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We investigatea chainof particles~bonds! with harmonicinterbondandanharmonicintrabondinteractions.
In the classicallimit we considera breathersolutionthat is stronglylocalized~essentiallya single-siteexcita-
tion!. For thequantumcasewe studytunnelingof this excitationto a neighboringsite. In thatcasewe neglect
theanharmonicityexceptfor thetwo sitesbetweenwhich thetunnelingoccurs.Within this modelthebreather
tunnelingreducesto the tunnelingin a dimer coupledto two adjacentharmonicchains.Application of Feyn-
man’s path instantontechniqueyields the tunnelingsplitting DE. For the isolateddimer we reproducethe
exponentialfactor for thesplitting DE (0), obtainedearlierby a perturbativeapproach.Assumingthefrequency
v of the breatherto be much larger than the inverseinstantonwidth we usean adiabaticapproximationto
deriveDE for thedimercoupledto theharmonicchains.We find thatDE canbeobtainedfrom DE (0) just by
scaling the Planck constant.We argue that independentof the density of statesof the harmonic chains
tunnelingcanneverbe suppressed,if v is largeenough.@S1063-651X~98!11407-1#

PACSnumber~s!: 05.30.2d, 03.20.1i, 63.20.Pw,63.20.Ry

I. INTRODUCTION

Initiated by early papersof Ovchinnikov @1#, Kosevich
et al. @2#, and Takenoet al. @3,4# there exists now a clear
understandingof the genericexistenceof discretebreathers.
Theseclassicalsolutions to the Hamiltonian equationsof
motion are time periodic and spatially localized.They are
structurally stable provided the plane wave spectrum of
small amplitudeexcitationshas finite bounds.This can be
achievedby consideringa spatial lattice, with degreesof
freedom associatedto each lattice site. Existenceproofs
demonstratethat the existenceof thesesolutionsis not re-
stricted to low lattice dimensions@5#. ~For reviewson this
subject,see@6,7#.!

A logical stepis thento considerthefateof theseclassical
solutionsin the presenceof quantumfluctuations.We may
think about a quantumobject correspondingto a breather
solution. Contrary to a classicalbreather,localized in the
vicinity of a certainlattice site, sucha quantumobject will
be able to tunnel from site to site, forming a quantum
breather band. Taking into account the coupling of the
breather to its environmental degreesof freedom may
strongly influence the tunneling probability amplitude.
Thereforethecentralissueis to calculatetheprobabilityam-
plitude of the breatherintersitetunneling,which will deter-
mine the width of the band.An interestingquestionmay be
whethersuch an effect, known for particle tunneling ~see,
e.g., @8,9#! as tunnelingsuppressionin the Ohmic case,can
be observedfor the quantumbreathersas well. It is worth-
while mentioningin this contextthatquantizationof solitons
~othernonlinearobjectsthat areclosebut certainlydifferent
from breathers! wasdiscussedin theliterature;see,e.g.,@10#.
Tunnelingof fluxons in Josephsonjunction chains~soliton

solutionsof the sine-Gordonequation! interactingwith plas-
monswasrecentlyconsideredin @11#.

Since classicalbreatherscan be localized essentiallyon
onesite ~bond!, onecanstartby consideringa systemof just
two sites ~bonds!, for example, the dimer discussedin
@12,13#. Classicaltrajectoriesin this systemmay be not in-
variant underpermutationof the sites ~bonds!, whereasthe
Hamiltonianis invariant.Quantizationyields pairsof eigen-
states,correspondingto theseclassicalsymmetrybreaking
trajectories, with exponentially small splittings of the
eigenenergies.

This dimer model is particularly interesting,becauseits
classicalversionis anintegrablesystem,dueto theexistence
of two integralsof motion that arethe total dimer energyE
anda measureJ for the intensityof the classicalexcitation.
The pairsof eigenstatesof the quantumdimer correspondto
tunnelingbetweentori in theclassicalphasespace.This type
of problemhasalreadybeenstudiedearlier by severalau-
thors~see,e.g.,@14,15#!. Two caseswereconsideredthatare,
respectively,dynamicalandpotentialtunneling.The latter is
what one usually understandsas tunneling, i.e., a quantum
transitionof a particle througha potentialbarrier in a con-
figuration spacethat is energeticallyforbidden in classical
mechanics,whereasthe former correspondsto tunneling in
thephasespacewhereno suchenergybarrierexists.Despite
the absenceof the energy barrier no classicalsolution of
Newton’sequationof motionexistthatconnectsthetwo tori.

In the caseof the two tori that appearin @12,13#, as will
be shown in the next section,an effective potentialbarrier
canbe definedand the problemof dynamicaltunnelingcan
bemappedontoa potentialtunneling.This becomespossible
sincethe dimer hastwo conservationlaws. If we were left
with just the energyconservation,we would be facedwith a
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properdynamicaltunnelingagain~see@16#!.
The tunnelingsplitting for all the levelsof the dimer was

calculatedin Ref. @13#. However,to study a possibledelo-
calizationof the classicalbreatherdueto quantumbehavior
one has to investigatean extendedsystem.A step in this
directionwasmadein thepaper@16# wherea dimercoupled
to a singleharmonicoscillatorwasstudied.A consideration
of an extendedsystemwith a macroscopicnumberof bonds
is theprincipalaim of this paper,which will beorganizedas
follows. Thenextsectionintroducesanextendedmodelwith
N bondsand then shows that subdiving this chain into a
dimer coupledto adjacentharmonicchainsmay be a good
approximation.SectionIII reinvestigatesthe isolateddimer,
classicallyand quantummechanically,and usesFeynman’s
pathintegralmethodin orderto derivetheexponentialfactor
that mainly determinesthe tunnelingsplitting. The extended
model will be studiedin Sec.IV, wherethe main result of
our paperwill be derived.The final sectioncontainsa dis-
cussionandsomeconclusions.

II. MODEL

We are going to consider the quantumtunneling of a
breatherin a one-dimensionalchaindescribedby theHamil-
tonian

H5
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2
1x i

2!1
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~x ix i111p ip i11!. ~2.1!

Here the label i numbersthe bonds.It will be assumedin
what follows that the breatheris strongly localizedandcor-
respondsactually to an excitationof only one bond in this
chain. Then tunneling will correspondto transferringthis
excitationto a neighboringbond.Sinceall the other bonds
remainlowly excitedduring this processwe mayneglectthe
correspondinganharmonictermsin Eq. ~2.1!. However,the
anharmonicityin thetwo bondsparticipatingin thetunneling
transferwill be fully takeninto account.Then the problem
reducesto a considerationof tunnelingin a dimercoupledto
a bath representedby two harmonicchains.The systemis
describedby the Hamiltonian

H5Hd1Hph1H1 , ~2.2!

where
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representsthe dimer of two bonds~chosento be 1 and 2!,
which may be strongly excited.The bath is representedby
the remainingpart of the chain

Hph5
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~2.4!

in which the anharmonictermsareomitted.The interaction
betweenthe dimer andthe harmonicbath is given by

H15C~x0x11p0p11x2x31p2p3!. ~2.5!

The harmonicpart ~2.4! consistsof two openendedhar-
monic chains,eachof which canbe diagonalizedby means
of the transformation

xn5(
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The superscriptsL and R denotethe left and right hand
chainswith NL andNR bonds,respectively.The wavenum-
bers qm

L
5pm/(NL21),m51, . . . ,NL , qm

R
5pm/(NR

11),m51, . . . ,NR , and N m
L/R are normalization coeffi-

cients.
Equation~2.4! now reads
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wheretheeigenfrequenciesarelm
L/R

5v012C cosqm
L/R . The

interactionin the normalcoordinatesbecomes

H15(
m
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L !1Cm
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R
1p2pm

R !, ~2.7!

whereCm
L

52CN m
L sin qm

L andCm
R

5CN m
R sin qm

R .
The problemof breathertunnelingreducesnow to inves-

tigatingthetunnelingtransferof anexcitationfrom onebond
of thedimer to theotherunderthe influenceof theharmonic
bath. On one hand this problem differs from the standard
problem of a particle tunneling betweentwo minima in a
double-wellpotential in the configurationspace,sincehere
we dealwith dynamicaltunnelingfrom onetorusto another
in the phasespace.On the otherhandtherearemanysimi-
larities in thesetwo problems,which will be discussedin
what follows.

III. TUNNELING IN THE DIMER

Tunnelingin the dimer describedby the HamiltonianHd
~2.3! was studied in detail in @12,13#. Here we try to ap-
proachthe problemby meansof the path integral technique
andobtainsomeresultsthat will be necessaryfor our more
generalproblem.
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A. Classical properties

The canonicaltransformation
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allows one to representthe dimer Hamiltonian ~2.3! in the
form

Hd5v0J1gS J

2D 2

1gy2
12CAS J

2D 2

2y2cosw.

~3.2!

Herey andJ play therolesof thecoordinateswhile w andx
are the correspondingmomenta.The HamiltonianHd does
not dependon the momentumx, which meansthat its con-
jugatecoordinateJ is oneof thetwo integralsof motion.The
following restrictionsshould be also applied: uy u,J/2 and
uwu,p/2.

Thesecondintegralof motion is thetotal energyE. Since
thePoissonbracketof J andHd vanishes,thedimermodelis
integrable.The momentumw is excludedfrom the Hamil-
tonian equationsof motion by meansof the energyconser-
vation andthe equation

ÿ52

dV~y !

dy
~3.3!

is obtained,which describesmotionalongthecoordinatey at
a given energyE in the potential

V~y !5
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Note that themotiondescribedby Eq. ~3.3! is not exactly
the sameas the motion of a particle in a usualdouble-well
potential.The differenceis dueto the fact that the two inte-
grals of motion, the conservedtotal energyE of the dimer
andthe amplitudeJ, play now the role of parameters.Thus
the shapeof the potentialV(y) dependsexplicitly on E and
J, which is a consequenceof dealingwith the dynamicsin
the four-dimensionalphasespaceof the dimer. @This is a
generalpropertyof an integrablesystemwith two degreesof
freedomanda separatrixthatseparatessymmetrynoninvari-
ant from symmetryinvarianttrajectories.TheHamiltonianis
assumedto be invariantunderthe discretesymmetryopera-
tion P with P2

51. The two actionsJ1 andJ2 in oneof the
symmetrybroken phasespaceregionsparametrizethe iso-
latedperiodicorbits (J1) andits quasiperiodicperturbations
J2, wherev25]H/]J2 vanisheson the separatrix.Perform-
ing now a canonical variable transformation
$J1 ,J2 ,f1 ,f2%→$J1 ,z,f1 ,pz% will lead to a Hamiltonian

H(J1 ,z,pz). Fixing J1 ~which is the bosonnumberin our
case! leadsto an effective one-particleproblem.This case
can be finally always describedby an effective potential,
which will dependon boththetotal energyH andthechosen
valuefor the actionJ1.#

Multiplying Eq. ~3.3! by ẏ it follows that the quantity

E t5
1
2 ẏ2

1V~y !52
1
2 ~E2E1!~E2E2!

with

E15v0J1gJ2/41CJ, E25v0J1gJ2/42CJ ~3.5!

doesnot vary in time. E t plays the role of the effectiveen-
ergyfor themotiondescribedby Eq. ~3.3!. NotethatE t does
not coincidewith the real energyE of the dimer. They are
evenmeasuredin different units.

Thepotential~3.4! becomesa double-wellpotentialif the
coefficient of the y2 term is negative.In order to have a
permutationsymmetrybreakingtrajectorythe condition

0.E t>2

1

2FE2v0J2gS J

2D 2

22
C2

g G2

hasto be satisfied.
It follows from Eq. ~3.2! that for gJ<2C the choiceof

the possibleenergiesis restrictedby the conditions

E1>E>E2 , ~3.6!

which implies that E t is positive in this case.Then only
symmetryconservingperiodic trajectoriesare possible.At
gJ52C a bifurcation occurs,and for gJ.2C the energy
rangeE1,E,E35v0J1gJ2/21C2/g becomesaccessible
to permutationsymmetrybrokentrajectories.Theseare the
conditionsfor an appearanceof permutationsymmetrybro-
ken isolatedperiodicorbits asdescribedin Ref. @13#.

A permutationsymmetrybrokentrajectorymeansthat the
systemdwells in oneof the two wells of the potential~3.4!.
Now we areableto considertunnelingfrom oneminimumof
the potential V(y) to the other one applying the standard
formulation of the instantontechniquein the path integral
approach.This will be donefirst for the isolateddimer and
thenfor the dimer interactingwith the bath.

B. Quantum properties

The amplitudeof the tunnelingtransitionin the potential
V(y) canbe found by calculatingthe phasespacepathinte-
gral @17#
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T/2 F2J~ t !ẋ~ t !2y~ t !ẇ~ t !1S@y~ t !,w~ t !,J~ t !,x~ t !# G J , ~3.7!

where

Sd@y~ t !,w~ t !,J~ t !,x~ t !#5S2~T/2!2S2~2T/2!1S1~T/2!2S1~2T/2!1 S̄d ,

S̄d52E
2T/2

T/2

Hd„y~ t !,w~ t !,J~ t !…dt ~3.8!
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1
4 @J~ t !62y~ t !#sin@2x~ t !6w~ t !#.

Note that in contrastto the usualphasespacepath integral representation,we haveperformeda partial integrationin the
exponent.ChoosingthedimerenergyE5E3 we mayconsiderthe tunnelingmotionbetweenthe two minima of thepotential
V(y) locatedat y656AJ2/42C2/g2. This meansthattheintegralin the action~3.8! shouldbecalculatedusingtheconditions
that y(T/2)5y(2T/2)5y1 or y2 and J(T/2)5J(2T/2)5J0. For gJ0.2C the value of J0 ~integral of motion for the
classicalpaths! characterizestheparticulartunnelingprocess.This procedurecorrespondsto calculatingthesplitting dueto the
phasespacetunnelingbetweenthe two isolatedperiodicorbits

y656AJ0
2/42C2/g2, w50, J5J0 , x52~v01gJ0!t. ~3.9!

SinceHd doesnot dependexplicitly on x, thepathintegrationoverx andthenoverJ canbecarriedout straightforwardly.
Onecanseefrom this integrationthatonly thepathsalongwhich J(t)[J0 contributeto the integral~3.7!. Thenkeepingonly
the termsrelevantto tunnelingoneobtains
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\F2E
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Switching to the imaginary time, t52it, one finds for T
→` the well-known instantonfor the potential~3.4! with E
5E3:

y~t !5AJ0
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4
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g2
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4
2
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correspondingto the imaginary time solution of Eq. ~3.3!.
Thenthe tunnelingsplitting becomes

DE;e2~1/\ !SE, ~3.12!

wheretheEuclideanactionis calculatedwith thehelpof the
instanton~3.11!,

SE52AJ0
2
24C2/g2

1J0lnS 2Cg

gJ02Ag2J0
2
24C2D .

Comparingthis resultwith the resultsobtainedin @12,13#
by the perturbationtheory approachby taking into account
that J0 has to be replaced by its quantized value J0
5n\, n50,1,2, . . . , we find that they coincideup to the
preexponentialfactor. The latter can be found by properly
accountingfor the quantumfluctuationsin the abovepath
integral. Unfortunately, the action~3.8! containsa kinetic
term proportional to cosw, rather than a quadratic form,

which complicatesthe calculationof the quantumfluctua-
tions.Nevertheless,while consideringtunnelingof a breather
interactingwith the harmonicbathwe will be able to arrive
at a certainconclusionconcerningthis preexponentialfactor
aswell.

IV. BREATHER IN THE 1D CHAIN

A. Classical properties

In order to considertunnelingin the 1D chain described
by theHamiltonian~2.2! we studysomeof its classicalprop-
erties first. To be more specific we need to find isolated
periodicorbitsbetweenwhich thequantumphasespacetun-
neling occurs.This can be achievedby applying the same
trick as in Refs. @13,16#. The systemhas two integralsof
motiononeof which is thetotal energy,i.e., theHamiltonian
itself, andthe secondoneis the quantity

B5

1

2 (
i52NL

NR

~p i
2
1x i

2!.

Hence,we canfind isolatedperiodicorbitsby usingthecon-
dition ¹H5v¹B in thephasespace.This conditiondirectly
leadsto the equations

342 PRE 58V. FLEUROV, R. SCHILLING, AND S. FLACH



xm
L/R

5

Cm
L/R

v2lm
L/R

x1/2,

pm
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v2lm
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which allow oneto eliminatethe bathcoordinates.Thenap-
plying alsothe canonicaltransformation~3.1! andassuming
that the left handchain is identical to the right handchain,
onefinds isolatedperiodicorbits in the form

y656AJ0
2/42C2/g2, w50, J5J0 , x52vt

~4.1!

with v definedby the equation

v01gJ01(
m

2Cm
2

v2lm
5v. ~4.2!

Comparingthis solutionwith Eq. ~3.9! we find that it has
the samestructureas for the isolateddimer and only the

coefficientin thelineartime dependenceof themomentumx
is now renormalizeddueto the interactionwith thebath.We
alsoobtainthe energy

E5E312J0(
m

~2v2lm!
Cm

2

~v2lm!2

of thesystemcorrespondingto suchan isolatedorbit. It con-
tainstwo termscorrespondingto thedimerandall theother,
bath,degreesof freedomseparately.It is interestingto note
that theenergyE3 of thedimer is alsoa conservedquantity,
meaningthat when moving along this orbit there is no ex-
changeof energybetweenthe dimer andthe remainingpart
of the chain.

B. Quantum properties

Now we will considerhow the interactionwith the har-
monicbathinfluencesthetunnelingin thedimerbetweenthe
two isolatedorbits ~4.1! found in the previoussubsection.
Let us calculatethe path integral
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where
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with the HamiltonianH definedby Eq. ~2.2!. The action ~4.4! is calculatedusing the conditionsthat xm
L (2T/2)5xm

L (T/2)
5x0m

L andxm
R(2T/2)5xm

R(T/2)5x0m
L , all otherconditionsbeingthesameasin thecaseof theisolateddimer.Notethat in Eq.

~4.3! we havetakenthe tracewith respectto x0m
L andx0m

R .
Integrationover the harmoniccoordinatesis straightforwardandthe propagator~4.3! becomes~see,e.g.,@18#!
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whereS̄d is given by Eq. ~3.8! and
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dtE
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dt8AAL,R~ t !AL,R~ t8!@KL,R~ t2t8!coscL,R~ t,t8!1LL,R~ t2t8!sin cL,R~ t,t8!# ~4.6!
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with
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Here

cL,R~ t,t8!5x~ t !2x~ t8!7
1
2 @w~ t !2w~ t8!#,

AL,R~ t !5J~ t !/26y~ t !;

Z̃ is the factor due to all the integrationscarriedout in Eq.
~4.5!. It also includes terms containing S6(6T/2). A de-
tailed knowledgeof Z̃ is not importantfor calculationof the
tunnelingsplitting.

The action in the propagator~4.5! is rathercomplicated
andis far from beinga quadraticform. It containsalsonon-
local terms SL,R@y ,w,J,x# due to the interaction of the
breatherwith the phononbath.Their structure,althoughre-
semblingin manyaspectsthe nonlocaltermsin the standard
potentialtunnelingproblems~see,e.g.,@8,19#!, is now some-
what morecomplicated.On onehandthis is dueto the fact
that the integrationsover themomentahavenot beencarried
out.On theotherhandthevery formulationof theproblemis
different. There is an additionalpair of conjugatedcoordi-
natesJ and x, which is important when consideringthe
phasespacetunneling.Also we have anadditionalrestriction
J(T/2)5J(2T/2)5J0, to be takeninto account.

C. Adiabatic approximation

A directcalculationof thepathintegralseemshardlypos-
sible unlesssomeapproximationsare used.In order to un-
derstandwhat sort of an approximationcan be appropriate
here, we need to analyzethe equationsof motion for the
dimer coordinatesand momentathat can be obtainedby
minimizing the actionin Eq. ~4.5!:
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First of all we observethat the isolatedperiodic orbits
found in Sec.IV A aresolutionsof the equationsof motion.
By substitutingoneof theseisolatedorbits,correspondingto
saythe y1 minimum, oneobtainsthe nonlocalactionterms
in the form

SL,R@y ,w,J,x#5AL,RE
2T/2

T/2

dtE
2T/2

T/2

dt8K̃L,R~ t2t8!

~4.11!

wherethe kernel reads

K̃L,R~ t !5

1

2(m ~Cm
L,R!2

cos@lm
L,R~T/22utu!2vutu#

sin lm
L,RT/2

~4.12!

andAL5J0/21y1 , AR5J0/22y1 .
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This kernel is similar to the kernelsencounteredin the
standardconfigurationspacetunneling problems~see,e.g.,
@8,19#! exceptfor theadditionaltermvutu in theargumentof
the cosinefunction. This term ensuresa rapid convergency
of theintegral~4.6! regardlessof thephonondensityof states
providedv is largeenoughcomparedto lm

L,R , which canbe
achievedif gJ0.2C, which is the condition for the very
existenceof the breatherin our system.It shouldbe men-
tioned,in particular,that theinternalbreatherfrequencyv in
the kernel makesthe logarithmic divergencyof the action
appearingin theso-calledOhmiccasefor particletunneling,
asdescribedin @8#, impossible.

The frequencyv characterizesthe isolatedperiodicorbit.
Any motion with smaller frequenciescan be consideredas
slow andan adiabaticapproximationmay be appropriatein
sucha case.This holdsin particularfor theinstantonsolution
~3.11! of equations~4.7!–~4.10! ~if rewritten in the imagi-
nary time! andsuchanadiabaticapproximationmaybeused
when analyzingthe phasespacetunnelingproblemas well.
A moredetaileddiscussionof the applicability of this adia-
batic approximationis given in the next section.

The rapid convergencyof the integrals in the nonlocal
termsof the actionensuresthatthemaincontributionis com-
ing from t2t8 being small. Thus the dependenceof the
dimercoordinateson t8 canbeapproximatelyrepresentedas

J~ t8!5J~ t !1 J̇~ t !~ t2t8!1•••,

y~ t8!5y~ t !1 ẏ~ t !~ t2t8!1•••,

w~ t8!2w~ t !5ẇ~ t !~ t2t8!1•••,

x~ t8!2x~ t !52v~ t2t8!1dẋ~ t !~ t2t8!1•••.
~4.13!

This expansionis substitutedinto the actionin the exponent
of Eq. ~4.5! andintegrationover t8 is carriedout in the limit
T→`. Keepingthe leadingtermsof the expansionthe adia-
batic approximationfor the actionis obtained

Sad5E
2`

`

dt$J~ t !~v1M 0!2J~ t !~11M 1!dẋ~ t !

2y~ t !~11M 1!ẇ~ t !2Hd@y~ t !,w~ t !,J~ t !#%,

~4.14!

where

M 05(
m

Cm
2

lm2v
~4.15!

and

M 15(
m

Cm
2

~v2lm!2
. ~4.16!

Now all the termsin the action~4.14! arelocal andit can
be directly comparedwith the resultsobtainedfor the iso-
lateddimer.Actually we havenow to calculatethepropaga-
tor ~3.7! using this new action. First the integration over

dx(t) again yields only the paths with J(t)[J0. Then
changingintegrationvariables,t̃ 5t/(11M 1), in theremain-
ing part of the actiononeobtainsthe propagatorin the form
~up to factorsirrelevantto tunneling!

Z;E D@y~ t̃ !#E D@w~ t̃ !#expH 2

i~11M 1!

\

3E
2`

`

d t̃ †y~ t̃ !ẇ~ t̃ !2Hd@y~ t̃ !,w~ t̃ !,J~ t̃ !#‡J . ~4.17!

The propagator~3.10! canbe transformedinto the propa-
gator ~4.17! by scalingthe Planckconstant\→\/(11M 1).
This meansthat thesplittingsof thequantumbreatherlevels
dueto tunnelingin the chaincanbe obtainedfrom the split-
ting found for the isolateddimer just by the samescaling.

V. DISCUSSION

We havestudiedthe tunnelingof a localizedbreatherex-
citation in a chain of particlesdue to quantumfluctuations.
For this purposewe usedan extendedversion of a dimer
model. The original dimer model was recently investigated
classically and quantum mechanically @12,13#. Assuming
that the breatheris mainly localized on one bond, we re-
placedall the bondsby harmonicones,except for two of
them,thusallowing for tunnelingfrom onebondto theother
underthe influenceof the remainingharmonicbonds.

For theisolateddimer,i.e.,whentheharmonicchainsand
their couplingto thedimerareremoved,we haveappliedthe
pathintegraltechniqueandreproducedtheresultfor thetun-
neling splitting DEn

(0) obtainedearlier within a perturbative
approach.This agreementhasbeenachievedfor the expo-
nential factor, which representsthe main contribution to
DEn

(0) . Taking the interactionwith the harmonicchainsinto
accountwe havecalculatedthepropagatorby useof anadia-
batic approximation.The result ~4.17! allows us to find an
equationfor theprobabilityamplitudeof thebreathertunnel-
ing in thechainif we know theprobabilityamplitudefor the
isolateddimer. For example,we may useEq. ~1.10! in Ref.
@12# ~a moregeneralderivationcanbefoundin @13#! derived
perturbativelyfor the isolateddimer. The quantumnumber
n5J/\ is thenumberof bosonsthatcomprisethebreather.It
is the only parameterin this equationcontainingthe Planck
constant\. Applying the abovescaling one arrives at the
amplitudefor a breathertunnelingin the chain,

DE5

2ñC

~ ñ21!!
S C

g D ñ21

, ~5.1!

where ñ5J(11M 1)/\. For large valuesof ñ the Stirling
formula resultsin

DE'
2ñC

Añ21
expH 2~ ñ21!ln

~ ñ21!g

eC
J . ~5.2!

It is readilyseenthat theinteractionwith thebathdiminishes
the exponentialfactor due to the increaseof the ñ with re-
spectto n (M 1 is alwayspositive!. This is thesametypeof
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behavioraspredictedin @20# for the influenceof thebathon
the configurationspacetunneling.

Here we commentagainon the quality of our adiabatic
approximation.The nonadiabaticcorrectionsin the action
~4.14! areproportionalto thequantityM 1, Eq. ~4.16!, which
for v@max$lm%5v012C can be estimated as
M 1;C2/v2

!1. Direct analysisof the adiabaticexpansion
~4.13! showsthat the next order terms in the action~4.6!
will containadditionalpowersof theratio v inst/v. FromEq.
~4.2! onefindsthat thebreatherfrequencyv is alwayslarger
than gJ0. Therefore, the frequency, v inst5

gJ0/2A124C2/g2J0
2, typical of the instantonis smallerthan

the breatherfrequencyat leastby a factor of 2. It may be-
come especially small near the bifurcation point, when
2C/gJ0 is closeto one.Hence,we expectthe adiabaticex-
pansionto be quite reasonableif the instantonfrequency
v inst is small enoughcomparedto the breatherfrequencyv.

It hasbeenshownfor the configurationspacetunneling
thatthebehaviorof thedensityof statesof theharmonicbath
for frequenciescloseto zero strongly influencesthis renor-
malization.In the Ohmic or sub-Ohmiccasethe couplingto
the bath may lead to a suppressionof tunneling @9#. This
effect,however,doesnot occurfor thephasespacetunneling
of thebreatherfor our modelHamiltonian~2.2!–~2.7! evenif
the phonondensityof statescorrespondsto the Ohmic case.
The reasonfor this canbe seenfrom the nonlocalkernel in
adiabatic approximation, ~4.12!. Choosing T such that
Tv/252pn with n beinga positiveintegerthe argumentof

the cosinein Eq. ~4.12! can be rewritten as (lm
L,R

2v)(T/2
2utu). Since the breatherfrequencyv.0 must be larger
than the upperedgemax$lm%5v012C of the phononband,
there will be a gap, meaningthat lm

L,R
2v never becomes

zero.Consequently,the coupling to the phononbath results
in aninteractionbetweentheinstantonsthatdecaysexponen-
tially with ‘‘distance’’ ut2t8u ~wheret is thepositionof an
instanton! andnot asa powerlaw ;ut2t8u22 asis thecase
for the Ohmic damping@9,8,19#.

The occurrenceof this gap is relatedto the fact that the
breatheritself already has its own nonzero frequencyv.
Since this will also be true for breathersin quite different
typesof models,e.g., whereno anharmonictermswith re-
spectto the momentaexist,we may speculatethat tunneling
of a breathercannot be generally suppressedeven in the
Ohmic or sub-Ohmiccases.

Finally, we want to emphasizethat theexistenceof many
bosonbound stateshas beenobtainedrigorously only for
integrablemodels.Although our presentcalculationis not a
proof of existenceof boundstatesin the semiclassicallimit,
the finding that the tunnelingin the dimer is reducedwhen
consideringaninfinite chain,yieldstheright trendto connect
theseboundstatesto classicalbreathersolutions.
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