m)1�1=2m � �(1=2m+ 1=2)�(1=2m) �E1=2�1=2m : (2.12)16



Here �(x) is the Gamma-function. Applying RWA with ko = 2 one derives theapproximation!1 = 21�m � (2m)1=2�1=2m �s (2m� 1)!m!(m� 1)! � E1=2�1=2m : (2.13)First we note the remarkable coincidence between the exact result (2.12) andthe approximation (2.13) with respect to the energy dependence, which wasachieved within the RWA using the exact relation between the amplitude andthe energy as it follows from (2.11). Moreover comparing the prefactors for e.g.m = 2 in (2.11) yields 1.1981 and 1.2247 for the exact result (2.12) and theapproximation (2.13), respectively. That means that the simplest RWA in thecase of (2.11) already gives an error of less then 2.3% ! The errors accumulatehowever for largerm. In the limit m!1 the potential (2.11) becomes box-likeshaped, and the approximation of the dynamics in this potential by a harmonicfunction in time is obviously wrong. In general the RWA fails whenever the truesolution has either weakly decaying Fourier components or a maximum of Aknwith respect to k for some value of k > 1. We will see that this can happento discrete breathers. In principle the RWA can be extended by increasing k0(in [93] this is demonstrated using a potential with barriers instead of (2.11),for which the k0 = 2 RWA fails when the energy of the solution is close to thebarrier) , and indeed the RWA then goes over into what is called numericalcalculation of discrete breathers up to machine precision. The typical casek0 = 2 however is again missing the problem of resonances of higher harmonicswith the linear spectrum. Thus the most reliable results can be achieved withRWA when the frequency of the discrete breathers is located above the linearspectrum. Numerical solutions of the RWA equations have been obtained e.g.using the Gauss procedure [62].2.4 Numerical evidenceFinally we want to shortly mention a number of papers demonstrating the ex-istence of breather-like objects through numerical integrations of the equationsof motion. This is achieved using either Runge-Kutta methods or Verlet (leap-frog) algorithms [153]. The results are typically presented as some snapshots ofthe amplitude or energy distribution in the lattice during the actual integration[177],[37],[38],[39],[40],[125],[120],[36],[174],[178],[112],[111],[110],[109],[10],[8],[52],[113],[202]. The �ndings strongly suggest that there exist solutions of the latticedynamics which appear to be similar to breather solutions. Moreover Burlakov,Kisilev and Pyrkov [37] have numerically obtained breatherlike structures for atwo-dimensional lattice, which implies that discrete breathers are supported bylattice dimensions one and two at least. Thus although most of the analysis inthe literature has been done for one-dimensional lattices, it is very important to17



keep in mind that discrete breather existence is not restricted to one-dimensionalsystems. For some systems these solutions even move - despite the discretenessof the system. All those studies of course do not answer the question as towhether the observed objects correspond to exact solutions or not. Still it istempting to conjecture the existence of discrete breathers, because the variety ofsystems analyzed numerically makes the opposite statement di�cult to believe.
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Chapter 3The local ansatzIn this chapter we will discuss numerical e�orts of characterizing the breather-like objects which appear in many simulations (cf. preceeding section). Thesestudies have been performed for one- and two-dimensional lattices. These stud-ies generate a 'local integrability' picture, which has been useful in proceedingwith the understanding of the properties of discrete breathers. For a com-plete discussion see Refs. [89],[93],[86]. We will �nally discuss the possibility ofwavelet analysis of breather-like objects [109]. Note that a number of sophis-ticated numerical studies aimed more at the 'interaction' of discrete breatherswith other objects - like discrete breathers again, or impurities etc - will bediscussed later in the appropriate chapters of this review.3.1 A numerical experimentConsider a Hamiltonian which yields a more general form of equation (2.3):H =Xl �12 _u2l + V (ul) + �(ul � ul�1)� : (3.1)We specify the potential terms in (3.1) in form of an expansion around thisgroundstate: V (z) = 1Xk=2 1k vkzk ; (3.2)�(z) = 1Xk=2 1k�kzk : (3.3)A speci�c realization is v2 = 1, v3 = �1, v4 = 1=4, �2 = 0:1, with all otherexpansion coe�cients being zero. The number of lattice sites N is N = 3000.19



Periodic boundary conditions are used. Choose an initial condition for a nu-merical integration which is spatially localized: all particles at rest in theirgroundstate position, and one (central) particle displaced from the groundstateposition by some amplitude , having zero velocity. De�ne the discrete energydensity el = 12 _u2l + V (ul) + 14�2 � �(ul � ul�1)2 + (ul � ul+1)2� : (3.4)The sum over all local energy densities gives the total conserved energy. If DBsare excited, the initial local energy burst should mainly stay within the DB.Thus de�ning e(2m+1) = mX�m el (3.5)and exciting the local energy burst at lattice site l = 0 by choosing a propervalue of m in (3.4) we will control the time dependence of e(2m+1). If thisfunction doesn't (or slowly enough) decay to zero, the existence of a breather-like object can be con�rmed. The term 'slowly enough' has to be speci�ed withrespect to the typical group velocities of small amplitude phonons. This setsthe time scale we are interested in:t� p2 + 2�22�2 = 7:416 : (3.6)In Fig. 3.1 (Fig.2 of [93]) we show the time dependence of e(5) for an initial con-dition u0(t = 0) = 2:3456, ul6=0 = 0, _ul = 0. Clearly a localized object is found.After a short time period of the order of 100 time units nearly constant valuesof e(5) are observed. The breather-like object is stable over a long period of timewith some weak indication of energy radiation. The energy distribution withinthe object is shown in the inset of Fig. 3.1. Essentially three lattice sites areinvolved in the motion, so we �nd a rather localized solution. While the centralparticle performs large amplitude oscillations, the nearest neighbours oscillatewith small amplitudes. All oscillations take place around the groundstate.3.2 The internal dynamicsWe show a Fourier transformation of the motion of the central particle in thebreather-like object (Fig.2 of [89]) in Fig. 3.2 . We see clearly that there are twofrequencies determining the motion of the central particle !1 = 0:822 ; !2 =1:34. All peak positions in Fig. 3.2 can be explained through linear combinationsof these two frequencies (similar observations were found recently in [61]). Toproceed in the understanding of the phenomenon, we plot in the inset in Fig. 3.2the Fourier transformation of the motion of the nearest neighbour(s) to thecentral particle. As expected, we not only observe the two frequency spectrum,20
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but surprisingly the peak with the highest intensity is not at !1 as for the centralparticle, but at !2. It looks like every particle has its major frequency. Becauseof the symmetry of the initial condition the two nearest neighbours move inphase. Thus we are left with an e�ective 2 degree of freedom problem (cf. insetin Fig. 3.1).3.3 The reduced problemNow it is a small step to recognize, that we might be confronted with a kindof integrability phenomenon. Indeed, �xing the rest of the particles at theirgroundstate positions reduces the dynamical problem to a two degree of freedomsystem, which might be integrable in parts of its phase space:�u0 = �V 0(u0)� 2�2(u0 � u�1) ; (3.7)�u�1 = �V 0(u�1)� �2(u�1 � u0) : (3.8)We will call these types of few degree of freedom systems reduced problems. In[89] aPoincaremap between the trajectory and the subspace f _u0; u0; u�1 = 0; _u�1 > 0ghas been performed for the reduced problem, where the initial conditions cor-respond to those of the breather-like trajectory of the extended lattice. Thesame map has been then performed in the extended lattice itself, and the tworesults were compared. Not only was the existence of regular motion on a twodi-mensional torus found in both cases, but the tori intersections for the reducedand full problems were practically identical [89]. Thus we arrive at two con-clusions: i) the breather-like object corresponds to a trajectory in the phasespace of the full system which is for the times observed practically embeddedon a two-dimensional torus manifold, thus being quasiperiodic in time; ii) thebreather-like object can be reproduced within a reduced problem, where all par-ticles but the central one and its two neighbours are �xed at their groundstatepositions, thereby reducing the number of relevant degrees of freedom.With these properties in mind, it is clear, that there have to appear two fre-quencies in the Fourier spectrum. If the phase space 
ow of the reduced problemis regular in some parts of the phase space, there should appear two actions In,n = 1; 2 as functions of the original variables, so that the Hamiltonian of thereduced problem can be expressed through the two action variables only, andthese actions become integrals of motion. The corresponding two frequencies!n = @H@In (3.9)determine the motion of system on the surface of the torus. Obviously all linearcombinations of multiples of these frequencies appear in the Fourier spectrumof the original particle displacements. That is exactly what we observe. Theconclusions from above imply another consequence - namely, that a spatially22



asymmetric breather-like object (with respect to the central particle) should alsoexist, i.e. that the two nearest neighbours perform not-in-phase motions, evenwith di�erent amplitudes. That would mean, that in the language of actions welift a degeneracy by choosing asymmetric initial conditions and have to expectthree instead of two fundamental frequencies, i.e. the frequency !2 splits intotwo frequencies !2 6= !3. This has been checked in [93] in a simulation with anasymmetric initial condition, which di�ers from the previous symmetric initialcondition by additionally choosing u1(t = 0) 6= 0. Indeed it was found i) thatthe local asymmetry is conserved throughout the evolution of the system, andas the Fourier spectrum of the central particle motion and the two nearestneighbours motions show, there are three frequencies: !1 = 0:83, !2 = 1:32 and!3 = 1:35 [89].3.4 A correspondence conjectureIntuitively it is evident, that none of the observed frequencies describing thedynamics of the local entity should resonate with the linear spectrum, sinceone expects radiation then, which would violate the assumption that the objectstays local without essential change. In truth the conditions are much stricter,which we will discuss later. Since the reduced problem de�ned above can notbe expected to be integrable, we expect the typical phase space pattern of anonintegrable Hamiltonian system with two degrees of freedom of having someregular islands �lled with nearly regular motion (tori) embedded in a 'sea' ofchaotic trajectories. Chaotic trajectories have continuous (as opposed to dis-crete) Fourier spectra (with respect to time), and so we should always expectthat parts of this spectrum overlap with the linear spectrum of the in�nite lat-tice. Thus chaotic trajectories of the reduced problem appear not as candidatesfor breather-like entities. The regular islands have to be checked with respect totheir set of frequencies. If those frequencies are located outside the linear spec-trum of the in�nite lattice, we can expect localization - i.e. that a trajectorywith the same initial conditions if launched in the lattice will essentially form alocalized object. Islands which do not ful�ll this nonresonance criterion shouldbe rejected as candidates for localized objects. Thus we arrive at a selection rulefor initial conditions in the lattice by studying the low-dimensional dynamicsof a reduced problem! This conjecture has been successfully tested in [93]. InFig. 3.3 we show a representative Poincare map of the reduced problem. InFig. 3.4 the time dependence of the above de�ned local energy e(5)(t) is shownfor di�erent initial conditions which correspond to di�erent trajectories of thereduced problem. Clearly the initial conditions of regular islands 1,2 of the re-duced problem yield localized patterns in the lattice, whereas regular island 3and the chaotic trajectory if launched into the lattice lead to a fast decay of thelocal energy due to strong radiation of plane waves. It is interesting to note thatthe energy decay of these objects stops around e(5) = 0:35. In [93] it was noted23
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Figure 3.3: Poincare intersection between the trajectory and the subspace[ _u1; u1; u0 = 0; _u0 > 0] for the symmetric reduced three-particle problem andenergy E = 0:58.that the fraction of chaotic trajectories in the reduced problem is practicallyvanishing for energies below that value. This aspect is not yet fully understood.Another observation which comes from this systematic analysis is that the�xed points in the Poincare map of the reduced problem (in the middle of theregular islands in Fig. 3.3) correspond to periodic orbits. A careful analysisof the decay properties as shown in Fig. 3.4 has shown that all objects wereslightly radiating - but some stronger and some less. The objects correspondingto the periodic orbits of the regular islands 1,2 of the reduced problem showedthe weakest decay. Thus we arrive at the suggestion that time-periodic localobjects could be free of any radiation - i.e. be exact solutions of the equations ofmotion of the lattice! It makes then sense to go beyond the approximations ofdiscrete breathers as described in the previous section and to look for a way ofunderstanding why discrete breathers can be exact solutions of the dynamicalequations - provided they are periodic in time. Further the question arises,why their quasiperiodic extensions appear to decay - i.e. why do quasiperiodicdiscrete breathers seem not to exist. We can also ask: suppose quasiperiodicDBs do not exist - what are then their patterns of decay; what about theirlife-times; what about moving DBs (certainly they can not be represented astime-peiodic solutions)? Much of what follows will be �nding answers to thequestions raised here.Two things have to be said before we can proceed. First the linear spectrum24
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of the model used for the numerical results here is optical-like, with a ratio ofthe band width to the gap of about 1/10. However this does not imply that thediscrete breathers are merely due to some weakness of the interaction. First ofall we will see later, that the degree of localization of DBs is not simply relatedto some bandwidth of the linear spectrum. Secondly we know that DBs existfor systems without on-site potentials V (z) but with nonlinear interactions.Third an estimation of the energy part stored in the interaction of the DBobject presented here yields a value of 0.4. Compare that to the full energyE � 0:7. Roughly half of the energy is stored in the interaction! That showshow misleading the intuition can be. Another important addendum is that ofcourse the local ansatz was tested for di�erent model realizations (for detailssee [93]). Apparently the whole scenario is rather independent of the choice ofthe model!3.5 Two-dimensional latticeWe left one question to be answered, i.e. - what is the impact of the dimensionof the lattice? The answer seems to be - not much. This must be so because theDBs can be described by local few-degree-of-freedom systems (reduced prob-lem). Then the only impact the dimension of the lattice will have is to increasethe number of nearest neighbours, which implies simply some rescaling of theparameters of the reduced problem. To see whether that happens, the localansatz was carried out in a two-dimensional analog of (2.7). The interestedreader will �nd details in [86]. Here we shorten the story by stating that prac-tically the whole local ansatz can be carried through in the two-dimensionallattice. An analog of Fig. 3.1 for the two-dimensional case is shown in Fig. 3.5where the energy distribution in a discrete breather solution is shown, and theinset displays the time dependence of a local energy similar to e(5)(t).The success of this step d = 1! d = 2 implies that nothing terrible happensif we proceed to d = 3 - which brings us to the possibility of obtaining discretebreathers in the generic physical case (which is d = 3). Certainly it becomesworthwhile to continue our studies now, since the expectations of �nding somenew interesting physical phenomenon increase. Note how far we proceeded ascompared to the PDE studies mentioned in the introduction.3.6 Wavelet analysisBefore continuing with the study of discrete breathers, it is worthwhile tomention a numerical technique which is capable of e�ciently tracking discretebreathers. If we ask for an e�cient encoding of a spatially localized entity (for-get about the time-dependence for a moment), then it is certainly not a spatialFourier series, because many normal modes will be 'excited'. A simple basis26



Figure 3.5: Energy distribution for the breather solution with initial energyE = 0:3 after waiting time t = 3000. The �lled circles represent the energyvalues for each particle; the solid lines are guides to the eye. Inset: Timedependence of the breather energy e(5).
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is the lattice itself (a local basis), but only as long as the discrete breather islocalized on a few lattice sites (call it a 'microscopic' breather). A 'macroscopic'breather could be then described by a set of normal modes (whose numbershould decrease with increasing size of the breather). What about a `meso-scopic` breather? The method of wavelets could be a good candidate to �ll thiswindow. As shown by Hori [109] it takes only a few wavelet modes to encode abreather which is neither localized on a few sites nor too extended. This can bevery useful when monitoring certain patterns of a numerical integration.
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Chapter 4Localization properties ofdiscrete breathersA natural way to proceed is to use an ansatz for the analytic form of a discretebreather and to test what restrictions apply to the parameters of the ansatz.Up to now we have seen that discrete breathers are most probably regularlyevolving in time, so we will use a quasiperiodic function of time. This will bringus to necessary existence conditions for discrete breathers, will explain why ingeneral discrete breathers can be only periodic in time, but not quasiperiodic,and will allow us to estimate the decay of Fourier coe�cients (which are theparameters of the ansatz) in space and in k-space. For details see [77],[79].4.1 The ansatz for a breather solutionAs we have seen in the previous section the breather-like objects evolve regularlyin time, so that we choose an ansatz which yields a quasiperiodic evolution ofall variables:ul(t) = +1Xk1;k2;:::;kn=�1Alk1k2:::knei(k1!1+k2!2+:::+kn!n)t : (4.1)We will use the notations~! = (!1; :::; !n) ; ~k = (k1; :::; kn) :The localization property of (4.1) is de�ned by the boundary conditionAlk1k2:::kn jl!�1! 0 : (4.2)Since the ul(t) are real-valued we can reduce the number of independent Fouriercoe�cients Alk1k2:::kn by demanding Alk1k2:::km:::kn = Alk1k2:::�km:::kn for any29



m. Inserting (4.1) into the equations of motion for ul(t) and eliminating tby sorting exponentials with same exponents we will arrive at some in�nitenumber of coupled algebraic equations for the Fourier coe�cients A, wherethe control parameters are the model parameters of the Hamiltonian and thefrequencies !1:::!n. These equations will have a very complicated form dueto the nonlinearities in the equations of motion. Because we consider nearestneighbour interaction (3.1) we can formally write down the resulting set ofequations as a nonlinear map:Ml+1;~k = F (fMl;~k0g; fMl�1; ~k00g) : (4.3)Here we introduced a functionMl;~k which is de�ned on a discrete n-dimensionallattice. The lattice is given by all combinations of fk1; k2; :::; kng where eachinteger kn0 varies from �1 to +1. We haveMl;~k = Alk1k2:::kn : (4.4)Let us study (4.3) in the tails of the DB, i.e. for l ! �1 where (4.2) holdsby assumption. In the generic case v2 and �2 from (3.2),(3.3) will be nonzero.Then we can linearize the mapping (4.3):Ml+1;~k = (�~k(~!) + 2)Ml;~k �Ml�1;~k : (4.5)Here we have introduced another function on the n-dimensional discrete spacewhich is given by �~k(~!) = v2 � (~k � ~!)2�2 : (4.6)Equation (4.5) is linear and thus every component of M in the n-dimensionaldiscrete space decouples in this equation from all other components. In fact(4.5) is a linear two-dimensional map, and Ml;~k = 0 is a �xed point of this map(as it is for the original nonlinear map (4.3)). It is characterized by the matrixG: G = � 1 �~k(~!)1 1 + �~k(~!) � : (4.7)For the eigenvalues of G we �nd�1;2 = 1 + �~k(~!)2 �r(1 + �~k(~!)2 )2 � 1 ; (4.8)�1�2 = 1 : (4.9)We can consider three cases:a) �~k(~!) > 0 : 0 < �2 < 1 (4.10)30



i.e. �2 is real. Especially �2(�~k(~!)! 0)! 1 and �2(�~k(~!)!1)! 0.b) �~k(~!) < �4 : �1 < �1 < 0 (4.11)i.e. �1 is real. Especially �1(�~k(~!)! �1)! 0 and �1(�~k(~!)! �4)! �1.c) � 4 � �~k(~!) � 0 : j�1j = j�2j = 1 (4.12)i.e. �1;2 are complex conjugated numbers on the unit circle. Consequentlyin cases a) and b) the �xed point of the mapping is a hyperbolic one, i.e.there exists exactly one direction (eigenvector) in which the �xed point can beasymptotically reached after an in�nite number of iterations. In case c) the�xed point is a marginally stable elliptic point, i.e. starting from any directionthe �xed point can be never reached after an in�nite number of steps, insteadthe mapping will produce a (deformed) circle around the �xed point. Thus we�nd that case c) (4.12) contradicts the localization condition (4.2).4.2 Existence conditions for time-periodic dis-crete breathersLet us consider n = 1. Then the DB solution is periodic (cf. (4.1)). Equation(4.6) can be simpli�ed to �~k(~!) = v2 � k21!21�2 : (4.13)The frequencies !q for small-amplitude plane waves around the consideredgroundstate of (3.1) (where q is the wave number) are related to the param-eters v2 and �2 by v2 � !2q � v2 + 4�2 : (4.14)Then it follows that case c) given in (4.12) is identical withc) k21!21 = !2q : (4.15)We �nd that a time-periodic discrete breather can not exist if any multiple of itsfundamental frequency equals any frequency of the linear spectrum. The reasonis that we can not satisfy (4.15) and (4.2) simultaneously because of (4.12). Onecan interpret (4.15) as a de�nition of nonexistence bands on the !1-frequencyaxis for time-periodic discrete breathers. Introducing a normalized frequency~!1 = !1=pv2 and normalized interaction ~�2 = �2=v2 (only if v2 6= 0) thosebands are given by 1k21 � ~!21 � 1 + 4~�2k21 : (4.16)31



For frequencies !1 below the linear spectrum !q these nonexistence bands in-crease in width with increasing ~�2 and completely overlap at ~�2 = 3=4. Thustime-periodic DBs with frequencies below the linear spectrum should only existif the band width of the linear spectrum is narrow enough. On the contrary nofrequency restrictions seem to apply for the existence of single frequency DBs ifthe frequency is located above the linear spectrum.Now let us make some statements about spatial correlations of phases ofperiodic DBs if they exist. If the frequency of the DB is above the linearspectrum then it follows �~k(~!) < �4 for all k1. This corresponds to case b)in (4.11). Then we have �1 < �1 < 0. Consequently �1 < Ml+1;~k=Ml;~k < 0for all l in the tail of the DB. Thus we expect a coherent out-of-phase type ofthe motion of neighbouring particles in the tails of the DB. If the frequencyof the periodic DB is below the linear spectrum (v2 > 0) things become morecomplicated. Namely there will always exist a certain �nite integer kc such thatfor k1 < kc it follows �~k(~!) > 0 which corresponds to case a) in (4.10). Thecorresponding Fourier components would yield in-phase type of motion in thetails of the DB. However for all k1 > kc the case b) in (4.11) applies. ThoseFourier components would yield out-of-phase motion. Thus we have to expecta complicated mixture of in- and out-of-phase type of motion.4.3 Quasiperiodic discrete breathersLet us consider n = 2. Then case c) in (4.12) applies ifv2 � (k1!1 + k2!2)2 � v2 + 4�2 : (4.17)Now it is possible to show that there exists an in�nite number of pairs of theintegers (k1; k2) such that (4.17) is satis�ed if the ratio !1=!2 is irrational andv2 � 0 and �2 > 0 (cf. Appendix in [77]). Thus we can not expect the existenceof two-frequency DBs. The argument for n � 3 is also straightforward andyields the same result.Some comments are appropriate at this stage. If we consider the breathersolution (1.2) of the sG PDE, then its decomposition into Fourier components(which are smooth functions of x) can be also done. But then why does thesG breather exists at all in the presence of an in�nite number of resonances ofmultiples of the breather's frequency with the linear spectrum? This undoubtlyis a subtle question. We will try to give a qualitative explanation. Writing downthe di�erential equations for the Fourier amplitudes with all nonlinearities yieldsfor each amplitude a di�erential equation with homogeneous and inhomogeneousterms. Say we linearize the equations in the tails of the breather solution.Suppose we did that for a Fourier component not in resonance with the linearspectrum. Then the linearized equations give us a one-parameter manifold ofsolutions contracting to zero if integrated to in�nity, with exponential fallo�.Did we miss something by neglecting the nonlinear inhomogeneous terms? It32



could be, that the inhomogeneous terms decay slower than the homogeneoussolution. Then we know that the inhomogeneous part will be the leading oneif integrating far away from the center. Still we are not restricted in the choiceof the homogeneous solution - we still have a one-parameter family of solutions.Take now a Fourier component which resonates with the linear spectrum. Thenthe linearized equation yields oscillating solutions. The only way to avoid that isto choose the homogenenous solution to be zero - thus loosing the one-parametermanifold of solutions. If now the inhomogeneous nonlinear parts omitted by thelinearization will show up with exponential decay, the full solution will decay inspace too - but it ceases to be a one-parameter manifold of solutions, it is just one�xed solution. This is precisely what happens to the sG breather solution (a nicecalculational exercise!). Suppose we change the Hamiltonian slightly - i.e. wechange the control parameters de�ning the di�erential equation or the di�erenceequations discussed in this review - then any solution should stay a solution,simply change slightly. But if we had a resonance, this will have a dramatice�ect - we will in general slightly change the homogenenous solution (from zeroto nonzero) and thus loose the breather, instead obtaining a breather-like objectwhich is however not fully decaying to zero in the tails! This is nothing else butBoyd's nanopteron [35], which Kivshar and Turitsyn coin soliton on a standingcarrier wave [133].This should make clear that any resonance at nonzero frequency 1 is deadlyfor the breather - either periodic or quasi-periodic in time. Exceptions can occur,but will be nongeneric. So is the sG breather for PDEs, so are quasi-periodicDBs (or time-periodic DBs with resonances). Another way of explaining itis that in the case of resonance(s) the additional requirement of putting thementioned homogeneous solutions to zero makes the set of equations for theFourier components overdetermined, and thus solvable only for special cases(careful: this type of argument is applicable if one considers only solutionswhich do decay in the tails to zero!).Cai, Bishop and Gr�nbech-Jensen [41] have demonstrated that quasiperi-odic DBs exist for the Ablowitz-Ladik lattice. This is one of the mentionedexceptions. Not only is the AL lattice integrable (note that there is no directconnection between integrability and the existence of breathers) but it is veryrestrictive with respect to the equations for the Fourier amplitudes. We havechecked that the equations for the Fourier amplitudes allow for solutions whenall Fourier amplitudes with say negative Fourier numbers k are zero (the vari-ables here are complex). Consequently this puts a tremendous constraint onthe combinations of (k1; :::; kn) for which resonances with the linear spectrumcan appear - in fact it is easy to see that for the choosen solution in [41] noresonance appears at all!1Resonances at zero frequency appear whenever the phonon spectrum has acousticbranches. In this case breathers may continue to exist. Their dc component will decayalgebraically in space (see subsection 4.7). 33



4.4 The spatial decay of DBsFrom now on discrete breather implies a time-periodic spatially localized solu-tion. Let us assume that such a solution is given, and analyze its localizationproperties. For that we will �rst linearize the equations of motion in the tailsand solve for each Fourier component. The result is an exponential decay givenby the eigenvalues (4.8): Akl � (sgn(�k))lelnj�kjl ; (4.18)where the eigenvalue choosen is the one with absolute value lower than one. Notethat (4.8) depends only on the linear parameters de�ning the linear spectrum.Consequently all one has to know about the system in order to predict thespatial decay are the frequency of the DB and the position of the linear spectrumde�ned by (v2; �2). In Fig. 4.1 the dependence of the Fourier amplitudes Akl
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with k-dependent exponents. Comparing the numerically obtained exponentswith the prediction of the linearization (4.18) we �nd excellent agreement inFig. 4.2. Another prediction we can formulate is, that if the DB frequency !1
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Figure 4.2: Slopes of the lines in Fig. 4.1 as a function of k (correspond to theexponents of the decay of the corresponding Fourier components, cf. text) areshown as open squares. The solid line connects the points of the theoreticalprediction using the eigenvalues of the linearized map (cf. text).is restricted to be in the nonzero gap of the linear spectrum, then there existsa nonzero value of !(m)1 such that the exponential decay in the DB tails will beweaker for all other frequencies !1 6= !(m)1 (still belonging to the gap). Let usexplain why this statement follows from the previous considerations. First thefrequency !1 has to be larger than the linear spectrum width - else one (or more)of multiples of !1 will always lie in the linear spectrum. Secondly if !1 is slightlybelow the lower edge of the linear spectrum, then the spatial decay of the k = 1component will be very weak. Lowering !1 we increase the decay exponent fork = 1, but since 2!1 comes closer to the upper band edge of the linear spectrum,there will be a certain frequency when the decay in the tails will be governedby the second harmonic rather than the �rst harmonic of !1. A calculationof min(1 � j�(�k)j) with j�(�k)j � 1 for di�erent !1 has been performed in[77] (Fig.2 of [77]). A comparison of the positions of the observed maximawith numerical simulations which yielded whole families of DBs for di�erentfrequencies clearly demonstrated the validity of the prediction - the DBs withfrequencies in the gap can not be in�nitely strongly localized, thus there has tobe a DB solution that shows up with the strongest spatial localization. Note35



that for DBs with frequencies above the linear spectrum nothing similar occurs- the Fourier components with larger k are always stronger localized than thosewith smaller k (an exception is the k = 0 component, which we will discusslater).4.5 Nonlinear correctionsAs already discussed, the linearization procedure fails whenever nonlinear in-homogeneous terms decay more weakly in space than the linear homogeneoussolution. This will happen typically whenever any of the multiples of the DB'sfrequency comes close to the linear spectrum. Note that this includes the limitwhen the DB's frequency is itself very close to the linear spectrum - a limitwhere several perturbation theories are usually applied. Consequently the �nd-ings of this subsection are of relevance also for DB solutions with frequenciesabove the linear spectrum.Let us de�ne the function d(k) = ln(j�kj), which is by de�nition alwaysnegative. Consider k � 0. Then d(k) has a single maximum for some k = kmand is monotonically decreasing with further increasing k. The linearizationprocedure is violated for a given k0 if there exists a sequence of k1; k2; :::; k��1(where either v� 6= 0 or �� 6= 0) such thatd(k0) � (d(k1) + d(k2) + :::+ d(k��1)) (4.19)holds together with the conditionk0 = �k1 � k2 � :::� k��1 :It follows that the linearization is always correct for km. In [79] it was shown thatthe number of other k for which the linearization does not hold is always �nitefor �nite distance of !1 from the linear spectrum. A numerical test has veri�edthe correctness of the above statement, and in [79] quantitative agreement hasbeen found (one can predict the corrected exponents of the spatial decay ofthe a�ected components by �nding the leading inhomogeneous term) betweennumerical DB solutions and the theoretical prediction.4.6 The decay in k-spaceBecause higher harmonics are at large distance from the linear spectrum , thecorresponding Fourier components decay much faster in space. That also impliesthat the decay in k is increased when increasing the distance from the breather'scenter [79]. Using the linearization procedure Flach obtained for large k [79]jAklj � k�2jljs(k) ; (4.20)36



where lmeasures the distance from the DB center and s(k) is some site-independentfunction (typically decreasing exponentially with increasing k [79]). Thus hop-ping from one lattice site to the neighbour site increases the decay in k-spaceby multiplying the original decay function with a power 1=k2! The numericalDB solution analysis yields perfect agreement to machine precision as shown inFig. 4.3 and Fig. 4.4.
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Figure 4.4: The di�erence of the power law exponents for the k-dependence ofthe Fourier coe�cients for neighbouring lattice sites as obtained from Fig. 4.3.with the lower bound of the linear spectrum! We are saved if this dc com-ponent is zero due to some symmetry reason - e.g. for all �(z) = �(�z)and V (z) = V (�z) Akl = 0 for all even k, including the dc term. Whatif we change the interaction potential and loose this symmetry? Numericalsimulations [22],[46],[113],[121],[122],[124],[123],[160] have shown that for one-dimensional systems of that type (with the additional restriction V (z) = 0which can be called a Fermi-Pasta-Ulam (FPU) lattice) a breather-kink stateforms, i.e. the Fourier components with k 6= 0 decay in space to zero whereasthe dc component shows up with a kink-like structure. Assuming that thesenumerically found objects correspond to solutions with �nite energy, we can im-mediately obtain the spatial variation of the k = 0 component. Because far awayfrom the solution the dc displacements can be viewed as a strain �eld causedby a dipole source2 (in full analogy with the coresponding Maxwell equationfor the electric �eld, see [136]) it follows that the decay can be calculated usingGauss's theorem. For a d-dimensional system the decay of the dc componentshould be then � 1=rd�1 [81]. So for a one-dimensional lattice we indeed obtainno decay at all, which corresponds to the mentioned numerical �ndings of akink structure. In two- and three-dimensional lattices the prediction would bean algebraic decay 1=r and 1=r2 correspondingly.2A monopole source would lead to divergent energies in dimensions d = 1; 2, contradictingthe expectation that breathers are solutions to �nite energies.38



4.7.1 Acoustic breathers in d = 1The heuristically predicted algebraic decay of the dc-component has been re-cently con�rmed for d = 1 by an analytical proof of the existence of acousticbreathers [139]. The existence of the static kink structure predicted in 4.7 andfound numerically is proven. Livi, MacKay and Spicci [139] proved the exis-tence of acoustic breathers, i.e. breathers in the absence of on-site potentials.A diatomic chain was considered. The limit of in�nite heavy masses yields astarting point for the continuation of spatially localized periodic orbits. Thegeneral problem is that the Newton operator is not invertible if considered inthe original variables. This happens because the phonon spectrum degeneratesinto two values in the considered limit - one optical value (nonzero frequency)and one value zero. This zero is removed in [139] by considering new variables.The continuation is only possible if a corresponding strain �eld of dc distortionsis imposed. This distortion turns out to be of a simple kink structure.4.7.2 Acoustic breathers in d = 2In a recent work Flach, Kladko and Takeno [85] demonstrated that acousticbreathers can be obtained numerically for two-dimensional lattices, and thatthe symmetry and spatial decay are in accord with the heuristic argumentsfrom above. The system studied was the simplest case of hypercubic latticeswith one degree of freedom per lattice site and nearest neighbour interaction,which can be considered as generalized Fermi-Pasta-Ulam (FPU) systems:H =Xl "12P 2l + Xl02DNN�(Xl �Xl0)# : (4.21)Here Pl and Xl are canonically conjugated scalar momenta and displacementsof a particle at lattice site l. Note that depending on the lattice dimension dthe lattice site label l is a d-component vector with integer components. Theinner sum in (4.21) goes over all directed nearest neighbours, e.g. for d = 1and l = n we sum over l0 = n + 1, for d = 2 and l = (n;m) we sum overl0 = f(n+ 1;m); (n;m+ 1)g etc. The interaction potential �(z) is given by�(z) = 12�2z2 + 13�3z3 + 14z4 ; (4.22)which turns out to be generic enough for the purposes discussed below.Breathers for such a system can be represented in the formXl(t) = +1Xk=�1Akleik
bt : (4.23)We will restrict ourselves to solutions invariant under time reversal, so thatall Akl = A�k;l are real. The spatial localization property of (4.23) implies39



Ak;jlj!1 ! 0 for k 6= 0 and A0;jlj!1 ! const:. The dc component of thebreather is given by A0l.To answer the question 'to be or not to be' we will present numerical calcula-tions of acoustic breathers of (4.21) for d = 2. The results show up to numericalaccuracy that acoustic breathers exist on �nite lattices with free boundaries.The symmetry and spatial decay properties are in accord with the expectationsgiven above. The maximum lattice size is 70�70, but we observed no profoundsize e�ects on the existence and symmetry of the acoustic breather when con-sidering smaller systems. The only size e�ect (to be expected) is observed evenfor the largest systems with respect to the algebraic decay properties.We start with �2 = �3 = 0. In this case �(z) = �(�z), soAkl = 0 for k = 2mand m integer. In particular no dc components are present. Furthermore, dueto the degeneracy of the phonon band into a single number the breathers willbe localized in space stronger than exponentially. Due to the homogeneity ofthe interaction potential we can separate time and space Xl(t) = UlG(t). Themaster function G(t) satis�es the di�erential equation �G = �G3, and the spatialamplitudes Ul are given by the extrema of a function S(fUlg), i.e. @S=@Ul = 0: S =Xl "12U2l � 14 Xl02DNN(Ul � Ul0)4# : (4.24)The function S has a local minimum at fUl = 0g. For large values of thevariables Ul it will diverge to �1 with the fourth power of the distance fromfUl = 0g with the exception of some nongeneric directions in the space of fUlg,in which S will continue to increase with the second power of the distance fromfUl = 0g. Thus all nontrivial extrema of S are saddle points, which are locatedon some rim surrounding the point fUl = 0g.The search strategy is thus to de�ne a certain initial direction in fUlg, to�nd the rim, and then to minimize S staying on the rim. The procedure is veryfast, because localized solutions decay in space faster than exponentially. Thefull solution is obtained by multiplying the found eigenvector for fUlg with thetime periodic master function G(t), which can have any period.After we �nd a certain solution for �2 = �3 = 0 and choose a certain periodTb = 2�=
b for G(t), in the second step we switch on �2 = �3 = 0:01. Withthe help of a generalized Newton method (see Section 6) we are searching fora periodic orbit with the same period Tb closely nearby to the starting solutionin phase space. We start with all velocities set to zero, i.e. with the time pointwhen _G(t) = 0. If we �nd a new periodic orbit, after time Tb all velocities arezero again, so in the Newton algorithm we use only the displacement variablesXl. A periodic orbit is said to be found ifsXl [Xl(t = 0)�Xl(t = Tb)]2 < 10�8 : (4.25)40



The maximum size of the square lattice N � N with N = 70 comes from thecircumstance, that the rank of the Newton matrix is N2, and the operativememory size needed for calculation with double precision is 8N4 byte.The numerical results shown below apply to the abovementioned initial vec-tor in fUlg space for which all Ul are zero except one elementary plaquette offour lattice sites on which jUl = 1j and the signs are alternating between nearestneighbours. We obtained similar results with an initial vector where all Ul arezero except for one single lattice site where Ul = 1.As already mentioned, the Newton search algorithm successfully producedsolutions in all cases considered. The ac components of the found solution decayexponentially in space and essentially vanish at a distance of 5-7 lattice constantsfrom the center of the breather. In Fig. 4.5 we show the dc displacements of one
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Figure 4.5: dc displacements of a breather as a function of the lattice vector l.Parameters as given in the text.solution with a period obtained by initial conditions G(t = 0) = 1 and _G(t = 0)for the master function G(t). We do observe dipole symmetry of the dc �eld.41



In Fig. 4.6 a zoom of the center of the dc �eld is shown.
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Figure 4.6: Zoom of Fig. 4.5 in the breather center.Let us turn to the strain. In Fig. 4.7 we show the absolute values of thestrain �eld of the found acoustic breather. To analyse the spatial behaviour ofthe strain, we plot in Fig. 4.8 the variation of the absolute values of the strainalong the two diagonals, as in those directions we have the largest distance andcan hope that the boundary e�ects are suppressed in some bulk region. Theresults depend on the choice of the diagonal. The diagonal which is directedalong the dipole moment gives poor results - the �nite size e�ects are too strongto observe any power law in the double logarithmic plot in Fig. 4.8. The seconddiagonal perpendicular to the dipole moment however, though still with strongin
uence from the boundaries, allows to �t some part of the 'bulk' data with apower law (solid line in Fig. 4.8). The resulting exponent is 1.85, and consideringthe small system size, quite close to the expected value 2.42
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Figure 4.7: Absolute value of the strain of the breather solution of Fig. 4.5 as afunction of the lattice vector l.
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Figure 4.8: Variation of the absolute value of the strain (Fig. 4.7) along the di-agonals of the lattice on a double logarithmic plot. Open circles - (1,1) direction;�lled squares - (-1,1) direction.4.8 Systems without a linear spectrumConsider �2 = 0. This implies that the linear spectrum is highly degeneratedand given by one value pv2. We do not have problems with resonances here(provided v2 6= 0 or V (z);�(z) are even functions), so DBs will exist. Moreoverthe decay of the Fourier components will be faster than exponential in the tails.Sorting the equations for the Fourier components we will obtain in lowest order!21k2Akl � A��1k;l�1 [149] where � is the smallest even integer for which �� 6= 0(note that the interaction has to be nonzero - otherwise we solve the trivialproblem of uncoupled particles). The resulting decay isAkl � e(��1)lak (4.26)where ak is some number which depends on k. The result (4.26) is an exponentialdecay with the variable being not the distance itself but rather an exponentialfunction of the distance again! A nice example to test this is the FPU lattice inone dimension with �2m 6= 0 and all other control parameters of the potentialsvanishing. The amplitudes obtained e.g. in [77] or in [143] �t the predictedspatial decay.
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4.9 Higher lattice dimensionsIn this section we studied DBs for one-dimensional systems. The generalizationto higher lattice dimensions is straightforward. Instead of solving linear mapsone has to introduce Green's functions [173],[52]. The results will be essentiallythe same. Especially quasiperiodic DBs will again turn out to be nongeneric, andtime-periodic DBs will exist if all multiples of their frequency do not resonatewith the linear spectrum.4.10 Long range interactionsThe spatial decay considered in chapter 4.4 was considered for lattices withnearest neighbour interaction. What matters however is the dispersion of thephonon band at the band edges. Since the spatial decay of the breather solutionfar from its center is given by the Green's functionG�(n) = Z cos(kn)�2 +
2k � 1dk (4.27)for large values of n, the fast oscillation of the numerator allows for an expansionof the denominator around the band edges. If the dispersion is quadratic at theband edge, the poles of the Green's function are located on the imaginary axis,and exponential decay in space follows. If however the interaction is long-range,the dispersion relation near the band edge will change, e.g. for an interaction1=rs in one-dimensional lattices Gaididei et al [99] �nd
2k = 1 + C�(s � 2)k2 (s > 3) ; 
2k = 1 + 2Ca(s)ks�1 (1 < s < 3) ; (4.28)with �(s) being the Riemann Zeta function. Consequently in this exampleG�(n) � e��n (s > 3) ; G�(n) � n�s (1 < s < 3) : (4.29)The algebraic decay in space found for s < 3 follows from the fact that the polesof the Green's function leave the imaginary axis starting with s = 3, caused inturn by the change in the dispersion relation at the band edge.
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Chapter 5Existence proofsIn this section we will discuss existence proofs for discrete breathers - not forisolated model systems (like the Ablowitz-Ladik one) but for classes of systems.The central part in this section will be the continuation of periodic orbits -starting with the limiting case of uncoupled particles (e.g. �(z) = 0) and thencontinuing to �nite interaction. This approach has been coined antiintegrabil-ity method by Aubry [13], which is connected to the coding sequence structurewhich de�nes a certain periodic orbit of the noninteracting many-particle sys-tem. The proof has been performed by MacKay and Aubry [140], and withsome modi�cations also by Bambusi [17]. Further we will discuss the proof ofexistence of DBs for systems with homogeneous potentials by Flach [78], whichworks especially for systems with V (z) = 0 where the antiintegrability methodis not applicable directly. Finally we will discuss some related results obtainedin the mathematical literature. Only the essential ideas of the proofs and theconditions for their application are given here. For a more complete discussionsee Refs. [140],[17],[78],[14].5.1 The antiintegrability approachThe concept of antiintegrability was initially introduced for the Standard map[15]. This concept turned out to be a simple and powerful tool for �ndingsolutions of nonlinear systems. It is in essence the continuation of zeroes ofan operator F from a solvable limit. The nonlinearity is necessary in orderto be sure that the eigenvalues of a certain Newton operator (a di�erentialof the operator F ) are well behaved for the solution to be continued. Theantiintegrability method allows for a more e�cient and numerically easier andreliable calculation of chaotic trajectories of nonlinear maps than other methodsdo. It can be easily extended to coupled maps.Consider the model (3.1) with parametrized interaction �(z) = �	(z). Con-46



sider the case � = 0. Then the equations of motion are trivial since they decouplein space. All we have to do is to solve for each individual oscillator moving inits potential V (z) 6= 0. Note that we can not discuss V (z) = 0 since thenthe particles are unbounded, which makes the following impossible. Each localsolution can be then given in the formun(t) = g(!nt+ �n) ; (5.1)where the function g(t) is periodic in time with period 2�. The frequency !n isa unique function of the action In of the nth oscillator (note that the reverse isnot true - in general each value of !n can correspond to several isolated valuesof the action).The general idea of the proof is: consider a time-periodic solution of thewhole lattice for � = 0 - e.g. one where all oscillators are at rest but one oscillatoris moving (encoded with its values of the frequency !n and phase �n). Thenit is possible to �nd a periodic orbit of the lattice with � 6= 0 but close to zerosuch, that the new periodic solution will have the same frequency and be closeto the old periodic solution. In other words we can continue the periodic orbitof the noninteracting system to �nite interactions. It can be shown then thatthese periodic orbits will be exponentially localized around the chosen center n,and thus are discrete breathers.The method starts with considering F (u; �) = (F1(u; �); F2(u; �); :::) withFn(u; �) = �un + @H@un : (5.2)Note that H parametrically depends on �. We are looking for zeroes of F (u; �)(i.e. each component of F must vanish) since the zeroes of F (u; �) solve theequations of motion. The goal is to apply the implicit function theorem (seee.g. [57]). For that we need a subspace of all functions u = fun(t)g whichyields isolated zeroes of F . This can be done by restricting the considerationto time-periodic functions. Still the frequency and the phase at each lattice sitecould be choosen in di�erent ways, which creates smooth manifolds of zeroes ofF . To guarantee that F has only isolated zeroes for � = 0, MacKay and Aubrydemand that the frequency and phases are �xed [140] by staying in the subspaceof all periodic functions u = fun(t)g with:un(t) = un(t+ 2�=!b) (5.3)and un(t) = un(�t) : (5.4)Here (5.4) is allowed because the Hamiltonian equations of motion are timereversible. Now the zeroes of F (u; �) are isolated for � = 0. Application of theimplicit function theorem is then possible. One is looking for a continuationof u(�) such that F (u(�); �) = 0. The main problem is to show that @uF , the47



derivative with respect to u, is invertible at the initial solution (for � = 0). TheNewton operator @uF (u(�); �) has to ful�ll the equation@uF (u(�); �)du(�)d� + @�F (u(�); �) = 0 ; (5.5)which is a di�erential form of F = 0. Continuation to � 6= 0 can be performedprovided the nonresonance condition k!b 6= pv2 and the nonlinearity conditionV (z)� (v2=2)z2 6= 0 hold. It can be continued until the Newton operator ceasesto be invertible - which corresponds to a collision of Floquet multipliers at +1in the dynamical stability analysis of the discrete breather orbit (see below).The exponential degree of localization of the discrete breather is proven in [140]which studies the properties of the inverse of the Newton operator.The remarkable thing about this proof is that nothing has to be said neitherabout the lattice dimension nor about the size of the system, which can bein�nite. Thus indeed discrete breathers exist e.g. in two- and three-dimensionallattices. Another interesting fact is that MacKay and Aubry can also continue'multisite' breathers - i.e. solutions which are still exponentially localized inspace but whose internal structure is far more complicated than the simplestructure of the 'one-site' breathers.Bambusi has recently provided a similar proof with the di�erence that theenergy of the solution is �xed (continuation for constant energy rather than forconstant frequency).Using the antiintegrability approach MacKay and Aubry prove the existenceof discrete breathers in the discrete nonlinear Schroedinger equation [140]. Thisis especially interesting because the DNLS structure is close to di�erent modelsof interacting classical spins, so that one can expect classical spin breathers toexist (numerically these solutions have been found in [194],[180] using RWA).Aubry [14] and Perfetti [151] demonstrate the existence of 'rotobreathers' forHamiltonians which are periodic in the displacements (angles). These solutionscorrespond to a �nite number of rotators rotating, and the rest of the rotatorslibrating with exponentially decreasing amplitude as the distance to the centeris increased. Numerical evidence of rotobreathers is reported in [182].5.2 The homoclinic orbit approachConsider a system with homogenenous potentials V (z) = v2mz2m=(2m) and�(z) = �2mz2m=(2m). The equations of motion become�ul = �v2mu2m�1l � (ul � ul�1)2m�1 � (ul � ul+1)2m�1 : (5.6)Note that we can always use �2m = 1 by rescaling time. Kivshar [129] notedthat one can look for time-periodic solutions of (5.6) in the formul(t) = AlG(t) (5.7)48



which separates time and space. Inserting (5.7) into (5.6) we obtain a di�erentialequation �G(t) = ��G2m�1(t) with a separation parameter � > 0 and a two-dimensional map for the amplitudes Al:�Al = v2mA2m�1l + (Al �Al�1)2m�1 + (Al �Al+1)2m�1 : (5.8)Since the equation for the masterfunction G(t) yields time-periodic solutions,we have to show that homoclinic orbits exist for the discrete map (5.8) and willthus prove the existence of discrete breathers. This has been done by Flach in[78] for v2m = 0, i.e. for a system which does not fall into the class consideredby MacKay and Aubry in the previous subsection. The proof can be easilyextended to incorporate v2m 6= 0. Let us sketch the main ideas. First of all wehave no restriction on � other than � > 0. Secondly we consider fl = jAlj with�fl = v2mf2m�1l + (fl + fl�1)2m�1 + (fl + fl+1)2m�1 : (5.9)Equation (5.9) has a hyperbolic �xed point (0,0) and an elliptic �xed point(f; f) for �fp2 = (v2m + 22m)f2m�2.We start with a set of two nearest neighbour values fl�1 and fl and computefl+1 using (5.9). Requiring 0 < fl+1 < fl we obtain an allowed region for �,where the lower bound of this region corresponds to fl+1 = 0. Repeating thisprocedure with increasing l we �nd that the lower bound on � is monotonicallyincreasing with l. Making sure that at the beginning of the map the lower boundwas below �fp2 we thus arrive at the conclusion that it will always stay below�fp2, but it can not asymptotically reach it either for l ! 1, so we will �nd a� for which the the iteration leads to a decay to zero. By proper choice of theinitial pair of neighbouring values and using the inversion symmetry of (5.9) wecan complete the proof.The existence of homoclinic orbits of (5.9) also implies the existence of inter-section points of the stable and unstable invariant manifolds of the hyperbolic�xed point (0; 0). In [78] the existence of horseshoe patterns was demonstrated.Then it is evident that the invariant manifolds will allow for a much richer set ofhomoclinic orbits than say the one-site breathers considered. To our understand-ing these rich intersection patterns of the invariant manifolds directly compareto the possibility of continuing multi-site breathers using the antiintegrabilityapproach.
49



Chapter 6Numerical methodsobtaining discrete breathersIn this section we will brie
y review some numerical methods which allow tocalculate a discrete breather solution to machine precision. Thus we will notdiscuss here approximate methods which are not aimed at a precise calculation(like e.g. letting some initial localized conditions to evolve and to radiate awaywhat is not belonging to the solution, or using from the beginning an approxi-mation like RWA - thus limiting oneself much above machine precision). At theend of each part we will list the advantages and disadvantages of each method.The choice of relevant variables separates these methods into two classes.One class corresponds to choosing initial conditions of the Hamiltonian system.De�ning the frequency of the DB one numerically integrates the initial condi-tions over one DB period, and obtains a map of the phase space into itself. The�xed points of this map are periodic solutions with the given period. Methodsoperating with these variables can be e�cient in programming, because oneneeds typically two variables per lattice site. The numerical integration overthe DB period can be performed very fast using standard integration routines- 104 lattice sites is well in the range of perfomance of a typical workstation orPC. The disadvantage of this method is that we create numerical errors alreadyat the stage of computing the map. However the e�ciency of integration rou-tines practically eliminates these problems. The second class of methods workswith the Fourier coe�cients Akl. These methods have the advantage that oneis searching for solutions without leaving the subclass of periodic solutions (de-�ned by the Fourier series). The disadvantage of this method is that the numberof variables is strictly speaking in�nite (because one needs an in�nite numberof Fourier coe�cients per lattice site). In practice we will have then to de�nea threshold value for the Fourier number kt such that we neglect all Fouriercoe�cients with k > kt. This can be usually done because any smooth periodic50



function with �nite period will show up with a decay of its Fourier coe�cientsfor large k. So one has to check after �nding a solution whether the cuttingvalue kt was justi�ed. This is especially important because the nonlinearity inthe original equations of motion produces in�nite-range interactions in Fourierspace! Still we will be left with more than two variables per lattice site - typ-ically 10-30. Also the explicit form of the equations of the Fourier coe�cientscan be complicated, such that we will have to use integration routines in orderto �nd the Fourier coe�cients of a certain function - which in addition createsthe necessity of integrations and again increases the numerical errors.The methods to be discussed di�er not only with respect to the chosenvariables. Once we have the variables, we can use Newton's method, the methodof steepest descent, or other nonlinear maps. The �rst two of them rely oncontinuing from a limiting model case where the solution can be approximatedto good precision, some other methods do not. For an extensive discussion andtechnical details see Refs. [42],[79],[143],[14],[33],[32].6.1 Newton methodRecall the Newton method for the problem f(x) = 0 which is solved for somex = s. We choose a good approximation for the true solution x(0) and expandf(x) = f(x(0)) + f 0(x(0))(x � x(0)). We thus obtain the iteration procedurex(n+1) = x(n) � f(x(n))=f 0(x(n)). Here f 0(x) is the �rst derivative of f withrespect to x. The method converges if x(0) is su�ciently close to s and if we donot encounter a zero in f 0(x) on our iteration route.6.1.1 Phase space variablesConsider the numerical integration of the equations of motion for the latticeover a given period T un(T ) = In(fug;T ) (6.1)where the integration procedure I depends parametrically on T and on theinitial conditions fug. The initial velocities can be chosen to be zero _u(0) = 0.A periodic orbit of period T will then lead tofn = 0 ; fn = un � In(fug;T ) : (6.2)This is so because the kinetic energy of the system is a positive de�nite quadraticform of the velocities. Integrating over T and �nding all positions to be thesame then implies that the kinetic energy is again zero - and thus the velocitiesare the same as the initial ones (one can easily abandon these restrictions ifsearching for solutions of systems without either time-reversal symmetry or someother nontrivial properties). De�ne ~u = (u1; u2; :::; un; :::), ~f = (f1; f2; :::fn; :::)51



and the matrix M with elements Mlm = @fl=@um. Then the Newton methodgenerates the map ~u(n+1) = ~u(n) �M�1 ~f(~u(n)) : (6.3)The map converges if we are close enough with the initial guess ~u(0) and ifthe Newton matrix M is invertible. To obtain a good initial guess it is usefulto consider some limiting case of the system - e.g. the antiintegrability limitor something else. Once a solution is found, we can change the parameters ofthe Hamiltonian and/or the period of the breather by small amounts and (thusassuring that we have a good guess of a new solution, namely the old one) repeatthe iteration. This yields a systematic method of tracing a solution.Typically one needs about 10-20 iterations for one solution. One disadvan-tage of this method appears whenever the Newton matrix is not (or nearly not)invertible. Still the breather solution can continue to exist! A second problemcan be computation time. For each step in the iteration we have to perform Nintegrations of the equations of motion of the system - over the given period T .This will give us the Newton matrix. Still that is not the main source of com-puting time consumption - its computing time grows as N . The calculation ofthe inverse of the Newton matrix can become the main source of time problems,since the computing time grows as N2 at least.6.1.2 Fourier coe�cientsThe choice of the Fourier coe�cients as the variables of the Newton methoddoes not change much. We have to increase the number of variables per site -typically about 10-30 per site. Still the Akl can be a good choice - especially ifwe can explicitly write down the equations (i.e. that we can explicitly encodethem in a program). That implies that the nonlinear terms of the equationsof motion are �nite order polynomials in the displacements. This allows for anexplicit dependence of the elements of the Newton matrix on the Akl. We willneed some e�ort to write the program code, but the �nal iteration will proceedvery fast!If the nonlinear terms of the equations of motion are not �nite order poly-nomials, then one has to numerically perform a Fourier integration over thenonlinear terms, which are functions of the Akl [79]. This implies that we haveto numerically obtain the Newton matrix.The advantage of this method occurs whenever the equations of motion arelow order polynomials in the phase space variables. Still it requires at everyiteration step the computation of the inverse of the Newton matrix, which cancause computing time problems for large systems. The method will again failwhenever the Newton matrix is not invertible.
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6.2 Steepest descentRecall the steepest descent method for solving f(x) = 0. We de�ne g(x) =f2(x) � 0. If x = s is a root which solves f(x) = 0 then g(x) has a minimumat x = s with g(s) = 0. To �nd the minimum we calculate the gradient (heresimply the derivative) of g(x) and perform small steps in x in the direction ofthe negative gradient. The numerical implementation needs a variable step size,which has to change whenever a subsequent step does not lower the value of thefunction g(x). Eventually we will end in a minimum of g(x) (this is signaledby the step size becoming smaller than say the precision of the machine). Ifour initial starting point x was su�ciently close to s the function g(x) will bezero at the determined minimum - a signature that we have solved the problemf(x) = 0.6.2.1 Phase space variablesUsing the equations (6.1),(6.2) and the de�nitions from above we can generalizethe function g(~u) = ~f � ~f : (6.4)The gradient is given by rg = 2~f � (r � ~f) (6.5)with the elements of the gradient given by(rg)l = 2~f � @ ~f@ul : (6.6)To compute the gradient we have to perform N integrations of the equationsof motion (as with the Newton method). Once we have a gradient we use thenegative of its direction in the variable's space to go as far as possible - underthe condition that g is minimized. That de�nes the next 'step' at which wehave to compute the gradient again. To obtain a good initial guess it is againuseful to consider some limiting case of the system - e.g. the antiintegrabilitylimit or something else. Once a solution is found, we can change the parametersof the Hamiltonian and/or the period of the breather by small amounts andthus assuring that we have a good guess of a new solution, namely the old one)repeat the iteration. This yields a systematic method of tracing a solution.The implementation of the method itself is slightly more complicated (butstill a basic task for any experienced programmer) than the Newton routine -which is a simple map. However this method does not compute and invertsmatrices! All we have to do is to compute gradients (vectors). This method wasused for the calculation of discrete breathers in three-dimensional systems [84].The structure of the program is in fact trivial if one splits the formal search forthe minimum of g from the system-speci�c calculation of the gradient. Another53



advantage of this method is that it does not break down when the Newton ma-trix ceases to be invertible. Consequently this method traces discrete breathersthrough dynamical instabilities without any problem. If at an instability (bifur-cation) other breather families appear, the method will simply contract onto oneof them. Combined with the Newton method this can be e�cient in studyingbifurcations, because the Newton method is sensitive to bifurcations, where Mis no longer invertible. Since the Newton matrix yields the relevant eigenvectorsof perturbations, one can then use the structure of the eigenvectors and withthe help of the steepest descent follow any of the new periodic orbit branches.The disadvantage of the steepest descent is that there is no guarantee that theminimum of g which is always found corresponds to a zero in g or better in ~f .However we did not encounter any practical problems of that kind.6.2.2 Fourier coe�cientsAgain nothing will change if we use Fourier coe�cients instead of phase spacevariables. As for the Newton method this change is only reasonable if thenonlinear terms of the equations of motion are �nite order polynomials in thephase space variables. Otherwise the advantages/disadvantages are not a�ected.6.3 Other methodsCampbell and Peyrard [42] have also used a Newton method to generate breathers.However the choice of the variables there was quite di�erent from the above.Namely the discretization of time which is needed in any numerical intergration,has been used in [42] in order to de�ne a coupled map lattice in two dimensions- one discrete spatial and one discrete time dimensions. De�ning appropriateboundary conditions one can indeed search for discrete breather solutions. Thedisadvantage of this method is that in order to keep computational time withinreasonable limits one has to choose quite large time steps - in [42] 1/64 ofthe breather's period. Compare this with typical time steps of 1/1000 of thebreather's period when numerically integrating the equations of motion.There are speci�c cases when one can use symmetries of a system to de-sign special methods. Take the case of homogeneous potentials as an example.The equations for the time-independent amplitudes are given in (5.8). Theseequations can be generated by the extrema of the function (m � 2)S =Xl �12A2l � v2m2m A2ml � (Al �Al�1)2m� : (6.7)Because S is a positive quadratic form of the variables Al close to zero and anegative (2m) form far from zero the only nontrivial extrema will be saddles -minima on a rim which surrounds the valley with the local minimum Al = 0. Avery e�cient method of computing these saddles is to choose a certain direction54



(which essentially encodes the breather solution one is searching for) and to �ndthe maximum of S when departing from the origin in this direction. Once wehave done that, we are on the rim! Now we have to use steepest descent tominimise S on the rim - by adjusting after each step the point to the rim again(in leading order we will always go down the rim, but there will be always asmall deviation from the rim itself). This method will yield breather solutionsextremely fast - also for higher lattice dimensions, because the method is local(if the initial direction was local of course)1.Yet another method was reported in [79] when working with Fourier co-e�cients Akl. It consists of writing down each of the equations fn = 0 (seeabove) in the way of a map. Since there are di�erent ways of doing that, onecan choose between maps which are unstable at small amplitudes (repelling) orstable (attracting). Depending on the solution to be obtained the global map,which is a set of all the local maps, is constructed and it contains the code ofthe discrete breather to be searched for by encoding the map choice at eachlattice site. Then one chooses a small initial condition (e.g. A11 = 0:1 and allother coe�cients at zero) and iterates. There is no guarantee that the iterationconverges to something meaningful. Yet if it does, it happens very quickly. In[79],[18] di�erent solutions were obtained and analyzed. The major 
aw of thismethod is its unpredictable convergence criteria.Neuper et al use a quasicontinuum method combined with an iterative pro-cedure to obtain DB solutions [147]. Laedke et al use an iteration of a Fredholmtype equation to both prove and numerically obtain discrete breathers in theDNLS [135].

1See also [75]. 55



Chapter 7Structural stabilityIn the introduction we discussed the breather solution of the sG PDE. Espe-cially we mentioned that it is structurally unstable. What about the structuralstability of discrete breathers?Structural stability of a solution implies that if the equations generatingthe solution are slightly perturbed (changed) then the new equations posess asolution close to the original one - in the limit of the perturbations going to zeroboth solutions should coincide. This is a tricky thing - one has to be careful inde�ning the space of allowed perturbations (note that e.g. if we would add asmall friction, then all dynamical solutions would disappear!).That discrete breathers are structurally stable, follows essentially from theexistence proof of MacKay and Aubry [140]. They are structurally stable withrespect to changes of the parameters of the Hamiltonian, unless a resonance withthe linear spectrum is encountered. Another way of looking at the problemis to consider (4.3) and to analyze the properties of the map of the Fouriercoe�cients. Since the �xed point A = 0 is hyperbolic if the frequency of thesupposed existing discrete breather full�lls the nonresonance condition (all itsmultiples are outside the linear spectrum) then the dimension of the stableand unstable manifolds is exactly one half of the phase space dimension of themap. There is a problem in that the phase space dimension is in fact in�nite.Still we can �nd the following. If the DB solution exists, the two invariantmanifolds have intersections in common points. For any even space dimensionit then follows that such an intersection is either structurally stable against smallperturbations of the manifolds, or there exists at least one perturbation suchthat the intersection becomes structurally stable afterwards [77]. This argumentdoes not depend on the space dimension of the map, so we can consider the limitof in�nite dimension afterwards. But changes in the Hamiltonian parameterswill indeed only perturb the invariant manifolds.Then we �nd that discretebreathers are structurally stable provided the nonresonance condition holds [77].56



Chapter 8Dynamical stabilityIn this section we will discuss the stability of discrete breather solutions withrespect to small perturbations in some initial conditions. In contrast to thestructural stability we are not changing the Hamiltonian, but slighlty departingin phase space from the DB periodic orbit. We can not in general expect thento stay on a periodic orbit again. The question is then, which properties doesthe new trajectory have? In particular we will be interested in the question:what are the topological properties of the new trajectory relative to the originalDB trajectory? These questions have not been extensively studied. There existanalytical and numerical results of Campbell and Peyrard [42], Marin and Aubry[143], analytical results by Bambusi [17] and numerical results by Flach et al[93],[86]. In the �rst part of this section we will discuss the linear stabilityanalysis, which considers the Floquet eigenvalue problem assotiated with thelinearized phases space 
ow around the DB orbit. In this part we will followclosely a paper by Aubry [14]. In the second part we will discuss results onthe DB stability in the original system (i.e. without linearizing the phase space
ow).8.1 Linear stability analysisAssume a discrete breather solution to be given (either analytically or numeri-cally): ul(t) = ul(t+ Tb).Add a small perturbation �l to it (i.e. change say theinitial conditions at t = 0 slightly) and obtain the equations of motion for �lusing its smallness (i.e. take into account only terms linear in �l):��l = � @2H@ul@um �m : (8.1)This equation describes the linearized phase space 
ow around the discretebreather solution. Note that it has to contain the subset of perturbations which57



simply continue the discrete breather solution! Because of the nonlinearity of theproblem the right-hand side of (8.1) contains parameters which depend on time.Moreover these parameters are periodic in time with period Tb and are spatiallylocalized, so that far away from the breather (8.1) will essentially correspondto the equations of motion of the original system when linearized around thegroundstate. This type of equations is a generalization of Hill's equations. It canbe associated with keywords like Bloch band theory, Floquet theory, parametricresonance and others, indicating its general applicability to many situations ofinterest.The Bloch theorem states that all bounded solutions of (8.1) can be repre-sented in the form �l(t) = ei!�t�(�)l (t) ; (8.2)where �l is periodic with the period of the parameters in (8.1) i.e.�l(t) = �l(t+ Tb) : (8.3)The task is then to �nd the eigenfunctions �(t) = f�l(t)g which are periodic intime and full�ll (8.1) after inserting (8.2). This can be simpli�ed by recognizingthat the phase space 
ow de�ned by (8.1) carries an initial condition �l intoei���l if the �-th eigenfunction has been excited. Here the Floquet multiplierei�� = ei!�Tb . Then we can consider the Floquet map F (Tb) which maps thephase space f�l; _�lg onto itself:f�l(t+ Tb); _�l(t+ Tb)g = F (Tb)f�l(t); _�l(t)g : (8.4)This map is symplectic which implies that for any two initial conditions thesymplectic product Xl h�(1)l (t) _�(2)l (t)� �(2)l (t) _�(1)l (t)iis constant in time [14]. The Floquet map is then a matrix of the rank of thephase space of the problem. The Floquet multipliers are the eigenvalues ofthis matrix. Those of them which are located on the unit circle (�� is real)correspond to bounded solutions of the original problem (8.1). In general if �is an eigenvalue of F (Tb) so are 1=�, �� and 1=��.The Floquet matrix can be computed numerically. It is in fact nothingbut the Newton matrix (which has to operate however on the whole phasespace, and not as discussed above on a subset f _ul = 0g). One has to perform2N integrations of the equations of motion (8.1), where the input is the time-periodic breather solution itself (it de�nes the time-dependent parameters). Onecan use all available symmetries (irreducible representations) like some spatialsymmetries assotiated with the DB solution in order to reduce the numericale�ort of diagonalization. 58



Numerically it is quite hard to �nd that a Floquet multiplier is exactly onthe unit circle. Aubry has suggested that the extension of the diagonalizationprocedure may help both with better interpreting the eigenvalue properties aswell as with the analysis of bifurcations - cases when the original DB periodicorbit turns unstable. For that one adds to say the right hand side of (8.1) alinear term E�l [14]. Now we can repeat the whole construction and obtain aFloquet matrix parametrically depending on E. Solving for each value of E(and of course working in the irreducible representations, i.e. taking into ac-count all symmetries of the matrix) we �nd a set of bands E�(�). These bandsare of course 2�-periodic in �. The original Floquet multipliers are obtained byputting E = 0. First of all this approach allows for a safer elimination of errorsin determining the Floquet multipliers located on the unit circle, because wehave now a 'correlation' given by E(�) (at the expense of more computations).Another important feature of these bands is that they immediately predict thestability/instability of the periodic orbit under investigation. Indeed, the peri-odic orbit is stable only if all Floquet multipliers are located on the unit circle.Suppose we start with such a case and vary the parameters of the periodic orbit(by e.g. changing the frequency of the DB). Then multipliers can 'collide' andleave the unit circle - either in pairs if the collision happened at �1 or in twoconjugated pairs if the collision happened elsewhere on the unit circle. Oncesuch a collision happens, the periodic orbit becomes linearly unstable - becausethe corresponding perturbations �l will exponentially grow in time without lim-itation. Usually (but not always) new families of periodic orbits (usually stable)bifurcate from the unstable periodic orbit.However often Floquet multipliers can cross each other on the unit circlewithout any collision (i.e. they stay after crossing). Clearly from the abovea loss of some Floquet multipliers happens whenever a band E(�) happens toloose two zeros E = 0 at � = 0 or � = � (or four zeroes - two at �+ 6= 0 andtwo at �� = ��+). Thus Aubry has re�ned the Krein signature which is anecessary condition for collision to a su�cient condition - namely the behaviourof zeroes of a band E(�) [14]. Only Floquet multipliers yielding zeroes of one andthe same band can collide and leave the unit circle. From this it also follows,that whenever a multiplier comes close to �1 on the unit cicle, a collision isinavoidable.There is one consequence of this analysis. Namely it follows immediatelythat one-site breathers continued from the noninteracting case (antiintegrabilitylimit) are linearly stable - at least up to some �nite interaction strength [14].Given the above it is a matter of numerical calculation to analyze the linearstability of discrete breathers. Marin and Aubry [143] show discrete breatherscan be linearly stable or unstable and all of the above discussed collisions canbe observed.Because we usually do not know the analytical form of the DB solutionand because we study a lattice, it is hard to predict analytically the stabilitybehaviour of DBs. Indeed the Floquet matrix diagonalization yields both ex-59



tended and localized eigenvectors. The existence of localized eigenvectors hasbeen long suggested in the literature (stability/instability of even/odd paritymodes [161],[47], XC/XN modes [52],[132]). In fact in many cases the spatialsymmetries of DB solutions have been correlated with the dynamical linear sta-bility. This aspect deserves more clari�cation. Especially it seems plausiblethat the XC discrete breather - which is just an one-site breather in the antiin-tegrable limit - has to be stable at least for weak interactions. This result hasbeen also found in the numerical analysis of Campbell and Peyrard [42]. Therefor some parameter ranges the XN solution (a two-site breather) was found tobe linearly unstable, whereas the XC solution was stable. We will discuss theseaspects in section 10 when discussing band edge plane wave bifurcations.Suppose we solve the linear stability problem for an in�nite system. Allextended Floquet eigenvectors will then have the form of linear plane waves farfrom the breather center. Consequently we know that all extended eigenvectorshave � = !qTb = !q=!b2�. Because the DB is exponentially localized, it cancause only a �nite number of Floquet eigenvectors to be localized. Consequentlythere will be an in�nite number of extended eigenvectors, whose eigenvalues willdensely �ll the linear spectrum. We can immediately derive some dangerous DBfrequencies causing instabilities (this result was derived by Flach and Willis inanother way [89]): !q=!b = k=2 ; k = 1; 2; 3; ::: : (8.5)Even k correspond to collisions of Floquet multipliers at +1, and odd k at-1. The cases k even correspond to the resonance conditions when discretebreathers stop existing (section 4). In fact we can expect that for k = 2 thebreather disappears, but for larger even values of k the breather becomes ananopteron [35] - i.e. a localized object with nondecaying tails. Consequentlynanopterons are dynamically unstable (if they exist at all)! Indeed Marin andAubry report about these nanopterons in numerical calculations [143]. Thecases k odd correspond to period doubling bifurcations. The breather can stillexist but will be dynamically unstable. The relevant perturbations however willbe extended, so that the new periodic orbits bifurcating from the old one mustagain have the spatial shape of nanopterons!8.2 Going beyond linearizationWhat happens to the solutions �l if we do not impose the linearization (8.1) butinstead solve the original equations of motion? One answer has been recentlyfound by Bambusi [17]. He showed that periodic breather orbits are exponen-tially stable in the antiintegrable limit. That means that after a suitable chosenmetric has been introduced, the perturbation of a periodic DB orbit stays closeto the orbit up to exponentially large times. Let us be more precise: if thedistance d of the perturbed orbit from the periodic one is smaller than a valueproportional to the square root of the interaction strength, then the distance60



stays close to the periodic orbit for times proportional to the exponential ofsome inverse power of the interaction (times a constant). The frequency of theDB in the antiintegrable limit (zero interaction) has to be not only in nonres-onance with the degenerate linear spectrum, but it has to be diophantine withthe linear spectrum. Details can be found in [17]. Further Bambusi shows thata 'quasiperiodic' breather object although not existing as a precise solution canbe a good approximation to a real trajectory for times again exponentially large(in the same meaning as above). The small errors eventually acumulating withtime are referred to as radiation.This radiation has been studied numerically. Indeed the numerical exper-iments for long-lived localized excitations discussed in section 3 in fact studyperturbed discrete breather solutions. What can we learn from those results?First, as long as the object is not a periodic DB, it radiates energy in the formof small amplitude plane waves - exactly as predicted in section 4 and obtainedby Bambusi. This decay can be very weak - in fact so weak that it is hard tomeasure! Estimates of the decay come up with a loss of 'breather' energy per'period' of oscillation (note that we are not dealing with a strict time-periodicsolution) of the order of 0.01% - 0.001% in units of the 'breather' energy [93]!From this circumstance it follows that even though discrete breathers form asubset of measure zero in the phase space of nonlinear lattice, their phase spacesupport can be �nite and in fact the lifetimes of objects associated with DBsolutions can be tremendously large, making the breather concept highly rea-sonable.Another interesting question is - what happens to a perturbed breather ifwe wait long enough? Will the object radiate its whole energy away and vanishor not? In Fig. 8.1 we show the dependence of the object's energy on timefor di�erent initial conditions (for details see [93]). The internal timescale is ofthe order of 10. As long as the radiation is weak, we can view the object as aquasiperiodic breather whose parameters (energy, frequencies) are slowly time-dependent. Then we can characterize the object by those parameters whichare slowly varying functions. Several results have been observed. For someinitial perturbations the object radiates away energy and consequently slowlyapproaches the family of periodic breather orbits. Clearly the radiation becomesweaker and weaker as the periodic orbit family is approached. This behaviorreminds us of an attractor in a dissipative system. In fact because the radiationbecomes exponentially weak, on �nite computing time scales we even observeda seemingly forever living quasiperiodic breather. To see that we plot in Fig. 8.2a Poincare map of a perturbed DB of a two-dimensional lattice, where consec-utive points are connected with straight lines. The attractor-like behaviour isseen, together with a seemingly remaining nonzero distance from the �xed point(periodic orbit) in the middle of the �gure (for details see [86]).For some trajectories we �nd that internal resonances between the internalfrequencies describing the quasiperiodic evolution on short time scales cause an'explosion' of the breather-like object (see Fig. 8.1 and [93]), which in a local61
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Figure 8.1: Same as in Fig. 3.4 but longer time scale. Note the rapid decreaseof e(5) for the solid line around t = 6000. This is due to an internal resonancein the quasiperiodic breather, which induces locally chaotic dynamics, changesthe local time spectrum from discrete to continuous and increases the radiationstrength by two orders of magnitude.
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analysis was due to a chaotic dynamics inside the breather - remarkably thatdoes not cause the whole structure to disappear! Moreover, after some radia-tion which is still weak, of the order of 1% of the breather energy per breatherperiod, the radiation suddenly stopped at energies 0.35. A local phase spaceanalysis yielded that the strong chaotic trajectories disappear around these en-ergies. Consequently we �nd that perturbed discrete breathers can slowly ra-diate energy away and thus are either attracted to the periodic orbit family(consequently stabilized) or repelled. In the second case internal resonancescan trigger chaotic local dynamics which causes an increase of the radiationrate by two orders of magnitude. Still even those cases eventually end up witha breather-like object which is again weakly decaying, most probably into anexact time-periodic breather.This indicates that the linearized stability analysis can be of help but doesnot tell important things - because it is likely that all the evolutions of breathersdiscussed here were initiated by perturbing linearly stable discrete breathers!
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Chapter 9MovabilitySo far we have been discussing discrete breather solutions which are time pe-riodic. By de�nition these solutions are stationary, i.e. they do not 'move'through the lattice. We have been also discussing small perturbations of DBsolutions, which were supposed to stay small (at least for several DB periods).Again such trajectories do not correspond to a 'moving' entity. However weknow that e.g. for the sG PDE the breather solution can be Lorentz-boosted,due to the invariance of the sG PDE under Lorentz transformations. Such aboosted breather would actually move, i.e. its center is propagating with con-stant velocity. That is certainly not a time-periodic solution anymore. If weconsider a lattice we loose the continuous symmetry in space and replace it witha discrete symmetry. What can be said about the existence of objects similarto boosted sG breathers in lattices?9.1 Numerical �ndingsA good way to start with are numerical simulations of lattices. Takeno et al(see e.g. [110],[111],[178],[175],[177]) indeed have reported on moving breathersin one-dimensional FPU lattices. Apparently the breathers are very localizedin space and move over long distances without signi�cantly radiating energy orchanging their shape (which would be a sign that the object does not correspondto a moving breather). Note that the internal frequencies are above the linearspectrum, and the observed velocities are below the maximum group velocityof linear plane waves. A careful numerical study relating dynamically unstableDBs with moving breather-like objects has been performed by Sandusky, Pageand Schmidt [161]. Sievers and Page summarized numerical results on movingbreathers in [166].A di�erent picture emerges for one-dimensional Klein-Gordon lattices. Theremoving breather-like objects are typically only found if the amplitude of the65



object is small enough - which in turn implies that these objects are only weaklylocalized in space. If the amplitude becomes larger (and the objects strongerlocalized) then typically one observes radiation and a subsequent stopping ofthe object. Once it stops the object is similar to a perturbed DB (see Bang andPeyrard [18]).Yet another result comes if we consider two-dimensional lattices. Whilenothing drastically changes for Klein-Gordon lattices [184], the two-dimensionalFPU lattice resists in producing moving breather-like objects which are stronglylocalized - as opposed to the corresponding one-dimensional case [37].So the emerging picture is quite inhomogeneous. Moving breather-like ob-jects are detected whenever the amplitudes are fairly small and the objects areweakly localized, and for some systems (1d FPU lattices) even for large ampli-tudes (objects are strongly localized). Moving objects are not detected wheneverthe amplitudes are large and the localization is strong (for Klein-Gordon lat-tices), and for lattice dimensions larger than one (for FPU lattices). Note thateven when we say that moving breathers are detected that does not imply thatthere exist lossless exact solutions - it just means that during the time of the nu-merical experiment the object did not radiate an appreciable amount of energyaway ( typically the threshold is 1%-5%).One emerging pattern seems to be that small-amplitude breathers can move- at least over much larger times (and distances) than large-amplitude breathers.There is a natural explanation of this observation. If the breather-like objectis weakly localized, its envelope is slowly varying in space. As discussed insection 2, Kosevich and Kovalev used this circumstance to derive in some lowestorder a partial di�erential equation! Even though this is not exact, it certainlycan describe a real trajectory over an increasingly larger time window withdecreasing amplitude of the object. But since the corresponding PDE possessesa continuous symmetry (in space) its stationary solutions can be boosted, suchthat they move! So moving breather-like objects appear to be quite reasonablefor weakly localized small-amplitude objects. Most probably they will not moveforever because we are actually solving a lattice problem (unless there is someother symmetry involved). But in the limit of small amplitudes the time scaleover which the objects appreciably change (decay) might diverge, thus escapingfrom any �nite-time window in a numerical experiment.Of course there is still the possibility that exact moving breather solutionsexist! And they do exist - for the Ablowitz-Ladik lattice, which is integrable[2] 1. However neither do there exist existence proofs for other lattices, norare the numerical results conclusive enough to support the existence of movingbreather in nonintegrable lattices. The situation is clearly di�erent from thecircumstances of �nding stationary discrete breathers, where numerical inves-tigations strongly suggested that time-periodic DBs exist independent on the1Fischer [76] considered a three-particle FPU system which is integrable. Solutions similarto stationary discrete breathers and moving breathers do exist there. However nothing similaris known for the case of an in�nite lattice. 66



integrability properties of the lattice.9.2 What can we learn from moving lattice kinks?Before asking whether moving breather solutions exist it is useful to see whatis known about moving kinks in lattices. Recall that a kink solution is de�nedby some nontrivial boundary condition (ul!+1 � ul!�1) = � 6= 0. If a Klein-Gordon PDE supports static kink solutions, it again supports boosted (moving)kink solutions due to the continuum symmetry. Things are di�erent for lat-tices. First of all there exist exact moving kinks in the Toda lattice - whichis however integrable. McLeod [145] has given an analytical proof of continu-ation of moving Toda kinks into other one-dimensional FPU systems. Duncanet al [60] have veri�ed this result numerically up to machine precision. At thesame time MacLoyd was unable to continue moving kinks into Klein-Gordonone-dimensional lattices, and the numerical results of Eilbeck et al suggest thatmoving kinks do not exist in a sG lattice - instead an object similar to thenanopteron was found - namely a kink-like structure which becomes a planewave in the tails.For Klein-Gordon chains where exact moving kinks seem not to exist, kinkscarry a topological charge [59]. This implies esentially that in order to removeone kink, one needs to overcome an in�nitely high energy barrier (for an in-�nite system). So even though a moving kink does not exist, the kink cannot disappear (note that there is no topological charge associated with mov-ing FPU kinks). Thus a Klein-Gordon kink when boosted can only radiatesome energy away and �nally stop to become a static kink solution! In or-der to account for these e�ects a collective coordinate approach was developed[200],[169],[29],[199],[30],[198],[58],[31]. Within this approach one performs acanonical transformation to new coordinates some of whom are collective (non-local in the old coordinates). These collective coordinates describe the kink. Asa result one can obtain equations of motion of the kink, which are of coursecoupled to the in�nite number of the remaining degrees of freedom. Using someconstraints imposed on the kink's position one can evaluate the energy of astatic kink at di�erent positions. This energy will be periodic with the pe-riod of the lattice, and in general be not constant. Consequently it is labeledPeierls-Nabarro potential, because in the limit of a nearly static kink it appearsas a potential in the nearly Newtonian equations of motion for the kink. Thepotential will have at least one minimum and maximum between two latticesites. These extrema de�ne the true static kink solutions on the lattice, andthe di�erence of the heights of the extrema is called Peierls-Nabarro barrierEPN . The kink corresponding to the maximum of the Peierls-Nabarro poten-tial is unstable with respect to small perturbations (it corresponds to a saddlepoint in the potential energy relief of the original Klein-Gordon system), andthe kink corresponding to the minimum of Peierls-Nabarro potential is stable67



with respect to small perturbations (it corresponds to a local minimum in thepotential energy relief of the original Klein-Gordon system). It is argued thatexactly the energy EPN is needed by the stable kink solution in order to over-come the lattice pinning and to move. In turn if a moving kink is losing energyby radiating plane waves, it should be trapped by the lattice at some momentin time.This concept has been proven to be very successful. Qualitatively its predic-tions indeed take place. Quantitatively we have to take into account the kinkinteraction with the plane waves, in order to obtain radiation. This can be stilldone up to some degree analytically, and we think it is possible to say that thePeierls-Nabarro concept is an e�ective way to reduce the problem of handlingthe in�nite-dimensional phase space 
ow to a �nite-dimensional one. Note thatthe concept works however only in systems which allow for static kinks - noth-ing similar has been done e.g. for FPU chains lacking static kink solutions butallowing for exact moving kinks!The success of this approach is based on the fact that we can reduce theproblem of the Peierls-Nabarro barrier to the energy di�erence of certain ex-trema of a potential function. Indeed, if we consider a local minimum of sucha function, then we need to �nd the lowest-lying saddle in order to escape. Nomatter what we do, if the additional energy supply to the local minimum stateis lower than the di�erence to the lowest lying saddle, we can not escape! Sothe EPN -value becomes a meaningful depinning energy which can be used e.g.in a statistical analysis.9.3 The movability separatrixIt is tempting to use the approach for lattice kinks as a description of movingbreathers. The ultimative goal would be the calculation of a depinning energy.Indeed some numerical indications for discrete breathers are quite reasonable inthat context - there exist seemingly always stable and unstable stationary DBsolutions, and moving breather-like objects radiate energy and eventually stop(are pinned by the lattice) etc [53],[18],[19].Such a task has been performed in [48],[132]. Discrete breather solutionswere parametrized (internal frequency and position on the lattice). A projec-tion of the phase space 
ow onto a low-dimensional subspace yielded indeedenergy values which have been coined Peierls-Nabarro energies, in analogy tomoving kinks. In the following we will have to extend the notion of a Peierls-Nabarro energy to a movability separatrix, which does not allow the de�nitionof a depinning energy in general. There is no depinning energy for discretebreathers.First of all we mention the numerical analysis of Bang and Peyrard [18].They have analysed the movability properties of discrete breathers. By consid-ering a multiple-scale expansion for the equations of motion up to third order68



(which is only useful for small amplitudes) moving breather solutions were ob-tained. Of course these solutions are approximative, so Bang and Peyrard usedthese approximative solutions as initial conditions for the true equations ofmotion. Their very extensive analysis showed that the projections of the phasespace 
ow done in [48] yielded quantitative discrepances of orders of magnitude.Let us now immediately answer the question: why is it impossible to intro-duce a depinning energy? The answer is: simply because the stationary discretebreather solutions we want to depin are not isolated - i.e. they come in one-parameter families. Suppose that we have a certain solution of this family ofsolutions which at some time t = 0 is given by a certain point P1 in the phasespace of the system. The energy of this point is E(P1). Now assume we cande�ne a depinning energy which has to be added to this solution in order todepin it from the lattice (to let it move). That means that we can add a certainperturbation of the initial conditions of the discrete breather such that the newpoint P2 in phase space will have a higher energy E(P2) > E(P1) and that thetrajectory which is de�ned by P2 corresponds to some moving breather-like ob-ject. Then we could always choose another stationary discrete breather solutionon the original one-parameter family with a di�erent energy. Since there existno upper bounds on energies of discrete breathers in general, this energy canbe larger than E(P2). Adding to this second discrete breather a perturbationwhich brings it right back to P2 we thus can depin a discrete breather by addingnegative energy! In fact it is clear that we can �nd any situation, in other wordswe are able to add or substract energy from a discrete breather and by choosingthe right perturbation depin it! Certainly this makes clear that the conceptof depinning energies does not make the least sense when applied to discretebreathers.In order to understand more we can follow a phenomenological approachwhich has been successfully tested in numerical experiments [90] To describe aperiodic elliptic (linearly stable) DB we need to introduce one degree of free-dom, which describes the one-parameter set of DB solutions. We will work inthe action-angle phase (J; �) space and name this degree of freedom J1. Itscorresponding frequency will be !1 = _�1 = @H=@J1. Here H denotes the fullHamiltonian of the lattice. We assume that there exists a certain transformationbetween the original variables (positions, momenta) and the actions and angles.This does not imply integrability of the system as well as it does not imply theinverse. Since the DB solutions are regular solutions (at least on moderate timescales) there is no need in introducing stochasticity (cf. [93] for details). Weassume that the DB solutions have a spatial symmetry. To excite a moving NLEwe have to excite an additional degree of freedom J3. Exciting J3 we destroythe spatial symmetry of the linearly stable DB. But since it is always possibleto perturb the DB conserving the symmetry, we have to include an additionalsymmetryconserving degree of freedom J2 into the consideration. Thus we endup with the simplest generic case of a Hamiltonian problem with three degrees69



of freedom: H = H(J1; J2; J3) ; !i = _�i = @H@Ji ; i = 1; 2; 3 : (9.1)According to our notation i = 3 labels the symmetrybreaking degree of freedom.If it is excited strongly enough we expect to hit a separatrix which separatesstationary DBs from moving ones. We will name this separatrix movabilityseparatrix. All three degrees of freedom are assumed to be of local character,especially they can be well de�ned in the reduced problem for the DB.Let us state the general condition for the movability separatrix we are look-ing for. Since on the movability separatrix a trajectory will for in�nite timesasymptotically reach a hyperbolic state (which is a linearly unstable DB mani-fold and its space-symmetric perturbations) the corresponding frequency of the3d degree of freedom !3 = @H@J3 = f(J1; J2; J3) (9.2)has to vanish on the movability separatrix i.e.,f(J1; J2; J3) = 0 ; (9.3)which implies an equation for a surface in the three-dimensional subspace of theactions (J1; J2; J3). We can always eliminate J2 using the expression for theenergy E = H(J1; J2; J3), so that (9.3) yields:f(J1; J2; J3) = ~f(E; J1; J3) = 0 : (9.4)From (9.4) it follows that there exists a critical value for J3 on the movabilityseparatrix: Js3 = g(J1; J2) = ~g(E; J1) : (9.5)The critical value Js3 depends both on E and J1. Only for nongeneric cases when~g is constant would we be able to introduce an extended notion of a depinningenergy by considering a subspace of relevant perturbations. However as shownin [90] this is not possible in general, and thus we have to accept that stationarylinearly stable discrete breathers, which come in one-parameter families and thusform two-dimensional manifolds in phase space, are separated by a movabilityseparatrix from possible moving solutions. The concept of a depinning energytherefore has no meaning.The existence of a movability separatrix implies that if we consider a tra-jectory which corresponds to breather-like moving object (at least over someperiod of time) then the presence of the separatrix will show up in a modulationof the time-dependence of the object if parametrized in some meaningful way.This modulation is due to the presence of the frequency !3 from above. It fol-lows that this frequency must be related to the periodicity of the lattice throughthe motion of the object. However we measure the averaged propagation of the70



object v where distance is measured in units of lattice spacing - it will be thusrelated to !3 through the relation !3 = 2�v. Sandusky, Page and Schmidt haveobserved precisely this relation by independently measuring v and !3 in carefulnumerical experiments (Figs. 7 and 8 in [161]).9.4 Breather-breather collisionsIn a series of numerical experiments Peyrard et al [53],[19],[96] have analyzedthe collisions between discrete breathers. Typically moving breather-like objectswere excited and the e�ects of many collisions studied. Because of our lackof understanding of moving solutions the approach to describe the observedphenomena in collisions is heuristic. It has been observed that the breatherssurvive collisions, but exchange energy. The energy exchange seems to dependon some phase di�erences (note that we have to introduce a parametrization ofmoving breathers, a rather delicate task). Eventually breathers which collectenough energy become too localized in space and trap on the lattice, stoppingtheir energy collection. This problem needs further clari�cation.9.5 Do moving breathers exist?We have still no answer to the question whether moving breathers exist. Byrequiring that after some traveling time a breather is exactly recovered at someother location in the lattice we would have to solve for di�erential equations withadvanced and retarded terms. Moving breathers would correspond to certainhomoclinic orbits of this equation.A recent work by Chen et al [43] attempts to create moving breathers byconsidering stable stationary breathers with a localized eigenstate of the corre-sponding Floquet matrix (orthogonal to the breather family). Perturbations inthe direction of the localized eigenstate will cross the movability separatrix asthe amplitude of the perturbation exceeds some critical value (this was alreadydiscussed in [90]). Chen et al �nd trajectories similar to moving breathers overlong periods of time.
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Chapter 10Plane wave bifurcations anddiscrete breathersSo far we did not pose the question: how are discrete breathers connected to theplane wave solutions of the linearized equations of motion? In fact there exists awell-known approach in the literature which is coined modulational instability.Originally this appoach was designed for the study of waves in continuous media- some older papers use also the term Benjamin-Feir instability instead [201].Within this approach a plane wave solution of the linearized equations of motionis continued into the weakly nonlinear regime. Small plane wave perturbations(of di�erent wave length) are then added and the stability of the perturbed waveis analyzed. This approach has been very helpful in connecting the instabilityof certain modulated plane waves with spatially localized solutions, which ex-ist because the nonlinearity of the system e�ectively prevents a dispersing ofthe object. Thus the stability study of plane waves can become crucial whenpredicting the existence of localized solutions without actually calculating thelatter.Modulational instability has been analyzed for lattices with respect to dis-crete breathers in a number of publications by Kivshar and Peyrard [128], Fly-tzanis, Pnevmatikos and Remoissenet [95], Tsurui [189] and Sanduski and Page[160].Here we will follow the approach described in [81], where the stability anal-ysis was performed for �nite systems. Strictly speaking we have to analyze thestability properties of a periodic orbit (plane wave). For that we have to lin-earize the phase space 
ow around the periodic orbit - just as we did for thediscrete breather. Then we have to �nd the eigenmodes and eigenfrequencies.Thus it is reasonable to perform a stability analysis of plane waves for a largebut �nite system. This will then lead to results which depend on the size ofthe system. The stability dependence on the size of the system is crucial when72



understanding properties of discrete breathers in di�erent lattice dimensions (cf.section 11)! Moreover in this case we can connect the instability of a plane wavewith a bifurcation of new periodic orbits - a connection hard to make for thein�nite system approach. Further we will be able to prove that the new bifur-cating periodic orbits can not be invariant under discrete translations along thelattice - as expected for discrete breather solutions!First we will argue why we have to consider band edge plane waves whenwe want to understand the connection to discrete breathers. Secondly we willreview the plane wave stability analysis for �nite systems and discuss its conse-quences for discrete breathers. Finally we will make some predictions.10.1 Why the band edge plane wave?If discrete breathers are connected to plane waves, we have to look for breathersolutions which are weakly localized on the lattice. This seems to happen onlywhen the frequency of the discrete breather is close to a band edge of the linearspectrum. That in turn implies that the amplitude of the breather center issmall. Consequently it appears to be logical to expect that discrete breatherperiodic orbits which belong to a family of solutions which contains weakly lo-calized small-amplitude DBs appear through bifurcations of band edge planewaves, i.e. plane wave periodic orbits which in the limit of small amplitudecorrespond to normal modes with frequencies at the edge of the linear spec-trum. Recall that there can be several band edges of the linear spectrum inprinciple. This follows from the fact that regardless from what periodic orbitsDBs bifurcate, once the frequency of the DB is close to the band edge of thelinear spectrum, the DB becomes by de�nition a weakly modulated band edgeplane wave, in other words its internal spatial symmetry will be very close tothe spatial symmetry (de�ned by the corresponding wave vector) of the bandedge plane wave. Consequently we can rule out, that a DB family might bi-furcate from any other plane wave but the band edge plane wave. But then itfollows that the frequency (period) of the DB close to the bifurcation is veryclose to the frequency (period) of the band edge plane wave, i.e. the bifurcationis expected to be a tangent one! By that we mean that the Floquet multipliersof the linearized stability analysis of the band edge plane wave have to collideat +1 on the unit circle! With these statements in mind we will then performthe Floquet analysis of the band edge plane wave.Before we proceed we mention another possibility of DB occurence whichhas not yet been studied. The concept of the nanopteron (a breather-like objectwith some resonances of multiples of its frequency with the linear spectrum)allows for cases when DBs occur through analytical continuation of nanopterons.Consider a linear spectrum which has two gaps at least. Number the gaps 1; 2with increasing frequency values. Then a breather can exist with 
b in gap1, a second harmonic in gap 2, and the rest of the harmonics above the linear73



spectrum. It is also possible to choose the linear spectrum such, that eitherlowering or increasing 
b will lead to a resonance of 2
b with the linear spectrum�rst. When lowering 
b the second harmonic 2
b touches the upper band edgeof the linear spectrum located between gaps 1 and 2, and increasing 
b yields a�rst touch of 2
b with the lower band edge of the linear spectrum band locatedabove gap 2. Then in both cases we can expect the DB to become a nanopteron.Consequently this DB family will never make contact with a plane wave. Thusfor complicated linear spectra the existence of some families of DB solutionsmight be not connected to the stability of band edge plane waves at all!10.2 Tangent bifurcations of band edge planewavesConsider system (3.1) for a �nite size N of the lattice. We assume periodicboundary conditions ul = ul+N ; _ul = _ul+N :Then system (3.1) exhibits permutational symmetry. The permutational oper-ator P̂ is de�ned byP̂ g(u1; u2; :::; uN ; _u1; _u2; :::; _uN ) = g(u2; u3; :::; uN ; u1; _u2; _u3; :::; _uN ; _u1) :(10.1)Clearly P̂N = 1̂ and P̂H = H .Let us introduce normal coordinatesQq = 1N NXl=1 eiqlul : (10.2)The wave number q can take any of the valuesq = 2�N n ; n = 0; 1; 2; :::; (N � 1) :The inverse transform of (10.2) is given byul =Xq e�iqlQq : (10.3)The equations of motion for the normal coordinates Qq read�Qq = 1N NXl=1 eiql�ul = � 1N NXl=1 eiql @H@ul : (10.4)
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Using (3.1) and (3.2),(3.3) we obtain the following lengthy expression�Qq = �
2qQq � 1X�=3 v� Xq1;q2;:::;q��2 "��2Y�=1Qq�#Qq�P��2�=1 q� �� NXl=1 eiql 1X�=3 �� 2648<:Xq0 (1� eiq0)e�iq0lQq09=;��1 �8<:Xq" (e�iq" � 1)e�iq"lQq"9=;��1375 :(10.5)Here 
q abbrevates the eigenfrequencies of the linearized (in Qq) equations ofmotion and is given by the dispersion relation
2q = v2 + 4�2sin2 �q2� : (10.6)Let us give the solutions for two periodic orbits of the considered lattice, whichcorrespond to the band edge plane waves (q = 0 and qN=2 = �) in the limit ofsmall energies: I : Qq 6=0 = 0 ; �Qq=0 = � 1X�=2 v�Q��1q=0 ; (10.7)II : Qq 6=� = 0 ; �QqN=2 = � 1X�=2;4;6;::: �v�Q��1qN=2 : (10.8)The paramter �v� is given by �v� = v� + 2��� :In case II we have to demand II : v2m+1 = 0in order to be able to continue the upper band edge plane wave to �nite energiesin the given form. The terms �2m+1 can be in general nonzero, but they simplydo not contribute to (10.8) because of the odd symmetry of the upper bandedge plane wave [160].10.2.1 Tangent bifurcation of orbit ILet us consider a small perturbation f�qg of the periodic orbit IQq ! Qq + �q :Linearizing the equations of motion for the perturbation we obtain��q = �!2q�q � 1X�=3(�� 1)v�Q��2q=0 �q : (10.9)75



For q = 0 equation (10.9) describes the continuation of the periodic orbit itself.All other perturbations do not couple with each other, so that we can consider(10.9) for each value of q separately. If we increase the energy of the periodicorbit EI = 12 _Q2q=0 + V (Qq=0) (10.10)then the �rst tangent bifurcation will occur if q = q1 = 2�=N is choosen in equa-tion (10.9). This is so because the associated linear mode frequency is the closestto the band edge frequency. Here the tangent bifurcation implies a collision oftwo Floquet multipliers at +1. The accounting of the bifurcation is nothing buta calculation of Arnold tongues in the theory of parametric resonance [12]. Theexplicit calculation can be done in perturbation theory. Perturbation theorycan be applied only if the resulting bifurcation amplitudes or related variables(EI ) are small. The reader will �nd all details in [81]. For large values of N wehave 
2q1 = v2 + 4�2 �2N2and consequently obtain (see [81] for a detailed evaluation) the following bifur-cation energy EcI : i) : �2 = 0 ; EcI arbitrary ; (10.11)ii) : EcI = 1N2 12�2v22�210v23 � 9v2v4 : (10.12)Solution ii) is correct for large system sizes, because in the limit of large N thecritical amplitude of the band edge plane wave is inverse proportional to N , andthus the application of perturbation theory is justi�ed. Since we have to requirepositive values for EcI and �2 tangent bifurcation can take place only ifv4v2 � 109 v23v22 : (10.13)Condition (10.13) is equivalent to the condition, that the frequency of the lowerband edge plane wave decreases with increasing energy. In other words, thesu�cient condition for a tangent bifurcation of the lower band edge plane waveis the repelling of its frequency from the linear spectrum (10.6) with increasingenergy.The energyEI is on the scale of total energy per particle (cf. (3.1),(10.2),(10.10)).Consequently the amplitude threshold of the tangent bifurcation decreases asN�1 for the individual ul amplitudes. In the limit N ! 1 the threshold goesto zero.
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10.2.2 Tangent bifurcation for orbit IIWe again derive the linearized equations for the perturbation �q:��qa;b = �!2qa;b�qa;b 1X�=4;6;:::(�� 1)��v�;qa;bQ��2qN=2�qa;b�i 1X�=3;5;:::(�� 1)����;qb;aQ��2qN=2�qb;a : (10.14)Here we have used the following notations:��v�;qa;b = v� + sin2(qa;b2 )2��� ; (10.15)����;qa;b = �sin(qa;b)2��� : (10.16)The two wave numbers qa;b are related to each other byqb = qa � � mod2� : (10.17)In contrast to the previous case we have a coupling between a pair of normalcoordinates (10.17) in (10.14). Notice that the coupling term is given by thesecond sum on the right hand side of (10.14) and is zero if �2m+1 = 0. Alsothis coupling term is proportional to i, which causes a mixing of real and imag-inary parts of the perturbations. Interestingly for the pair qa = �; qb = 0 weobtain again no coupling, because (10.16) vanishes for both wavenumbers. Con-sequently for q = � (10.14) describes the continuation of the periodic orbitII.10.2.3 The case �2m+1 = 0If we assume �2m+1 = 0 then the equations for the perturbations �qa;b decouple.In analogy to the case of orbit I we have the �rst tangent bifurcation of orbitII if we consider the perturbation q = �(1� 2=N). Consequently we obtain forthe bifurcation energy EcIIi) : �2 = 0 ; EcII arbitrary ; (10.18)ii) : EcII = 1N2 v2 + 4�23(v4 + 16�4)4�2�2 : (10.19)Again we observe that a bifurcation will take place only if �v� is positive, i.e.only if the frequency of the periodic orbit II is repelled from the linear spectrumwith increasing energy. 77



10.2.4 The case �2m+1 6= 0Now the coupling between two perturbations has to be taken into account. Onecould expect that in the limit of largeN the coupling between qa and qb vanishes.That is indeed so if we require v2 6= 0 (linear spectrum is optical-like) but turnsout to be wrong for the case v2 = 0 (linear spectrum is acoustic-like). Thedetails of these subtleties are given in [81]. Here we proceed to the �nal resultfor the tangent bifurcation energy EcII :i) : EcII = 12�23 (v2 + 4�2)��2 + 316v2��2 ; (10.20)ii) :EcII = ( 4�2N2 v2+4�23(v4+16�4)�2 v2 6= 016�2N2 �323�2(v4+16�4)�64�23 v2 = 0 : (10.21)As we can see solution i) (10.20) is always positive (since �2 > 0 and v2 � 0)but is not dependent on N . Since we applied perturbation theory, (10.20)is correct only in the limit of small energies. For larger energies correctionsapply. Solution ii) (10.21) is the one which gives arbitrarily small bifurcationenergies for su�ciently large N . Since �3 does not enter the energy dependenceof periodic orbit II, we then again obtain as the necessary condition for theexistence of the bifurcation, that the frequency of the upper band edge planewave has to be repelled from the linear spectrum with increasing energy. For theoptical-like spectrum case v2 6= 0 this is again a su�cient condition. Howeverfor the case v2 = 0 a more restrictive condition is obtained by demanding3�2(v4 + 16�4) � 64�23 : (10.22)Consequently for an acoustic spectrum case the condition - that the band edgeplane wave frequency is repelled from the linear spectrum with increasing am-plitude - is only necessary but not su�cient for a tangent bifurcation to occur.It is interesting to note that condition (10.22) has been obtained with the helpof multiple scale expansions already in 1972 by Tsurui [189] and more recentlyby Flytzanis, Pnevmatikos and Remoissenet [95] for systems with v� = 0.10.2.5 Symmetry breakingAt the bifurcation of the plane wave new periodic orbits occur. Because thebifurcation is tangent, the new orbits have the same period as the plane waveorbit (at the bifurcation point). Any periodic orbit is a closed loop in the phasespace of the system. Consequently the new bifurcating orbits can be obtained bydeformations of the loop corresponding to the plane wave orbit at the bifurca-tion. Flach has proven [81] that there is no possibility to simultanously deformthe plane wave loop and to keep its invariance with respect to the permutations(10.1). Consequently there are at least N families of periodic orbits bifurcating78



from the plane wave orbits at a tangent bifurcation. The spatial structure ofthese orbits corresponds to exactly the spatial structure of a discrete breather[81].10.3 Let us predict!What follows from the stability analysis of band edge plane waves? First, ifa band edge plane wave undergoes a tangent bifurcation, new periodic orbitsbifurcate which i) are not invariant under discrete translations, ii) have a spatialshape of one discrete breather. Second, we know that for systems given by (3.1)and an optical-like spectrum (v2 6= 0) the repelling of the band edge plane wavefrequency with increasing amplitude is a su�cient condition for the tangentbifurcation to occur! For acoustic-like spectra v2 = 0 the repelling condition isnecessary but not su�cient.That enables us to predict the existence of discrete breathers - without ac-tually �nding the solutions. A well-studied example is the FPU lattice in onedimension (acoustic linear spectrum). If we choose �4 > 0 and increase j�3jstarting from zero, we will loose breathers which bifurcate from the upper bandedge plane wave - exactly when (10.22) is violated. That has been demonstratedby Sanduski and Page by performing careful numerical experiments [160]. An-other prediction: there exist no discrete breathers in a Toda chain (this is anintegrable system with nearest neighbour interaction �(z) = (e�z + z � 1) andwithout on-site potentials V (z) = 0 [186], thus the linear spectrum is acous-tic). Indeed, expanding the Toda interaction �(z) we obtain v� = 0, �2 = 1,�3 = �1=2, �4 = 1=6. Consequently (10.22) is violated. Indeed numericale�orts to obtain discrete breathers in a Toda lattice have been fruitless [121],[9].If we consider a system with an optical-like spectrum, we see that the re-pelling of the plane wave frequency from the linear spectrum with increasingamplitude is su�cient. Consider now a narrow linear spectrum. Then in gen-eral (note that exceptions apply) either both band edge plane wave frequenciesare increasing with increasing amplitude, or they are decreasing. Thus usuallyone of the band edge plane waves will full�ll the repelling criterion and one willnot. The plane wave which ful�lls the repelling criterion thus gives rise to dis-crete breathers! We obtain another way of understanding the existence proof ofMacKay and Aubry [140] where the antiintegrability limit was nothing else butthe limit of a narrow optical-like linear spectrum! Further we can predict thatwhen the Toda lattice is modi�ed by e.g. alternating heavy and light masses,one changes the linear spectrum and obtains in addition to the acoustic band anoptical band. Then discrete breathers should exist which bifurcate from one ofthe edges of the optical band. Indeed numerical simulations have demonstratedthe existence of discrete breathers in the Toda lattice with alternating masses!79



Chapter 11Lattice dimension e�ectsIn the �rst part of this section we will give some general remarks on dimensione�ects on discrete breathers. In a second part we will discuss recent resultsby Flach, Kladko and MacKay [84], who show a profound e�ect of the lat-tice dimension on energy properties of DBs. Namely energies of DBs in two-and three-dimensional lattices have nonzero lower bounds. In contrast one-dimensional lattices can allow for DBs with arbitrary small energy values.11.1 General remarksAs it follows from the preceeding analysis the existence of discrete breathers isnot crucially related to the dimension of the lattice. Thus we are dealing withlocalized excitations which can exist e.g. in one-, two- and three-dimensionallattices. Consequently the dimension of the lattice can have only an e�ect onthe properties of discrete breathers, but apparently not on their existence.As we discussed in section 4 the dimension can a�ect the spatial decay ofbreathers which bifurcate from acoustic band edge plane waves. This happensif the system does not possess a symmetry H(x) = H(�x), because in that caseeven Fourier number components are excited in the breather solution. The dccomponent will then resonate with the lower band edge of the acoustic band ofthe linear spectrum. As we conjectured, the spatial decay of the dc componentwill be then alebraic instead of exponential. The power of the algebraic decaywill depend on the lattice dimension.11.2 Energy thresholds for discrete breathersThe tangent bifurcation analysis of band edge plane waves in section 10 hasbeen done for �nite one-dimensional lattices. The analysis can be carried out inhigher dimensional lattices [81]. For convenience assume that we are discussing a80



d-dimensional hypercubic lattice with periodic boundary conditions and a totalnumber of sites N . Then the critical amplitude of the band edge plane wave atthe bifurcation is given by Qq � N�1=d ; (11.1)i.e. the critical amplitude is inverse proportional to the linear size of the system.This happens because the distance between the eigenvalues of the linear spec-trum at a band edge are inverse proportional to the squared linear size of thesystem [81]. Let us assume that the energy of a solution is essentially quadraticin the amplitudes for small amplitudes. It follows for the critical energy of theplane wave at the bifurcation point [81]E � N1�2=d : (11.2)Note that this energy is not to be confused with the one-particle energies Ec(or energy densities) from section 10. The energy of the bifurcating new peri-odic orbits have to be the same as (11.2) at the bifurcation. Result (11.2) issurprising, since it predicts that the energy of a discrete breather for small am-plitudes should diverge for an in�nite lattice for d = 3 and stay �nite (nonzero)for d = 2, whereas for d = 1 the discrete breather energy will tend to zero (asinitially expected) in the limit of small amplitudes and large system size. Be-cause the energy of a discrete breather can not be zero for nonzero amplitudes ofthe breather center, it follows that DB energies have nonzero lower bounds fortwo- and three-dimensional lattices. That �nding can be extremely importantfor any experimental application.Let us estimate the discrete breather energy in the limit of small amplitudesand compare the result with (11.2). Denote the largest amplitude of a given DBby A0 where we de�ne that the site l = 0 is the one with the largest amplitude.Then the amplitudes away from the breather center will decay in space accordingto an exponential law Al � A0e��jlj. To estimate the dependence of the spatialdecay exponent � on the frequency of the time-periodic motion 
b (which is closeto the edge of the linear spectrum) it is enough to consider the dependence of afrequency of the linear spectrum 
q on the wave vector q when being close tothe edge. Generically this dependence is quadratic 
E �
q � jq � qE j2 where
E 6= 0 marks the frequency of the edge of the linear spectrum and qE is thecorresponding edge wave vector. Then analytical continuation of (q � qE) toi(q � qE) yields a quadratic dependence j
b � 
E j � �2. Finally we need toknow how the detuning of the breather frequency from the edge of the linearspectrum j
b � 
E j depends on the small breather amplitude. This is doneusing perturbation theory for weakly nonlinear oscillators [146]. For that weneed to know the exponent (�� 1) of the �rst nonlinear term in the equation ofmotion for the band edge plane wave for small amplitudes (see (10.7) and (10.8)as an example). Note that we slightly changed the de�nition of � as comparedto [84]. Depending on � we obtain j
b �
E j � Az0 where z = �� 2 for even �and z = 2�� 4 for odd �. 81



Now we are able to calculate the energy of the discrete breather replacingthe sum over the lattice sites by an integralEb � A20 Z rd�1e��rdr � A(4�zd)=20 : (11.3)We �nd that if d > dc = 4=z the breather energy diverges for small amplitudes,if d = dc the DB energy stays �nite and nonzero for small breather amplitudes,and for d < dc the DB energy tends to zero for small amplitudes. The tangentbifurcation analysis was performed using � = 3; 4. Inserting � = 3; 4 we obtaindc = 2 which is in accord with the exact results on the plane wave stability [81].An immediate consequence is that if d � dc the energy of a breather cannot be zero, i.e. there is a nonzero lower bound for DB energies. This happensbecause for any �nite amplitude the breather energy can not be zero. We obtainan energy threshold for the creation of discrete breathers for d � dc. This newenergy scale is set by combinations of the expansion coe�cients in (3.1).Another consequence is that for d � 2 the energy threshold of DBs is alwaysnonzero, independent of the value of � (note that by de�nition � � 3). A one-dimensional system can have nonzero lower energy bounds for DBs only if � � 5(see Fig. 11.1).
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Figure 11.1: Breather energy versus maximum amplitude for the DNLS systemin one lattice dimension and for three di�erent exponents � = 3; 5; 7 (solid lines).The system size is N = 100 and the parameter C = 0:1.Numerical calculations of discrete breathers have been performed in [84] inorder to test these results. Discrete breathers were numerically continued start-ing from large energy breathers which were strongly localized. The method82



chosen was the steepest descent method, using phase space variables. The di-mension of the lattice was d = 1; 2; 3. A typical size for a three-dimensionallattice was 30� 30� 30. Details can be found in [84]. In Fig. 11.2 we show the
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Figure 11.2: Breather energy versus maximum amplitude for the discrete non-linear Schr�odinger system in one, two and three lattice dimensions (cf. text).Parameters C = 0:1 and � = 4 for all cases. System sizes: d=1 - N=100; d=2- N=252; d=3 - N=313.The estimated points (A;E) of bifurcation of the band edge plane wave are:d = 1 - (0.014;0.024); d = 2 - (0.064;5.53); d = 3 - (0.097; 237).dependence of the DB energy on the DB amplitude for a DNLS system with� = 4. Clearly the energy thresholds are observed. Other Hamiltonians havebeen also successfully tested. The analysis of the DB solution which correspondsto a minimum of energy shows that these breathers are still strongly localizedon a few lattice sites [84].The existence of a minimum of the energy on the one-parameter family ofDB solutions has further consequences. It immediately follows that at the mini-mum energy solution a saddle-node bifurcation appears, which is responsible forthe fact that no DB solutions exist below the threshold energy. Consequentlyeither DB solutions with smaller or larger amplitudes have to be dynamicallyunstable! Since in the case of a nonzero energy threshold the DB solutions in-crease in energy as the amplitude is decreased, a similar analysis of the tangentbifurcation of the band edge plane wave leads to the conclusion that the DBbranch with smaller amplitudes is dynamically unstable, whereas the one withlarger amplitudes (with respect to the amplitude which extremizes the DB en-83



ergy) will be dynamically stable. These conclusions support also the fact thatthe steepest descent method is insensitive against instabilities of DB solutions.As already mentioned, the spatial decay of the breather is essentially gov-erned by the phonon dispersion at the band edges. In order to obtain energythresholds for breathers, exponential decay in space is needed, with exponentsdepending on the breather parameter. Thus the results from 11 can be extendedto systems with nonlocal interactions, provided the quadratic dispersion at theband edges holds.
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Chapter 12Discrete symmetriesIn this section we will discuss the relation between discrete breathers and dis-crete symmetries of the equations of motion. We will not discuss continuoussymmetries because the only continuous symmetry in the case of (2.1) is thesymmetry with respect to shifts in time, i.e. any solution Xl(t) will generateanother solution Xl(t + a). For convenience and practical purpose we considerHamiltonian problems, which usually imply that the trajectories in phase spacede�ned by Xl(t) and Xl(t + a) are identical, i.e. t ! (t + a) corresponds to ashift along the trajectory. Note that this is not the case for e.g. damped equa-tions of motion (then the equations still have the continuous symmetry, but thetrajectories in phase space are not invariant).Then the only symmetries we are left with are discrete symmetry opera-tions. E.g. (3.1) is invariant under time reversal t ! �t. Another importantdiscrete symmetry is the discrete translational symmetry. In addition we canhave optional symmetries due to the lattice properties and a parity symmetry(displacement reversal) un ! �un for all n (the last one happens in (3.1) if�� = v� = 0 for all odd �). All these symmetries imply that when the cor-responding symmetry operation is applied to a given solution, a new solutionof the equations of motion is obtained. Each symmetry can be represented asa function acting on the phase space of the system. These functions map thephase space into itself. The relevant question is then, whether a given trajec-tory in phase space is invariant if the symmetry function is applied, or not.For a trajectory to be invariant means that all points of the trajectory whentransformed according to the symmetry function are again points on the sametrajectory.Note that since we are solving nonlinear equations in the phase space vari-ables, the invariance of a trajectory under a symmetry operation is not grantedat all. This is di�erent from linear equations which yield eigenvalue problems.Then the corresponding eigenvectors will always re
ect the symmetry of theequations (of the matrix). Exceptions can occur when there are degeneracies85



(e.g. traveling wave solutions cos(i(kn � !t)) of a linear lattice with periodicboundary conditions are not invariant under time reversal: this is due to de-generacies with respect to �k, which allows for symmetric and antisymmetricstanding waves (invariant under time reversal) and travelling waves with �k(not invariant under time reversal).Discrete breathers correspond to trajectories in phase space which are notinvariant under discrete translations along the lattice. Consequently we cangenerate new discrete breather solutions by applying discrete translations. TheFourier coe�cients Akl describing the solution are required to full�llAkl = A��k;l ; (12.1)were A� denotes the complex conjugate of A. In general the solutions do nothave to be invariant under time reversal. MacKay and Aubry apply the existenceproof of DBs however to DB solutions which are invariant under time reversal(in the case when the equations are invariant). Also all practical calculationsperformed so far have actually been dealing with DB solutions invariant undertime reversal. This implies in addition to (12.1), that for solutions invariantunder time reversal there exists an origin of time such thatAkl = A�k;l ; (12.2)i.e. that all Fourier coe�cients are real.Another restriction on the Fourier coe�cients is obtained, if the equationsare invariant under displacement reversal, and if we look for solutions which arealso invariant under displacement reversal. Then it follows thatAkl = 0 ; k = 0; 2; 4; 6; ::: : (12.3)This can help to reduce computation time for �nding numerical DB solutions.The same applies to lattice re
ection symmetries. However one should bear inmind that in principle DB solutions can lack these discrete symmetries, just asthey lack the discrete translational symmetry!Let us mention some related results. First MacKay and Aubry [140] explainthat DB solutions in the antiintegrable limit can be obtained for i) systems with-out discrete translational symmetry (disorder); ii) Hamiltonian systems withouttime reversibility. Further the existence of phase-locked DB solutions systemswith damping and time-periodic driving will be brie
y discussed in section 19.These DB solutions are obtained for systems which are not invariant undertime reversal and even under continuous time translations (the continuous timetranslation is replaced by a discrete one)!If one is looking for moving breather solutions, then the solutions can notbe invariant under time reversal. It could thus be that exact moving breathersolutions can occur through bifurcations from plane waves which are not bandedge plane waves (this is so because typically band edge plane waves are not86



degenerate in the linearized equations, and thus band edge plane waves keepthe time reversibility of the system).As a result we can conclude that discrete breather solutions are not onlyquite robust under system perturbations which leave the systems symmetriesunchanged, but discrete breathers apparently are quite common among systemswith di�erent symmetry properties.
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Chapter 13A conceptual approachVery often one is dealing with a rather complicated system (as a crystal withseveral atoms per unit cell), so that it appears to be rather complicated to checknumerically whether discrete breathers exist. It amounts to taking into accounte.g. about ten degrees of freedom per unit cell (this number can easily increaseto twenty!). Solving then for spatially localized oscillations can become a veryhard numerical task. It is then important to have a conceptual approach ofanalyzing the system without actually solving for DBs. As a result we want tobe able to predict the existence of discrete breathers.This can be accomplished using the fact that DB solutions bifurcate fromband edge plane waves. In the following we will explain this approach.First one has to solve the linearized equations of motion - still a complicatedtask. This has been done using either numerical diagonalizations, but one canalso use results of scattering experiments (usually neutron scattering, but thatis up to the experimental setup). We then know the linear spectrum of thesystem.The linear spectrum has to be analyzed in order to �nd all allowed fre-quency regions for potential discrete breather solutions by taking into accountthe nonresonance condition of all harmonics of a DB with respect to the linearspectrum.After accomplishing that task, we should try to �nd narrow optical bandsin the linear spectrum, whose surrounding forbidden frequency regions belongto the allowed frequency range of a discrete breather. Call these bands selectedoptical bands. Here narrow implies that the width of those bands is smallerthan their absolute position on the frequency axis.Now we have to make some estimate on the nonlinearities in the system.Especially we need nonlinearities in the normal mode variables of the linearizedsystem which correspond to the band edges of the selected optical bands. Weneed only a perturbative treatment of the nonlinear part which is valid for smallamplitudes. 88



Next we have to calculate the change of the frequency of the band edge nor-mal modes of the selected optical bands in perturbation theory with increasingamplitude. We have to select the band edges whose plane wave frequencies arerepelled from the selected optical band with increasing amplitude.Now we can expect that discrete breathers exist with frequencies in thegaps of the linear spectrum which touch the selected band edges of the selectedoptical bands. The spatial symmetries of these breathers should correspond tothe eigenvectors of the normal modes of the selected band edges.We should take into account that for two-dimensional systems (e.g. surfaces)or three-dimensional systems these discrete breathers will have nonzero lowerenergy thresholds.
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Chapter 14Plane wave scattering bydiscrete breathersIn this section we will discuss results on the scattering of plane waves by discretebreathers. There are only few results known, and certainly there remains muchto be done in this �eld. First we will discuss small amplitude lattice planewave scattering. This problem is closely tied to the dynamical stability analysisof DBs. Some numerical results can be found in [91]. Recent results havebeen provided by Cretegny et al [49]. In a second approach we will discussthe scattering of electrons by discrete breathers (here the discrete breather isa localized vibration of a crystal lattice which is interacting with electrons).Details can be found in [83].Conceptually these two cases can be separated with respect to their planewave frequencies. In the �rst case (phonons scattered by discrete breathers) thetime scale de�ned by the plane wave excitations is of the same order as the timescale of the DB dynamics. In the second case (electron scattering) the timescale of the electronic plane wave is orders of magnitude shorter than the timescale of the breather dynamics. These di�erences are crucial for the conceptsused.14.1 Phonon scatteringWe use the term phonon here only to stress that the plane waves consideredhere are small perturbations of the discrete breather solution itself. These planewaves are connected to the eigenmodes of the linear stability analysis of a DB.Not much is known about phonon scattering, neither numerically nor analyt-ically. Up to now the only published results on this topic are for one-dimensionallattices of the type (3.1), which occured in Ref. [91] where a numerical analysisof the transmission of small-amplitude plane waves was performed. The full90



equations of motion were used in this analysis. The discrete breather solutionwas obtained with precision 10�4 in the amplitudes, which limited the obser-vation to transmitted wave amplitudes of the same amplitude. On the otherhand the incident plane wave had to have a small enough amplitude in order toavoid nonlinear e�ects in its propagation besides the interaction with the dis-crete breather. In particular the superposition should still hold approximately.Thus the incident wave amplitudes were 10�2. That de�ned a lower observationthreshold on the transmission coe�cient T � 0:01.The study was performed for di�erent wave numbers of the incident wave.Re
ection and transmission were measured. Re
ection was observed due toan increase in the energy density on the incident side of the DB, whereas thetransmission coe�cient was smaller than 1. The scanned wavenumber intervalwas 0:1� < q < 0:9�. The results showed that the transmitted wave intensitywas modulated in time (see Fig. 14.1). However this modulation could not
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Figure 14.1: Discrete energy density distribution versus lattice site l of a phononscattering experiment after a waiting time of 12000. The incident phonon wave(from left) has energy density el = 10�4 and wave number q = 0:2�. Thebreather is positioned at l = 1500. Since the transmitted part is weak, there
ected wave combines with the incoming wave into a standing wave withwavelength �=2 = 5. The transmitted wave (right part) shows periodic intensitymodulations. Since the group velocity is about 0.04 sites per unit of time, thefrequency of the modulation can be estimated to be � 0:023.be easily related to the internal dynamics of the breather. The amplitude ofthese modulations was of the order of the averaged transmission itself. The91



time period of these modulations is of the order of 20 breather periods, moreprecisely about 280 time units of (3.1)!The most important result of this study was the exponential decay of thesquared transmission coe�cient with increasing wavenumber as shown in Fig. 14.2(triangles). Note that the �lled circles represent the time-averaged transmitted
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Figure 14.2: The squared absolute value of the transmission coe�cient jtj2 asa function of wave number q of the infalling phonon wave. The value q = �corresponds to the Brillouin zone boundary. The �lled circles are the results ofnumerical experiments (example in Fig. 14.1). Since the transmitted intensityvaries in time, the �lled circles represent the time-averaged intensity. The solidline is the result of the scattering calculation of the linearized phase space 
owaround the discrete breather by Cretegny et al (see text).intensity, and the exponential decay in q is observed only for the q-region stud-ied. Thus discrete breathers appear to strongly re
ect phonon plane waves,which can be of importance whenever we consider heat 
ow. The re
ectivityproperties are strongly wavenumber dependent.Further numerical and analytical results have to be obtained. There areseveral important aspects to be clari�ed - the in
uence of lattice dimensions,discrete breather properties and of the plane wave wave vector on the scattering.In the following we will present some recent results by Cretegny et al whichappear to be very stimulating for further studies.The idea is to derive the scattering result from the linear stability analysisof a discrete breather. Indeed if we solve the Floquet problem of the linearstability analysis of a discrete breather, we know the eigenvectors of the spatially92



extended states. We could then combine these eigenvectors in order to obtaina scattering setup - an incident and re
ected waves on one side of the obstacle(here the DB) and a pure transmitted wave on the other side. However in orderto do so it requires that the eigenvalues of the two eigenvectors are exactly equal.This poses a problem for �nite systems, as the discussion in the following shows.Recall that the linear stability analysis is de�ned by equation (8.1), whichis a set of coupled linear di�erential equations for the small perturbations �l,where the coe�cients of the equations are functions of the breather solution,and thus time-periodic. The corresponding Floquet map (8.4) de�nes the eigen-value problem. Since the Floquet map operates on the phase space, the spacedimension is 2N where N is the total number of degrees of freedom. Because ofthe symplectic structure of the map there are at most N independent Floquetmultipliers. Consider now the case that no breather is excited. Still we cansolve the Floquet eigenvalue problem. Assume periodic boundary conditions(PBC). Then the Floquet multipliers are double degenerate. This happens be-cause of the familiar degeneracy of eigenvalues for running waves with oppositewave numbers. The degeneracies are a consequence of the nonabelian groupformed by the discrete translational symmetry (a result of periodic boundaryconditions) and the re
ection symmetry around any lattice site [137]. Note thatwe can avoid these degeneracies by imposing �xed or free boundary conditions.The PBC are attractive because we want to study travelling waves. Howeverfor any �nite system the scattering problem is not de�ned regardless of theboundary conditions.If we have a breather solution, equation (8.1) is not translationally invariantanymore, even for PBC. As a consequence we are left with an abelian groupof re
ection symmetry around the center of the DB, which causes all degenera-cies in the Floquet spectrum to be removed [137]. All Floquet eigenstates arenow strictly symmetric or anti-symmetric with respect to the re
ection opera-tion. There exists no pair of symmetric and anti-symmetric eigenstates with thesame eigenvalues. This holds for any �nite system regardless of the boundaryconditions.Far away from the breather location any extended Floquet eigenstate willhave the structure of the extended eigenstates of the Floquet map without a DB.Thus for PBC the true eigenstates far away from the breather can be representedschematically as (ajq+ > +bjq� >), where jq� > denotes a running wave withwave vector �q. Note that these running wave vectors are not eigenvectors ofthe Floquet map without a DB solution, because the eigenvalues will not match.The wave number q is determined from the dispersion relation for the in�nitesystem without a DB solution. The corresponding frequency !(q) is determinedfrom the numerically obtained Floquet phase �:� = !Tb + 2�m ; (14.1)93



where Tb is the DB period and m is any integer. The resulting frequencies! = �Tb �m2�Tb (14.2)have to belong to the linear spectrum !(q). In general this allows for severalvalues !q . However we know that the DB frequency and all its multiples haveto be outside the linear spectrum. This limits the number of allowed q-values.If we can �nd another eigenvector of the Floquet map with the same eigen-value, we can combine both in an appropriate way to obtain the scattering setupas described above. That is impossible for any �nite system because there areno degeneracies left once the DB solution is assumed to exist. What happensin the limit of a large system size N ! 1? Suppose the DB solution is itselfsymmetric ( or anti-symmetric). Then the anti-symmetric (symmetric) Flo-quet eigenstates will be unchanged as compared to the Floquet map withouta breather! Consequently the eigenvalues of the anti-symmetric (symmetric)eigenstates did not change either. Thus we have to study the N -dependenceof the symmetric (anti-symmetric) eigenstates in the presence of the breather.The changes of these eigenstates due to the breather presence give the valuesfor the eigenvalue splittings due to the lifting of the degeneracies.We can obtain an upper estimate for the splittings. The splittings can notbecome larger than the averaged spacing, since the spectrum of each subgroup(symmetric and anti-symmetric) is con�ned by the band edges of the linearspectrum and crossings within each subgroup are not allowed in general. Theaveraged spacing is of the order 1=N in the middle of the linear spectrum anddecreases to 1=N2 and the band edges. Consequently the splittings decreasewith increasing system size. In the limit N !1 we can �nd degeneracies andthus construct a scattering case. If (14.2) is ful�lled for more than one frequency!(q) then scattering involves several wave numbers.Cretegny has calculated the transmission coe�cient of the case in Fig. 14.2(solid line). Qualitative and partially quantitative agreement with the numericalsimulation of the full system is found. Moreover a decrease of the transmissioncoe�cient at small wave numbers is predicted (this is in analogy to the scatteringby a single defect in a linear system, for details see Economou [64]). Howeverthis linear approach is not capable of explaining the observed modulations (seeabove). These modulations appear for (14.2) having exactly one solution !q.Also �nite-size e�ects can be ruled out. Splittings in the Floquet spectrum willcause some modulations, but the amplitudes should be small, and the estimatedmodulation period is three orders of magnitude larger than the observed one!Apparently there is still a lot to understand in the scattering problem. Also thesolid line in Fig. 14.2 indicates that total re
ection is possible for wave numbersq � 2:1. However the numerical experiment (�lled circles in Fig. 14.2) do notindicate any total re
ection. 94



14.2 Electron scatteringIf a discrete breather is excited in a crystal lattice, we obtain a localized crys-tal lattice vibration. Often lattice vibrations couple to electronic degrees offreedom. From a mathematical point of view the adding of electronic degreesof freedom corresponds to additional degrees of freedom with eigenfrequenciesorders of magnitude larger than the eigenfrequencies of lattice vibrations. Thisis di�erent from the interaction of a breather with a lattice plane wave (seepreceeding subsection).Let us consider a classical nonlinear lattice which allows for breather so-lutions. Generally the excitation of the relevant breather degrees of freedomleads to a localized polarization of the lattice. In the classical ground state ofthis system the polarization vanishes. If we excite a discrete breather, then itwill induce a (time-periodic) multipole �eld at distances large compared to thebreather size. Generally the �rst nonvanishing moment will be a dipole moment.The induced polarization will be spatially localized, in accord with the stronglocalization properties of the breather solution.Let us consider the interaction of a single electron with a discrete breather inthe case when the distance between the electron and the breather is much largerthan the breather size. Since we are describing the lattice degrees of freedomclassically, we can use the adiabatic approximation [54]. This means, that themotion of the electron is described by using the positions of the lattice degrees offreedom as parameters. Thus the electron feels a multipole �eld which originatesfrom the breather. This kind of treatment of the electron is similar to theconsideration of electrons in a lattice with defects [117]. The di�erence is, thati) the breather (dynamical defect) does not posess an uncompensated chargeand ii) the breather is slowly (as compared to the inverse electron frequency)changing its multipole �eld.Since the multipole �eld of the breather contains in general a dipole compo-nent, we can study the scattering of an electron in a dipole �eld. We considerthe case when the electron can follow a path which does not come close to thebreather location. If this assumption is not true anymore, the electron can betrapped by the breather, as will be shown in the next section.The potential of a dipole in a three-dimensional lattice is given byVd(~r) = 1� ~d~rr3 : (14.3)Here ~d is the dipole moment induced by the breather (which is actually slowlyperiodically oscillating with time). The dielectric permeability � describes thereduction of the dipole �eld due to polarization e�ects.The motion of an electron with isotropic e�ective mass m� and charge e will95



be then described by the Hamiltonian H and the wave function 	(~r; t) [117]H = � �h22m��+ eVd(~r) ; i�h@	@t = H	 : (14.4)The dipole potential (14.3) does not posess localized states. This can be easilydetermined by considering the corresponding classical motion in the potential(14.3). Clearly there exist no periodic orbits having some �nite distance from thepotential center ~r = 0. Thus there appear no localized electron states which areweakly localized as compared to the breather size.This situation is opposite tothe Coulomb �eld problem where periodic orbits exist and lead to the existenceof hydrogen like localized states, as used in the description of Wannier excitons.To �nd trapped electronic states induced by a discrete breather we have to takeinto account the internal breather structure, which will be studied in the nextsection.To account for the elastic electron re
ection in the dipole potential (14.3)we can use Born's approximation [54], which holds if the interaction energybetween the electron and the breather will be small compared to the kineticenergy of the electron. Denoting by j~k > the plane wave states of the electronin the absence of a breather, we have to calculate the matrix elements< ~kjVdj~k0 >= Z ei(~k�~k0)~rVd(~r)dr3 : (14.5)Straight forward integration gives< ~kjVdj~k0 >= �i4e�� ~d(~k � ~k0)j~k � ~k0j2 �(E~k �E~k0 ) : (14.6)The electronic energies E~k measure the energy of the incoming and outgoingplane waves. All other quantities related to the electron scattering in the usedapproximation can be obtained from these matrix elements.In the nongeneric symmetric case that the breather does not posess a dipolemoment, the quadrupole �eld tensor D�� has to be considered (note that weuse the de�nition D�� = Pi eix(i)� x(i)� ). The corresponding potential is givenby Vq(~r) = 12�D�� @@x� @@x� 1r : (14.7)Again there are no bound states in potential (14.7) as in the dipole case. Thematrix elements can be obtained by integrating:< ~kjVq j~k0 >= �i2e�� D��k�k�j~k � ~k0j2 �(E~k �E~k0) : (14.8)96



Chapter 15Trapping of plane waves bydiscrete breathersIn the preceeding section we discussed the scattering of plane waves by discretebreathers. A natural next question would be, whether these plane waves canbe trapped by the discrete breather. In other words, we look for bound statesof the medium which provided the plane waves to be scattered by a discretebreather. This is not to be confused with the discrete breather solution itself- which is a bound state too, but not due to an obstacle which is breaking thetranslational symmetry.We will �rst discuss trapping of phonons. These bound states will be closelyconnected to the discrete breather solution itself, as well as to its dynamicalstability properties. Then we will discuss the trapping of electrons by breathers.We will review results of Flach and Kladko [83], Aubry [14] and Vekhter andRatner [191],[192], and add some thoughts.15.1 Phonon trappingWe consider a discrete breather solution. Then we add small perturbations tothe initial conditions and ask whether we can �nd bound states for the per-turbations. The task is thus again to analyze the linearized stability problem(8.1). First we know that the DB solutions come in one-parameter families.Thus equation (8.1) will always have two eigenvectors with Floquet multipliersboth equal to +1. This is so because the one-parameter family of DB solutions(which are time-periodic and thus one-dimensional manifolds in phase space)is of dimension two. Given any point P on this manifold, we can always �ndtwo orthogonal directions (no matter what scalar product we use) which aretangent to the manifold in P . For instance one direction is simply pointing inthe direction of the periodic orbit which is de�ned by P . The second one will97



point to neighboring periodic orbits.Both eigenvectors will be exponentially localized on the lattice, because theycorrespond to di�erences of two neighbouring DB solutions on the manifold.Thus formally we can call them bound phonon states. This is another interpre-tation of the same fact that discrete breathers come in one-parameter families.The term 'bound state' implies here that we can add energy to the DB solutionsuch that the additional energy is not dispersed over the entire lattice.Another possibility is that the eigenvalue problem (8.1) allows for additionalspatially localized eigenstates. If the Floquet multipliers of these eigenstates arelocated on the unit circle, i.e. if these perturbations are linearly stable, then weobtain bound states which are not merely a consequence of the existence of theDB solution itself. Such eigenstates were observed in many numerical studies[161],[47],[53],[89],[93],[90],[86], and especially studied systematically by Marinand Aubry in [143].What happens if we consider the full nonlinear equations instead of thelinearized phase space 
ow around a breather solution? The two-dimensionalmanifold of one-parameter DB families is still present, so that the �rst type ofbound states survives - but of course these bound states are somehow trivial.The second nontrivial type of bound states would if it survives correspond toquasiperiodic breathers. Generally we do not expect them to exist (see sec-tion 4). Strictly speaking we are then left with the �rst type of trivial boundstates. However as also discussed in sections 3 and 8, the life-time of the secondtype of bound states can be very large compared to the time periods of the DBsolution.15.2 Electron trappingAs already indicated in the previous section, the treatment of electrons inter-acting with discrete breathers is quite complicated. We will have to make a lotof additional assumptions in order to come to published results. First we haveto consider just one electron moving on a lattice - so we do not know the e�ectof electron-electron interaction [98] on what is to come. Next we are not awareof any rigorous treatment of both lattice and electronic degrees in a quantummechanical way. So what we will consider is one electron whose motion is de-scribed within a tight binding model. The electron will be coupled to a latticeof classical interacting degrees of freedom.15.2.1 Model structureThe electron description in a tight-binding representation implies that at ev-ery lattice site we can �nd a complex probability amplitude 	l(t) such thatj	l(t)j2 gives the probability distribution for the electron. The tight-binding98



Hamiltonian for the electron is thenHe =Xl ��l	l	�l + Tl(	l	�l+1 + cc)� : (15.1)Here Tl is some hopping matrix element, and �l is a one-site energy. The equa-tions of motion are given by 
 _	l = i@He@	�l : (15.2)Here the parameter 
 regulates the frequency scale of the electronic system.Thus the consideration of just one electron reduces the whole quantum mechan-ical task for the electron to a classical Hamiltonian problem (15.1),(15.2) wherewe have besides the energy another integral of motion - the number of electronsNe Ne =Xl j	lj2 : (15.3)The coupling to the classical variables ul(t) of (3.1) is then obtained byassuming a certain functional form of the parameters �l(fumg) and Tl(fumg).Usually the coupling has some locality properties. Consequently we arrive atsome extended lattice problem - instead of only (3.1) we have in addition (15.1),which increases the number of degrees of freedom per lattice site. As we alreadypointed out, the number of degrees of freedom is not crucial for the existenceof discrete breathers. Thus we can search for discrete breathers in the extendedsystem with an electron, and if we �nd solutions, they will correspond to botha vibrational localization of the lattice as well as a localization of the electron.15.2.2 Holstein model and nonlinear generalizationsThe original Holstein model is obtained by setting v2 = 1, v�6=2 = �� = 0 in(3.2),(3.3), and Tl = T , �l = ul. Aubry considered a nonlinear generalizationof this model by allowing V (z) of (3.2) to be any anharmonic potential (Aubrystill requires �(z) = 0) [14].The Holstein model has been used to discuss polaron formation. The polaronis a groundstate solution of the electron-lattice system which is not invariantunder discrete lattice translations. Moreover the polaron solution correspondsto a localized electron combined with a localized static displacement �eld. Thepolaron is indeed often a consequence of an interaction �l = ul because thisinteraction term shifts the equilibrium position of the ul variables in the presenceof some nonzero electronic density. Let us consider the polaron solution for theoriginal Holstein model. There V (z) = u2l =2. The condition _ul = 0 leads toul = �j	lj2 : (15.4)99



Then we obtain a DNLS for the electronic amplitudes
 _	l = i ��j	lj2	l + T (	l�1 +	l+1)� : (15.5)We have already discussed this equation. It allows for breather solutions. Con-sequently the polaron groundstate is exponentially localized. Once the ground-state is not invariant under translations, so will be other trajectories which canbe regarded as excitations above the given groundstate. Because of the localiza-tion properties of the groundstate some excitations above the groundstate maystay localized too. This is in complete analogy to the excitations above a kinkgroundstate in a kink-bearing one-dimensional lattice [30]. All we have to checkis whether the spectrum of the localized excitations is not in resonance withthe linear spectrum of the extended excitations above the polaron groundstate.This is in complete analogy to the discrete breather analysis.Aubry indeed proves the existence of localized excitations above the polarongroundstate by analytical continuation from the antiintegrability limit T = 0 ofthe nonlinear generalization of the Holstein model [14]. For T = 0 the latticesites are not interacting, and the solution at one lattice site with j	lj2 = � readsul(t) = G(t;!b; �) = G((t + 2�=!b);!b; �) ; �G = �V 0(G)� � ; (15.6)	l(t) = �1=2ei(�+
�1fl(t)) ; fl(t) = Z t0 ul(t0)dt0 : (15.7)Here !b is the frequency of the l-th oscillator and � is a phase. Since for � 6= 0 theul(t)-dependence will show up with a nonvanishing dc term ul(t), the solution	l(t) is given by	l = �l(t)ei(ul(t)=
)t ; �l(t) = �l(t+ 2�=!b) : (15.8)Consequently the lattice variable ul is strictly periodic and its Fourier seriesrepresentation contains all multiples of the fundamental frequency !b. Theelectronic probability amplitude is quasiperiodic, but its Fourier series repre-sentation is still an equidistant spectrum with frequencies (ul(t)=
+ k!b). Thisshould make it easy to escape resonances with the linear spectrum of our prob-lem. The linear spectrum for T 6= 0 is given by a degenerate value pv2 - thelattice contribution, and a band of width T=
 located at the origin - the elec-tronic tight binding band. For small values of T (independent of the value of
) we can indeed escape resonances of both solution parts with the linear spec-trum (note that we have to use polarization vectors here to describe the linearspectrum - consequently the dc part of the lattice contribution does resonatewith the electronic band, but due to the orthogonality of the polarization vec-tors these resonances do not prevent the argument for localization from beingvalid).The exponent of the spatial localization of the electron depends essentially onthe distance of the electron's frequency from the electronic band. This distance100



can be chosen to be large for large ul amplitudes, which is then in principleeven possible for �nite values of T . Thus dynamical excitations above a polarongroundstate are possible where the whole excitation energy is concentrated ona few lattice sites.15.2.3 Related modelsFlach and Kladko have studied a model di�erent from the Holstein model [83].There the one-site energies are dropped completely �l = 0 and the couplingbetween the electron and the lattice is given by Tl = 1+�1(ul�ul+1). Also theinteraction potential on the lattice �(z) 6= 0. Adiabatic approximation (whichis here essentially a separation of time scales) was used. The lattice itself wasassumed to posess discrete breather solutions in the absence of any coupling�1 = 0. Then there exist bound electron-breather states for �1 6= 0 wherethe electron can be strongly localized even for small values of �1. Again thatis accomplished in the limit of large amplitude DB solutions, which are alsostrongly localized.Vekhter and Ratner [191],[192] have studied numerically a similar model.There a bound electron-breather state was found. These numerical studiesshowed several interesting features (e.g. a weak radiation of the electron out ofthe localized object) which deserve further investigation.15.2.4 Bound states without polaronsAll above discussed models tend to the formation of polarons (we know that forthe Holstein model, and suspect it for the other models). This is because theinteraction term is proportional to ul. What happens if we choose e.g. a Holsteinmodel with �l = u2l ? There will be no polaron solution, so the groundstate of thesystem with T 6= 0 is invariant under translations. However we can easily useAubry's antiintegrability scheme [14] and �nd localized solutions in the coupledsystem for T smaller than some �nite values. Indeed for T=0 there is only onechange in (15.7) namely fl(t) = R to u2l (t0)dt0. Again we �nd that both parts ul(t)and 	l(t) have Fourier time series corresponding to an equidistant spectrum.Again we can easily avoid resonances with the linear spectrum. These solutionswill be very similar to the discrete breathers discussed before, in fact thesesolutions are discrete breathers. Thus the trapping of an electron by a discretebreather is also a slightly irritating term, which is helpful in understanding thephysics, but irritating in making mathematical connections. If the presence ofan electron creates a polaronic groundstate, then it should be of no surprisethat there exist localized excitations above the groundstate (one can still havea hard time in showing that). If the presence of the electron does not create apolaronic groundstate, localized excitations can still exist, because the couplingbetween the electron and the lattice is already a nonlinear term in the equationsof motion. 101



Chapter 16Disorder and NonlinearitySo far we discussed the existence of discrete breathers in systems which areinvariant under discrete translations. In this section we will brie
y discussthe e�ect of disorder on discrete breathers. The reader will �nd additionalinformation in a recent review of Sievers and Page [166].Let us �rst consider the e�ects one isolated impurity will have. Using theantiintegrability scheme it follows that discrete breathers of networks of coupledoscillators allow for breather solutions also in the presence of a defect [140]. Inother words an isolated impurity will have no serious impact on the existenceof DB solutions. Of course the DB solutions will smoothly change, where thechanges will occur locally at the defect site. There will be also smooth changesin all properties of DB solutions as linear stability, scattering, bound statesetc. These statements are of course true only if the system without a defect isnonlinear.It is well-known that a linear system with a defect allows for localized solu-tions too. Because of the linearity the defect problem is reduced to the diagonal-ization of a matrix. If the defect strength is large enough some eigenvectors (atleast one) will be exponentially localized on the lattice. What happens to theselocalized solutions if nonlinear terms are present? It was long believed that ingeneral nonlinearities destroy the local defect modes. That belief stems fromthe observation that any nonlinearity is equivalent to an interaction betweenthe normal modes of the linear system. Consequently it was believed that thisinteraction will cause the energy of the local defect mode to be dispersed amongall other extended normal modes. This heuristic argument is indeed true formost trajectories in the phase space of the system. That must be so becausetypically nonlinearities destroy integrability and cause the phase space to bedensely �lled with an Arnold web of chaotic trajectories [158],[44]. The trajec-tories in this web will come close to any point in phase space in the course ofevolution. That circumstance is nothing but the celebrated ergodic property ofa nonintegrable system. Trajectories from this web can not be localized in some102



subpart of the phase space then. However the same argument can be appliedto the cases we discussed before - most of the systems allowing for DB solu-tions are nonintegrable. The reason why DB solutions can exist (apart from thenonresonance condition they have to full�ll) is that typically any nonintegableHamiltonian system will have a phase space also densly �lled with periodic tra-jectories. These trajectories are not ergodic of course. Thus the above givenheuristic expectation of the loss of localized defect modes due to nonlinearitieshas to be corrected. If a localized mode exists in the linear system its frequencywill be located outside the linear spectrum of the extended eigenmodes. Thefrequency of the mode does not change as we change the amplitude of the mode- as a result of the linearity of the system. However the energy of an eigenmodesurely changes with amplitude. Bambusi [17] has shown that the continuation ofperiodic orbits can be done by considering orbits with �xed energy (as opposedto �xed frequency). Adding nonlinearities will then cause the periodic orbit tobe slightly deformed, but still to exist! In other words, a local defect mode willsurely survive the presence of nonlinearities. We can be sure about that becausethe continuation of the linear defect mode into the nonlinear regime does notmeet the problem of resonances. Of course we have to test �rst whether allhigher multiples of the local mode frequency do not resonate with the linearspectrum of extended states. It would be of interest to test whether the contin-uation of such a mode into the nonlinear regime and a subsequent removing ofthe defect strength continuously transforms the local defect mode into a discretebreather. We suspect that cases exist where it indeed will happen.There exist studies of the interaction of a moving breather-like entity with de-fects. Since we do not know precisely how to treat the moving object, it is againhard to judge the results of the numerical studies [193],[131],[53],[175],[176],[112],[185],[108],[96]. Observations range from trapping of moving DBs by a defect tore
ection of DBs by a defect1.An even more complicated problem arises if the system is complelety disor-dered, e.g. that there is a �nite density of defects (see also [103]). The linearproblem is nothing but the Anderson localization [3]. Although this problemhas been widely studied, the methods to prove nontrivial statements are quiteelaborate [3], essentially because it is hard to treat the disorder. Adding nonlin-earities makes the problem even more complicated. Albanese et al [4],[6],[5] andFrohlich et al [97] studied the nonlinear problem with disorder. Albanese et alprove the existence of periodic orbits in the disordered DNLS where the orbitsare exponentially localized on the lattice. MacKay and Aubry [140] can usetheir continuation scheme for any system of coupled oscillators (with disorderincorporated). The continuation of periodic orbits which correspond to one-sitebreathers in the ordered lattice is straightforward. But to obtain the exponen-tial localization on the lattice, a notion of distance in the space of periodic orbitsis needed and a restriction of the coupling to be of exponential decay itself on1See also [63]. 103



the lattice (see also [107]).
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Chapter 17Quantum breathersSo far we were discussing properties of coupled nonlinear di�erential equations.In terms of physics we were discussing classical many-particle systems (lattices).Often the classical description of a physical problem can be an approximation tothe quantum mechanical (QM) properties of the system. Then it is legitimate toask what is the trace of the classical discrete breather in the quantum mechanicaldescription. For continuum problems these questions have been studied e.g. in[50],[101].First we have to specify the correct correspondence relation between a clas-sical model and its quantum mechanical counterpart. This will be the conven-tional �rst or second quantization procedures. There exists some arbitrariness,because the classical variables commute. Consequently there exist families ofQM models which yield the same classical model in the classical limit. In thecases studied this degeneracy was not important.What is a quantum breather? We are interested in eigenstates to the Hamil-tonian. Since the QM systems we are looking for are translationally invariant,and the QM eigenvalue problem is by de�nition a linear problem, we can notexpect that spatially localized eigenstates exist. On the contrary all eigenstateswill be delocalized in space. How can that be connected to the existence ofclassical DB solutions? A possible way is that quantized DB solutions can tun-nel from site to site. Then in the classical limit the tunneling rate will vanish,and we obtain classical DB solutions. That also implies that in the classicallimit we expect to �nd certain groups of eigenstates (with exactly N memberswhere N is the number of lattice sites) where the eigenvalues in each group aredegenerate. Yet another way of saying the same is that in the classical limit weexpect to �nd zero-width bands of N eigenstates. Away from the classical limitwe expect these bands to broaden, but not to change in some qualitative wayto be speci�ed later.Because of the bosonic commutation relations we can thus de�ne quantumbreathers as bound boson states. A quantum breather state belongs to a band105



of N states. Each bound state of such a quantum breather band is characterizedby a quantum number - a wave number. The particle property of such a boundstate can be probed with the help of correlation functions. These correlationfunctions should show (exponential) decay in the distance between parts ofsplitted bounded bosons.There exist several studies where classical DB solutions are quantized usingvarious approximations [165],[172],[127] to obtain estimations on the gap andwidth of breather bands.The existence of quantum breathers raises two questions. The �rst one is:what QM models allow for quantum breathers, and is there any correspondenceto classical models allowing for DB solutions? The second one is: how is theDB solution obtained in a classical limit of a QM model allowing for quantumbreathers? We will address both questions in the following.17.1 Weakly interacting oscillatorsLet us �rst discuss a system of weakly interacting oscillators given e.g. by(3.1). We can always choose a local basis given by the noninteracting system�(z) = 0. In this case we can formally solve the one-site problem of a particlemoving in the potential V (z). Denote the eigenvalues of the correspondingone-site Hamiltonian with �n with n being the quantum number.If the potential V (z) is harmonic we �nd an equidistant eigenvalue spectrume.g. �n = n. Then still having �(z) = 0 the eigenvalues En of the system ofN oscillators are given by En = n where n is de�ning the number of bosonsexcited. The linearity of �n in n implies that these bosons are noninteracting(do not mix this interaction with the lattice interaction �(z)). Consequently thedegeneracies of En are larger than N except for n = 0; 1: E0 is nondegenerate,E1 is N -fold degenerate, E2 is N(N +1)=2-fold degenerate, E3 is N(N2+2)=3-fold degenerate etc. Switching the interaction �(z) on we can expect all thesedegeneracies to be lifted. However except for the one boson band n = 1 allother bands will consist of many more than N states. Indeed we do not expectquantum breather bands for a harmonic function �(z).Assume now that the potential V (z) is anharmonic. Then the one-site eigen-value spectrum �n is not equidistant in n anymore. This change has consequen-cies for the eigenvalue spectrum of the system of N noninteracting oscillators.Apart from changes in the eigenvalues the degeneracies are drastically reduced.The old eigenvalue E2 splits now into two eigenvalues - �2 with two bosons 1 onone lattice site (exactly N states) and 2�1 with two bosons on di�erent latticesites and N(N � 1)=2-fold degeneracy. The relative position of the two eigen-values depends on the type of anharmonicity in V (z). The old eigenvalue E3splits into three eigenvalues - �3 with three bosons on one lattice site (exactly N1Note that here we are using the notion of a boson loosely to paraphrase the number state- a product state with each site excited to the n-th level (n bosons at that site).106



states), (�2+�1) with two bosons on one lattice site and one boson on a separatelattice site (N(N�1)-fold degenerate) and 3�1 with all three bosons on di�erentlattice sites and N(N � 1)(N � 2)=3-fold degeneracy. Thus the anharmonicityin V (z) creates an in�nity of states with m bosons on one lattice site, whichare exactly N -fold degenerate. We expect these states to be quantum breatherstates. The subsequent increase of �(z) will then lead to a �nite band widthof these breather bands with preserving the particle-like nature of the boundstates.These expectations (for nonvanishing interactions) have not been proven yetfor a general case. One of the reasons is that the noninteracting case conservesthe number of bosons, but the interacting case in general does not.From the above it follows that quantum breather bands are likely to exist forsystems with an antiintegrability limit �(z) = 0. The necessary condition is theanharmonicity of V (z), which is also the necessary condition of �nding classicalDB solutions. Thus in this particular limit we expect a strong correspondencebetween the existence of classical DB solutions and the existence of quantumbreather bands. Increasing the interaction �(z) the quantum bands broaden,and eventually overlap (hybridize) with other bands. Further increase of theinteraction may or may not destroy the particle-like properties of the boundstates. The correspondence between loosing/keeping quantum breather bandsand classical DB solutions is a �eld yet to be explored.A numerical analysis of quantum breather bands has been recently performedby Bishop et al [196]. The systems were one-dimensional, with a total numberof lattice sites N = 4; 8. For N = 4 seventeen states per site were taken intoaccount, and six states per site for the case N = 8. Low lying quantum breatherbands were found (note that these bands consist of 4 or 8 states only). Theparticle-like properties of the breather states were successfully probed with thehelp of correlation functions. The smallness of the considered systems is due tocomputational limitations. Another recent computation of quantum breatherstates has been performed by Scho�eld eta al [162]. These authors aim at theunderstanding of local bond excitations in molecules and consider a system ofsix Morse oscillators coupled through nearest neighbour couplings on a ring (i.e.with periodic boundary conditions). Instead of calculating correlation functionsScho�eld et al calculate survival probabilities of local excitations and observefor weak coupling a bound state with approximately �ve bosons excited initiallyon a single oscillator.17.2 Systems with boson number conservationMuch more is known for �nite systems with an additional integral of motion(besides the energy) - the total number of bosons [105],[69],[163],[20]. This isso because the in�nite dimensional Hilbert space separates then into an in�niteset of �nite dimensional noninteracting subspaces. Each subspace contains only107



states with the same total number of bosons. Consequently one deals now withthe problem of diagonalizing each subspace separately, which requires diagonal-izing only a �nite dimensional matrix as opposed to an in�nite dimensional one.As a result physically we have to solve only the problem of a �nite number ofinteracting particles.Let us consider the DNLS as a reference system. The classical equationsare given in (2.6). The quantum problem is de�ned by replacing the complexvariables  l and  �l by an annihilation operator al and a creation operator a+lwith boson commutation relation [al; a+l ] = 1 and choosing the HamiltonianH = �Xl (ala+l )2 +Xl (ala+l+1 + a+l al+1) : (17.1)Note that the second sum in (17.1) plays the role of a kinetic energy.Bound states exist because of the boson number conservation. Several bosonsinitially close to each other can not separate because that would violate energyconservation. The existence of bound states for both attracting (� < 0) orrepulsive (� > 0) boson-boson interaction is due to the discreteness of thesystem. The discreteness limits the kinetic energy from above, and thus evenrepelling bosons can form bound states.17.2.1 Two bosonsEilbeck et al [65] (see also [163]) have extensively considered the case of twobosons in one-dimensional lattices including the quantum DNLS (17.1), in whichthey found bound states. A typical result is shown in Fig. 17.1 where the bandof bound states is well separated from the continuum of unbounded states. Inthe case of the quantized DNLS we can immediately �nd one bound state for d-dimensional lattices without frustration. This bound state is constructed out ofa linear combination of local states with two bosons on one site. The prefactorsin the linear combination have all the same absolute value and opposite signsfor interacting sites. Note that this particular bound state does not contain anystates with the two bosons separated! This state corresponds to the k = �50bound states in Fig. 17.1. Since the two boson problem is essentially a two-bodyproblem, it is particularly evident that bound states can exist.17.2.2 Many bosonsLess is known for the case of more than two bosons. The only system studiedextensively is the DNLS with two sites (dimer). Note that the discrete trans-lational symmetry is here reduced to a mere permutational symmetry, i.e. theHamiltonian is invariant under permutations of the two di�erent site labels.This system is integrable due to the existence of two integrals of motion (energyand boson number). The classical version can be completely solved. Bernstein108
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Figure 17.1: Quantum energy levels for the DNLS system with 101 sites andtwo bosons (from [65]).et al [20],[21] and Aubry et al [16] have studied the expected splitting of degen-erate pairs of eigenvalues in the quantum system. The results demonstrate thatthere is a one-to-one correspondence between the existence of classical orbitswhich are not invariant under permutational symmetry, and the existence ofexponentially small splittings of eigenvalues of corresponding eigenstates in thequantum problem. Aubry et al [16] have moreover demonstrated that the exis-tence of a bifurcation of periodic orbits and the existence of a separatrix in theclassical model is clearly re
ected in the eigenvalue spectrum of the quantummodel. Perturbation theories for the splittings of the corner states in [20] andfor all states in [16] have been successfully applied.A recent study of a trimer [82] considered the fate of tunneling pairs ofthe quantum dimer when the phase space of the classical problem becomesmixed. Tunneling pairs survive avoided crossings with single states and othertunneling pairs, and get �nally destroyed when the classical phase space whichsupports these states turns chaotic. An application of the results to the conceptof doorway states for local bond excitations in molecules con�rms that simplisticarguments like the lifetime of a state being proportional to the density of nearbylying eigenstates can be very misleading.Practically nothing is known for systems with many lattice sites and manybosons. Usage of the perturbation theory initially applied to the dimer suggestsexponentially small bandwidths for quantum breather bands with large bosonnumbers [20],[14]. 109



17.3 Integrable modelsFor some integrable quantum models the existence of bound states can be shownrigorously. An example is the isotropic ferromagnetic Heisenberg chain, forwhich Takhtajan and Faddeev calculated the spectra of bound states of Nmagnons for arbitraryN [183]. The connection of the results for exactly solvablemodels with the studies on breathers has still to be explored.17.4 Open questionsSo far we lack a proof for the existence of bound states. An exception aresystems with boson number conservation and two bosons. We think that itshould be possible to construct a rigorous proof for a general case of interactingoscillators. The analytical continuation of eigenstates and eigenenergies is easy,because in a linear eigenvalue problem there is no room for bifurcations (i.e. thenumber of eigenstates is �xed). The nontrivial part of a proof must show thatcertain properties of eigenstates can be continued, such as the property of aneigenstate to be a bound state of many bosons. Starting with zero interaction(antiintegrability limit) the continuation of low-lying bound states (i.e. whereonly a few bosons are involved) should be possible, because there is a �nitedistance to eigenvalues of other states.A much harder problem is the description of many-boson bound states, be-cause even in the limit of zero interaction of coupled oscillators there are plentyof other states with nearly the same eigenvalues. So one has to focus on whythe overlap with those states is negligible small.Further numerical diagonalizations following the promising results of Bishopet al [196] will be of help in studying the properties of bound states. Especially itis interesting to investigate the fate of states which in the limit of zero interactionbetween oscillators correspond to several groups of bosons (e.g. three bosonson one site and two bosons on another site). These states could correspond toclassical multi-site breather solutions (see [140]).
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Chapter 18Possible experimentalrealizationsIn this section we will brie
y discuss the experimental situations where discretebreathers can be expected to exist. The shortness of this section is not due toexpected limitations of applicability, but rather due to the fact that only fewthings are known yet.One possible situation to observe discrete breathers seems to be lattice dy-namics of crystals. Anharmonicity is well known to exist and to contribute toseveral phenomena, e.g. heat expansion, structural phase transitions etc. Wethink that molecular crystals are particularly promising candidates. Especiallymolecular crystals and long molecules with intramolecular interactions beinglarge compared to intermolecular interactions appear to be similar to the dis-cussed systems of weakly interacting oscillators. Fillaux et al [70],[72],[73],[74],[71]are e.g. studying the inelastic neutron scattering by the molecular crystal 4-methyl-pyridine and observe quantum bound states of phonons. Breathers inpolyacetylene were studied in [26],[27] and breathers in conjugated polymers in[152]. The problem of single bond excitation in molecules is a �eld of activityfor itself. Many of the concepts recently emerging there can be uni�ed with theconcept of bound states in anharmonic lattices [190],[138].Bound states of phonons have been measured in the following systems:Hydrogen on Si(111) surface [104], crystal CO2 [23], CO on Ru(001) surface[114]. Corresponding measurements for small molecules (benzene, naphtalene,anthracene) are known for a long time [170].Sievers and Page have reviewed the interrelation between discrete breathersand impurity modes in alkali halides [166]. Kisilev et al have calculated breathersin ionic crystals [126], and R�ossler et al proposed optically controlled generationof breathers [156].Similar e�ects can be expected for ferromagnetic and antiferromagnetic sys-111



tems [34],[179]. We expect bound states of spin excitations to exist. Thesesolutions will be quantum counterparts of classical spin breathers which aresimilar to the breather solutions of the DNLS.The dynamics of coupled arrays of Josephson junctions is described with thehelp of a discretized sine Gordon equation, which is system (3.1) with �(z) � z2and V (z) � cosz. In addition there are damping terms. To excite any stationarysolution an external driving is required. This is realized by applying an externalcurrent. Orlando et al [197] have measured the resulting voltage. By applyingan ac driving (ac current) we expect discrete breathers to be excited. Howevertheir impact will be the creation of local 
uctuations of the voltage, in contrastto a dc voltage which is typically measured.A recent work by Floria et al [94] demonstrates theoretically that in ananisotropic ladder realization of Josephson junctions rotobreathers can be ex-cited, which would lead to the generation of a dc voltage and thus measurable.Recent results on photonic band gap materials are of interest with respectto breathers. Photonic band gap materials are systems with a spatially periodicmodulation of dielectric properties. Typically the wavelength is of the orderof micrometers (visible light). Theoretical calculations suggest that Maxwell'sequations if solved in such a medium give rise to allowed frequency bands oftravelling light as well as to forbidden frequency gaps. Although there are someprofound di�erences to the problem of electrons in a lattice (Schroedinger'sequation) due to some symmetries, the idea is essentially that what works forelectrons should also work for photons. The interested reader will �nd detailsin the reviews of Pendry [150], John [116] and Joannopoulos [115]. All calcula-tions that have been done are using linear optics. Consequently the solutionsare always travelling light waves. The optical periodicity of the medium causesgaps to occur in the dispersion relation of light. There has been much discussionthat the addition of defects opens the possibility of localizing light, and evenguiding light along de�ned channels. Our point is that if media with opticalnonlinearities [168] are used, then localization of light can appear even withoutadding defects. This can be of interest because no permanent changes to thematerial have to be done (as in the case of defects). The reason is that the dis-persion relation of light in a homogeneous medium is ! � q. Spatially periodicmodulations yield gaps which are equidistant in q and thus also equidistant in!. Thus we can ful�ll the nonresonance condition for localized time-periodicsolutions! For one-dimensional systems Sanchez et al [159] have demonstratedthe existence of breathers.Breathers have been observed in electrical lattices [144]. We mention thedemonstration of discrete breathers in macroscopic models of pendula with mag-netic dipole-dipole interaction [157]. Discrete breathers can be easily observedin these systems provided the friction is not too strong. These systems areextremely easy to make, and can be a nice tool for demonstration.Finally we discuss some properties of discrete breathers that might be im-portant in designing experiments. The energy thresholds of discrete breathers112



in two- and three-dimensional lattices can be used - if the supplied energy isbelow the threshold, no breathers can be excited, and thus the energy is dissi-pated on a certain time scale due to phonons. If the supplied energy is abovethe threshold, discrete breathers are formed, and the decay is now de�ned bythe lifetime of the discrete breather (which can be orders of magnitude largerthan the typical phonon mediated decay time).Another important feature is the scattering of plane waves by discrete breathers,which leads to strong re
ection in the presence of a breather. Especially in one-dimensional systems one can probe the existence or nonexistence of a discretebreather by testing the transmittion properties of the system with respect toplane waves. A similarly interesting event is the possibility of trapped electron-breather states.Moving discrete breathers can be of practical interest too. However we needto know more about movability in �rst place.
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Chapter 19Conclusions19.1 SummaryIn this report we discussed existence and properties of discrete breathers. Thesesolutions of Hamiltonian lattices are time-periodic and exponentially localized.Discrete breathers are generic and structurally stable solutions because theneccessary nonresonance condition is easily ful�lled for a lattice. This conditionrequires the DB frequency as well as all of its multiples to not resonate withthe linear spectrum of the system. Nonresonance is easy to achieve because thelinear spectrum of a Hamiltonain lattice is bounded.The nonresonance condition explains why breather solutions are nongenericand structurally unstable in the opposing case of Hamiltonian �elds.Numerical studies show that long-lived localized excitations typically cre-ated in numerical experiments show up with periodic or quasiperiodic temporalbehaviour. The periodic objects are discrete breathers. The quasiperiodic ob-jects are phase space perturbed discrete breathers. Numerical studies suggestthat quasiperiodic objects radiate energy in the form of small-amplitude wavesand thus are not real solutions. Indeed the nonresonance condition is shownto be never ful�lled for the generic case of a quasiperiodic solution, althoughnongeneric exceptions can apply.Discrete breathers are periodic orbits. For generic Hamiltonian systemsperiodic orbits occur in one-parameter families, and so do discrete breathers.The parameter describing the family can be the amplitude of a breather, or itsfrequency, or any other meaningful observable.The spatial decay of a discrete breather is typically exponential. A Fourierseries representation of the time-periodic discrete breather leads to Fourier num-ber dependent exponents of the spatial decay. A linear theory can account forthese exponents by using the frequency of the breather as an input parameter.In some cases nonlinear corrections apply, still allowing for a calculation of the114



exponents. Numerical calculations underpin the �ndings.The decay of the Fourier components with increasing Fourier number isobtained. The essential �nding are power laws with exponents depending onthe lattice site.Existence proofs of discrete breathers are reviewed for systems of weaklyinteracting oscillators and Fermi-Pasta-Ulam-like systems. We discussed theantiintegrability approach of Aubry.Several numerical methods to obtain discrete breather solutions are reviewed,and their advantages and weak points are discussed.We discuss structural and dynamical stability of discrete breathers. Ouressential �nding is that discrete breathers are structurally stable, and typicallycan be dynamically stable (note that discrete breathers can as easily be alsodynamically unstable).The movability of discrete breathers is discussed at length, illuminating theconceptual problems. The main result is that a Peierls-Nabarro barrier can notbe introduced in the way it had been done for moving lattice kinks.The appearance of discrete breathers through bifurcations of band edge planewaves is discussed. The bifucation analysis of band edge plane waves for �nitesystems is demonstrated, and the results are used to predict the existence ornonexistence of discrete breathers for systems without actually solving for thediscrete breather. Instead the band edge plane wave stability is analyzed.The e�ect of lattice dimension on discrete breathers is discussed. Discretebreathers are not limited to certain dimensions of the lattice. However the latticedimension has strong impact on the energy properties of discrete breathers. Forlattice dimensions d � 2 the energy of discrete breathers has nonzero lowerbounds, leading to an activation energy of discrete breathers.We discuss the e�ect of discrete symmetries on discrete breathers. Discretebreather solutions are not invariant under discrete translations. However theycan be invariant under other discrete symmetries (provided the Hamiltonainis). This has practical consequencies, since the number of independent Fouriercoe�cients is reduced with every additional discrete symmetry.We refer the reader to section 13 for a complete conceptual summary of the�rst twelve sections.We review phonon and electron scattering by discrete breathers. Discretebreathers turn out to be strong scatterers of phonons and electrons and willthus be of interest whenever heat or charge transport is considered.Plane wave trapping is especially important in the case of electrons. Boundelectron-discrete breather states exist, and can be of conceptual interest in manyareas of solid state theory.The connection between disorder and nonlinearity with respect to discretebreathers is brie
y discussed. The main point is that discrete breathers could bedirectly (or through bifurcations) connected to the well-known impurity statesof linear systems. 115



The correspondence between classical discrete breathers and quantum boundstates (quantum breathers) is discussed and some questions in this new area areraised.Finally we brie
y mention possible experimental realizations of discretebreathers.19.2 Unsolved problemsWe are unable to list all unsolved problems with respect to discrete breathers.However in the following we list problems that arose in this report.In connection with the discussion of �eld equations in the introduction weexpect Boyd's nanopteron [35] to be of further interest. Discrete breatherswill most probably become partially delocalized nanopterons once a higher har-monics of the breather frequency hits the linear spectrum. In this sense therecan exist a natural connection between discrete breathers and nanopterons orbreathers in some �eld equations. Discrete breathers as well as breathers of �eldequations are solutions of �nite energy. Nanopterons are solutions of in�nite en-ergy. Staying within the class of �nite energy solutions there is most probablyno link between discrete breathers and breathers of �eld equations. Howeverincluding solutions with in�nite energy the missing link might be recovered.Concerning the dynamical stability the radiation of perturbed breather solu-tions (quasiperiodic objects) has to be quanti�ed. Also the apparent di�erencesin the nonlinear stability analysis depending on the choosen perturbed solutionsneed further investigation.Do moving breather solutions exist or not? Thus far we are lacking proofsand complete numerical investigations.What about the possibility of thermally exciting discrete breathers? Dauxoiset al [51], Burlakov et al [37] and Flach and Siewert [88] report on numericalevidence that for some models �nite temperature simulations show the existenceof breather-like objects with �nite lifetime (the lifetime in the cited cases wasconsiderably larger than the breathers inverse frequency, thus the identi�cationis meaningful). Anomalous slow relaxations in the time-dependent correlator ofenergy density 
uctuations has been connected with the existence of breathers[87], [188]. How is the observed lifetime connected to our analysis of dynamicalstability of discrete breathers?Further studies are required to clarify the domain of existence of discretebreathers. Adding a friction will certainly make discrete breathers disappear.However addition of ac driving can actually phaselock discrete breathers [142],[155],[45]. For some results on phase-locked sG �eld breathers check [102],[118].Much more is needed to be known about the scattering properties, boundstates, quantum breathers. Recent results by MacKay et al [141] and Pikovsky etal [1] use the breather concept for �nding corresponding solutions for networks ofweakly coupled bistable units and weakly coupled symplectic maps respectively.116



And �nally we are waiting for serious experimental evidence that discretebreathers are detected. This hope is based on the fact that discrete breathersare generic solutions of nonlinear Hamiltonian lattices in one, two, three etcdimensions. In some sense quantum bound states of bosons and fermions canbe regarded as quantum breathers.19.3 Some closing wordsAt this place I want to thank many colleagues for sharing their views and dis-cussing related problems with me. Especially important were discussions withS. Aubry, U. Bahr, L. Bernstein, O. Bang, D. Campbell, Th. Cretegny, C. Eil-beck, V. Fleurov, P. Fulde, K. Kladko, R. Livi, R. S. MacKay, E. Olbrich, T.Orlando, M. Peyrard, M. Wagner, and many others. I am mostly indebted toChuck Willis for his help, the many discussions we had, and the moral supportsince we met. Thank you, Chuck.Finally I want to thank Elja and Nora for the indescribable that helped somuch.
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