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The long-time value of the displacement-displacement 
correlation function and the mean square displacements 
are calculated within the q~4-1attice model with infinite 
range interaction by use of a mode coupling approxima- 
tion. Their temperature dependence is compared with 
exact results. While the mean square displacements (zero 
decoupling times) agree with exact results except the low 
temperature range for weak coupling, the long time cor- 
relations from MCA (infinite decoupling times) are 
wrong. Even a separation of the displacement function 
into two parts representing the two different time scales 
is of no use since the distribution function doesn't sepa- 
rate. 

1. Introduction 

There exist several approaches of explanation of a nar- 
row central peak (CP) in the scattering function near 
structural phase transitions out-side in the critical region 
[-1-2]. Especially a possible appearance of long-time 
values of the displacement-displacement correlation 
function (without any defects) due to nonlinearities was 
discussed in [-3] as a reason for such an effect. The calcu- 
lation of the long time correlations (LTC) in [3] was 
based on a mode coupling approximation (MCA) for 
a scalar lattice ~4-1attice model with finite range interac- 
tion, where no exact results of the dynamical problem 
are known. The main predictions are: i) there can exist 
LTC (depending on the model parameters); ii) there ex- 
ists a temperature Tg separating regions with vanishing 
and nonvanishing LTC; iii) the temperature dependence 
of LTC can be calculated and iv) in the vicinity of 

Tg ( ~gTg  < 1 ) one can apply exact results of the mode 

coupling theory of G6tze [-4] calculating the low fre- 
quency dynamics of the system. Especially ii) implies a 
connection to such interesting questions as nonmixing, 
nonergodicity and equipartition threshold. 

In the case of infinite range interaction the tempera- 
ture dependence of LTC can be calculated numerically 
exactly [5]. In this case it follows that besides prediction 
i) all other MCA predictions seem to fail (see also [6]). 
Especially prediction iv) was studied in [-7] by molecular 
dynamical simulations of finite ~4-systems with infinite 
range interaction. The analysis of relaxation properties 
clearly demonstrate problems of MCA for finite systems 
too. 

Here we want to discuss the results of a MCA in 
the infinite range interaction case by solving the MCA 
equations for zero decoupling times (calculating the 
mean square displacements (MSD)) and for infinite de- 
coupling times (calculating the LTC). We hope that the 
discussion of our results will help in more understanding 
of the problems and advantages of MCA in our case. 
Of course more realistic systems have finite range inter- 
actions. We want mention here the molecular dynamics 
simulations of one- and two-dimensional (isotropicat and 
anisotropical) ~4-systems in [-8] indicating some interest- 
ing 'MCA-like' results in the case of strongly correlated 
one- and quasi-one-dimensional systems. However in the 
present paper only infinite range interaction is consid- 
ered. In Sect. 2 the model is introduced and equations 
of motion are derived. In Sect. 3 the MCA is applied 
to our case. Section 4 contains results and discussion. 

2. Model, equations of motion and long time correlations 

We study the scalar ~4-1attice model used to simulate 
structural phase transitions (see e.g. [-1]): 

p/2 I 1 4\ 1 
H = ~  (~-- -~-X2 + ~  X , ) + ~ f t ~ ( X , - - X k )  2 (2.1) 

Xl and Pl are canonically conjugated particle displace- 
ments and momenta. Index 1 runs over all unit cells, 
f~k is the harmonical interaction. All variables are dimen- 
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sionless (see [5]). In the case of infinite range interaction 

flk = ~ ,  N =- number of unit cells (2.2) 

model (2.1) reduces to an effective one-particle problem 
with a mean field [1] for N --, Go : 

p 2  1 
(1 - fo )  X2 + 4 X 4  - f o  ( X )  X, (2.3) H ( P , X ) =  ~ 2 

1 Z=ldre-Pn(P,x), 

1 
d F = d P . d X ,  f l = ~ .  

We want to mention that (2.3) is valid only if we first 
perform the N ~ ~ limit and solve the dynamical prob- 
lem afterwards. As it was shown in [7] the corresponding 
N-particle system is ergodic at all temperatures (and 
obeys no phase transition) where the corresponding re- 
laxation process takes place on a time scale zN: zN(N 
---~ o 0 )  - +  o 0 .  

Since we restrict our interest to the high symmetry 
phase (T > T~, T~-phase transition temperature) it follows 
<X> = 0 in (2.3). 

Using the theory of linear response [9] one can calcu- 
late the static susceptibility Z r via the mean square dis- 
placements <X~>: 

)~=fl<XiZ> (2.4) 

Ie-#V(X)x 2 d X  
(X2> = ~e-PV(X)dX , 

V(X) = - �89 (1 - fo )  xZ + �88 x 4 "  (2.5) 

Finally the long time value of the displacement-displace- 
ment correlation function 

Slk (t) = ( Xl(t) X k(O) ) (2.6) 
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Fig. 1. Mean square displacements (dashed line) and L (solid line) 
versus temperature for fo = 10- 4 (from [5]) 

1 f 
Ltk = lim <Xl(t). Xk)  = lira -- j dt (Xt(t). Xk) 

t - -~m z ~ m  T 0 

(2.7) 

can be calculated numerically [5]. The results are shown 
in Fig. 1. 

Since L:I= 0 holds for all temperatures in the case fo < 1 
we get a L. 6 @)-component in the Fourier-transformed 
spectrum of the correlation function Su(t) and thus a 
CP in the scattering function [3, 5]. For  f0 > 1 no LTC 
appear at arbitrary temperatures [5]. 

3. Mode coupling approach 

The basic idea of the mode coupling approach used by 
Aksenov et al. [3] is a decoupling procedure of higher 
order correlation functions appearing in a hierarchy of 
equations of motion using a projection operator tech- 
nique of Tserkovnikov [10] (which is equivalent to the 
Mori projection technique, however the kind of projec- 
tions is different). 

For that it is useful to start with the Laplace trans- 
form of Sq (t) (Aq = ~ e iql Az): 

l 

Sq(z)= 1 f dteiztsq(t), Im(z) > 0. 
0 

(3.1) 

Using the standard equations of motion of Greens func- 
tions (see e.g. [11]) one gets [3]: 

Sq(z) = TzT (3.2) 
1/Z T 

Z - -  
z -- Mq (z)/T 

with 

Mq (z) = ((X 31X~))(q 2) (z) (3.3) 

((AIB))~2)(z) 

1 
= ((A [ B))(q')(z) -- ((A [ P))~)(z) ((p i p))(q~) (z) ((n I B))(q~)(z) 

((A l B))(ql) (z) = ((A I B)) q (z) 

1 
- ((AlX))q (z) ( (XlX))q (z) ((X I B))q (z) (3.4) 

((A[B))q(z) = I dt e iz~<A(t) B(0)>q. 
0 

Now one can express Lq from (2.7): 

Lq = lim z. Sq (z) = Zq r.  IIq 
1/d + r/q/T 

(3.5) 

where Hq is the pole of the relaxation kernel Mq (z): 

Hq = lim z. Mq (z). 
z ~ i O  

(3.6) 

The standard mode coupling approximation decouples 
all higher order correlations functions in (3.3) into prod- 



ucts of lower order correlation functions. Due to the 
special character of the projections in (3.4) the result 
looks very simple [3] : 

M,k (t) ~ 7" (Stk (0) 3 �9 (3.7) 

Parameter ~ was assumed to be equal to 6 in [3] (this 
value corresponds to decoupling rules of harmonical sys- 
tems with ( X  2") = 1 .3 . . . . .  (2 n -  1) ( X  2)"). Here how- 
ever we want to use 7 as a fit parameter since it is evident 
that e.g. in the case of decoupled X4-oscillators one 
yields 

.[F(1/4)]" (3.8) ( X 2 " ) = ( X 2 ) " "  F((2F~l/41))/4)[F(3/4)J ' 

F(3/4) .]f~. (3.9) 
< X  2 ) = 2" r ( 1 / 4 )  

With (2.7), (3.5), (3.6), (3.7) one gets assuming infinite 
range interaction 

< X~) .  ~ L~,, 
Lu = T i /  ( X { )  + 7" L3, " (3.10) 

Equation (3.10) is the result of a MCA at infinite decou- 
pling times in (3.7). Since (3.10) leads to two positive 
solutions besides the trivial one (L= 0) we calculated only 
the largest one. All others can be considered as unphysi- 
cal ones [4]. At a temperature Tg both positive solutions 
disappear leaving the zero solution as the physical one. 

To obtain an expression for Mu ( t= 0 )  we use the 
Mori-representation for the relaxation kernel [12] : 

Mu(t) = (OPf, e i~to'(~X,> (3.11) 

with 

OA=A_Zf,>, 
,,et ) ( X 2 )  .X 

where P =  1 -  (~ being the projection operator onto the 
X, P-subspace and L being the Liouville-operator: 
iLA =ft. Using the Kubo-identity [12] we obtain 

( 2 ,  ~) = T= (X,. 2 , )  

()~2) = T. ( -  1 +fo + 3 (X2)) 

(3.12) 

(3.13) 

and thus for M ( t = 0 ) :  

Mu(t = 0) = T . ( -  1 +fo + 3 (X2))  - T/Z~t. (3.14) 

Now we are able to write down an equation for ( X  2) 
using the M C A  in (3.7) at zero decoupling times: 

T.<X2)3/T-I-T/(XZ)-(-I+fo+3(X2)):O. (3 .15)  

The next steps are: first we calculate Lu from (3.10) using 
the exact solution of (X~)  [5] and compare with the 
exact solution from [5]. Then we calculate (X~)  from 
(3.15) and compare it with the exact solution (X~2). 

tOt 

4. Results and discussion 

The Lu(T)-dependence from (3.10) for different values 
of y is shown in Fig. 2 for f0 =0.0001. It is clearly seen, 
that no agreement with the exact results can be found. 
The absence of a dynamical transition L =  0~-~L+ 0 at 
a temperature Tg as predicted by M CA (Fig. 2) and 
moreover the absence of a plateau in the L(T)-depen- 
dence is evident. The agreement of the L(T)-dependence 
for T ~  0 is independent on the concrete M CA in (3.7), 
only M + 0  is a necessary condition (this comes from 
the divergency of f f ( T ~  0)). These conclusions are cor- 
rect for all fo < 1. 

In Figs. 3 and 4 the T-dependence of ( X  2) from 
Eq. (3.15) is shown. We get good agreement of the MCA- 
result with the exact one for strong coupling fo > 1 and 
also for weak coupling fo ~ 1 if T >  4. It should be noted 
here that from the quartic equation (3.15) we get always 
a second positive solution at higher values which can 
be adressed to a higher susceptibility and thus to a more 
unstable phase. 
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Fig. 2. Lfrom MCA versus temperature ( f o  = 10-*) a y = 6  b y=  1.5; 
dashed line: exact result [5] 
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Fig. 3. (X 2) from MCA versus temperature for fo = 10-4, Y= 1.5; 
dashed line: exact result [5] 
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Fig. 4. (X  2) from MCA versus temperature for f0=10,  y=2 ;  
dashed line: exact result [5] 

Thus we can conclude the MCA being a quite good 
approximation for zero decoupling times and high en- 
ough temperatures. This is not surprising since for high 
enough temperatures the particle feels only the X4-term 
in potential (2.5) and then Gauss-like decoupling proce- 
dures like MCA are correct for static fluctuations (see 
(3.8), (3.9)). For infinite decoupling times the MCA leads 
to incorrect results in the case of a 4~4-model with infinite 
range interaction (except the statement that L # 0  can 
appear). 

To proceed in the finding of reasons for such a behav- 
iour we tried to take into account the two-time character 
of the displacement function X(t) (a fast component 2 ( 0  
representing the fluctuations around a metastable mean 
displacement and a slow component X(t) representing 
the fluctuations of the mean displacements). Thus we 
define 

X = X + X  
(372) - - -L ,  ( 3 7 )  = ( ) 7 )  = ( 3 7 - X )  = O. (4.1) 

An exact and comprehensive introduction of this separa- 
tion using projection techniques E12] leads also to the 
properties 

lim ( X  (t). 37 (0)) = (372) (4.2) 
t--+ oO 

lim (37 (t). 2 (0)} = lim ( 2 ( t ) .  2 (0)} = O. 
1~--+ oo t - + o O  

(4.3) 

If lim S(t) exists then one can use the property 
t--+ oO 

lim (X(t)X) =0  n > 0  
t--+ O0 

deriving 

lim ( X  (t). X 3) = (1 -fo)" L. (4.4) 
t ~ c O  

Now we make a nontrivial assumption about the separa- 
tion of the distribution function 

e-PV(X)/Se-BV(X) dX--p(X, T)-p(X, X, T) (4.5) 

of both variables 37 and 2 into a product of two func- 
tions p(37, X, r)=fi(37, r).f3()7, T) each depending only 
on one of both variables (4.1). The result of (4.4) is 

()~4) + 3 ( .S2) ( (X2)  - (,~2)) 

= (1 -fo)" (372). (4.6) 

This equation is definitely wrong at high temperatures 
where (X  2) is an increasing function of temperature 
( X 2 ) ~ / T  (see (3.9)) since there exist only one term 
of leading order in (372)(X 2) and we exclude the possi- 
bility (374)~(X2)~, c~>l (because of L <  1, [x(E)]< 1 
[5] (x(E)-averaged position of x (t, X, P) for a fixed en- 
ergy E) and thus (374)< L < 1). It is not difficult to see 
one reason of failure of (4.6). Calculating the left side 
of (4.4) directly in the case of infinite range interaction 
in the same manner as L in [5] it is seen that replacing 
the impulse integration in (4.4) by an energy integration 
only energies below the barrier maximum of the poten- 
tial (2.5) contribute. However making the assumption 
of separability of the distribution function p (X, X) one 
gets Eq. (4.6) where in the average (X  2) all energies con- 
tribute, i.e. for high temperatures arbitrary high energies 
contribute, whereas they cancel in the exact solution. 
Thus it is evident that just for high temperatures (high 
energies) disagreement will appear. 

Summarizing we conclude for infinite range interac- 
tion that 

i) the simple mode coupling approximation leads to 
good agreement with exact results for zero decoupling 
times i.e. for the static correlation function at high 
enough temperatures due to dominant Gauss-like contri- 
butions in (X2);  
ii) the mode coupling approximation leads to false re- 
sults for infinite decoupling times especially since it pre- 
dicts a transition temperature 

Tg: L(T<Tg)4=O, L(T>  Tg)=0; 

iii) the possibility of a separation of the displacement 
X(t) into two parts representing the two different time 
scales cannot be used in a decoupling procedure since 
the distribution function p (X) doesn't separate. 

These conclusions, especially iii) are not in contradiction 
to the results of [13] where a double well potential was 
found leading to a distribution function being equal to 
the sum of two Gauss-distributions. Then there exists 
a possibility of separating the displacement into two 
components and the separability of the distribution func- 
tion is exact in that case. However this 'Ising-like' part 
has nothing to do with the long-time correlations of 
(X (t)X) since it represents only the position of the mini- 
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ma  of the double well potential thus being T-independent 
in contrast  to the L(T)-dependence. This conclusion 
comes from a fitting procedure of the distribution func- 
tion (4.5) by the one from [-13] (where the potential is 
temperature dependent) using the width of one Gauss 
distribution and the distance between both ones as pa- 
rameters. Then the result of this fitting procedure to a 
q~4-model is the distance between the Gauss-distribu- 
tions (the ' Is ing '- l ike part) being equal to the (tempera- 
ture independent) distance of the minima of the ~4 dou- 
ble well potential for all temperatures. 

Finally we want to point to the rightness of our results 
only in the case of infinite range interaction where no 
energy fluctuations between the particles are allowed. 
There are indications that for one-dimensional strongly 
correlated ~4-systems with next neighbour interaction 
the situation can be changed drastically and MCA-pre-  
dictions may be correct also for infinite decoupling times 
[8]. 

One of us (S.F.) thanks R. Schilling for helpful discussions and 
providing copies of his work prior publication. 
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