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Abstract

We study exponential decay of high temperature time correlation functions in a non-
integrable quantum spin chain problem, namely Ising spin 1/2 chain kicked with
tilted homogeneous magnetic field. For this purpose we define a master propagator
over a suitable banach space of quantum observables (quantum many-body analogue
of Perron-Frobenius operator) whose leading eigenvalue determines the asymptotic
decay of correlations. This is demonstrated with explicit calculation for which a fast
algorithm for the construction of the master propagator is developed.

1 Introduction

It is known that relaxation to equilibrium of deterministic dynamical systems
can often be treated in terms of the spectral problem for a non-unitary master
operator. This is an established theory in the context of classical dynami-
cal systems [1–3] where the master operator, propagating the phase space
densities, is called Perron-Frobenius operator. In quantum mechanics, the re-
laxation to equilibrium (quantum mixing property) can only take place with
infinitely many degrees of freedom, a situation which prohibits analytic calcu-
lations for a generic nontrivial example. We note that there exists very general
and abstract procedure, namely the so-called recurrence-relation method [4],
which facilitates the study of time correlation functions in classical and quan-
tum mechanics by means of tridiagonal matrix of a transfer operator in a
dynamically generated operator basis.

In classical hamiltonian mechanics, irreversibility emerges as a consequence
of complexity growth taking place in the course of time evolution at smaller
and smaller scales, so effective non-unitarity of time evolution is obtained by
coarse graining at arbitrarily small scale. This view can also be adopted in
semi-classical mechanics provided the coarse graining is performed on a scale
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larger than the Planck cell size [5,6]. In this paper we go further and address
the following simple question: “Can one define a non-unitary evolution oper-
ator for an infinite conservative closed quantum many-body system without
reference to any classical concept?” In order to do so, we study a particular
but hopefully generic case of a simple non-integrable spin 1/2 chain, where
the concept of coarse graining is substituted by a projection onto subspace of
local observables of finite order (finite interaction range). A strong motivation
and inspiration for such a project was provided by the evidence of exponen-
tial decay of high (or infinite) temperature correlation functions which has
been found in several different models of non-integrable interacting quantum
many-body systems [7–9]. These findings suggest existence of well and robustly
defined leading eigenvalue of a certain transfer operator. In contrast we note
that for integrable interacting quantum many-body systems, high temperature
correlations typically exhibit asymptotic power-law decay [10,11].

The central result of this paper is an effective numerical algorithm for explicit
construction of time automorphism on a rich operator algebra and very sug-
gestive convergence of Ruelle resonances (i.e. point spectrum of the ’coarse
grained’ time automorphism) for the Ising spin 1/2 chain kicked periodically
with a tilted magnetic field. Some different aspects of this study were already
published in a compact form [12]. Perhaps it should also be mentioned that
such kicked quantum spin chains provide interesting toy models of scalable
quantum computation [8].

2 Operator algebra and notation

We want to analyze dynamics of a non-integrable quantum many-body sys-
tem over a closed but sufficiently large set of observables. Let us take a one-
dimensional lattice — a chain of spins 1/2 which are described by Pauli vari-
ables σs(x), x ∈ �

, s ∈ {1, 2, 3}. We start by considering a space of local
observables spanned by clusters

Gc(x) = σc0(x)σc1(x+ 1) · · · σcl−1
(x+ l− 1), (1)

where integer c = (c0c1 . . . cl−1) =
∑l−1
k=0 ck4

k is a code with base-4 digits ck ∈
{0, 1, 2, 3}. We put formally σ0(x) ≡ � , so digit ck = 0 represents an empty
space. In order to have unique coding we require the first and the last digit
to be nonzero c0, cl 6= 0, hence c 6= 0 (mod 4). We shall use l(c) to denote
the length of the code c, i.e. the position of its most significant nonzero digit.
We note that operators Gc(x) have unit operator norm ||Gc(x)|| = 1 and
span, after norm closure, the so-called quasi-local C ∗ operator algebra � [13].
Furthermore, we shall also consider the space of translationally invariant (TI)
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observables � which is spanned by the basis

Zc =
∑

x∈ �
Gc(x) (2)

Then we define an inner product of two TI operators, Ω,Θ ∈ � , Ω =
∑
c ωcZc,

Θ =
∑
c θcZc, as

(Ω|Θ) =
∑

c

ω∗c θc, (3)

so operators Zc constitute an orthonormal basis. We note that TI operators
can be interpreted also as TI linear functionals over quasi-local algebra � , or
as density matrices of quantum states (if positive), namely to each Ω ∈ � one
can assign a functional ω(A) = limL→∞ 2−L trL(ΩA) where trL denotes the
trace over a finite portion of the chain of size L covering an arbitrary subset
of

�
as L → ∞ [the so-called limit by inclusion]. In particular, it is useful

to consider a tracial state 〈A〉 = limL→∞ 2−L trLA (infinite temperature Gibbs
state) which defines a natural inner product in � w.r.t. which Gc(x) is an
orthonormal basis, namely 〈G∗c(x)Gc′(x′)〉 = δxx′δcc′ if c, c′ 6= 0 (mod 4).

3 Explicit kicked Ising dynamics on the operator algebra

We consider the simplest non-trivial, non-integrable quantum many-body dy-
namics that we can think of, namely the nearest neighbour Ising interaction pe-
riodically kicked with homogeneous tilted magnetic field, the so-called Kicked
Ising (KI) model [8] with periodically time-dependent hamiltonian

HKI(t) =
∑

x∈ �
{Jσ1(x)σ1(x+ 1) +

∑

n∈ �
δ(t− n)(hxσ1(x) + hzσ3(x))}, (4)

generating a unitary Floquet map

U = exp(−iH1) exp(−iH0), H0 = hxZ(1) + hzZ(3), H1 = JZ(11). (5)

KI is completely integrable in cases of kicking with longitudinal field hz = 0
(trivially) or transverse field hx = 0 (Wigner-Jordan mapping to spinless fermi-
ons [11]). However, if the magnetic field is tilted in the plane x− z then the
model is non-integrable and can exhibit truly mixing dynamics in the ther-
modynamic limit [8]. It seems particularly interesting that certain remnants
of integrability, like divergent transport coefficients or non-vanishing time-
averaged autocorrelation functions [14], appear to survive sufficiently small
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but finite amount of perturbation (e.g. tilt) even in the thermodynamic limit
[8,7].

Our central interest here is to study time-automorphism (TA) induced by (4,5)
on C∗ algebra, T : � → � , or on the space of TI observables, T̂ : � → � :

T̂Ω = U †ΩU = exp(i adH0) exp(i adH1)Ω, ( adH)Ω := HΩ− ΩH. (6)

KI model has a unique feature, namely the application of TA on any element
of � , or � , can be computed explicitly and efficiently. This is in contrast
with a general quantum lattice model where even the existence of TA is a
difficult mathematical problem [13]. It is this feature which makes KI model a
particularly useful toy for exploring relaxation and nonequilibrium quantum
statistical mechanics.

Let us write the action of TA on the local operator basis Gk(x) in terms of a
matrix Wk,k′

TGk(x) =
∑

k′
Wk,k′Gk′(x). (7)

Note that indices k, k′ run over all non-negative integers (and not like in-
dex c 6= 0 (mod 4)), so the expression (7) is not optimized in the sense of
nonuniqueness G4k(x) = Gk(x+ 1). We shall now show that the matrix Wk,k′

can be constructed explicitly by recursive application of the homomorphism
property

TG(k0 ,k1 ...kl−1)(x) = TG(k0 ,k1...kl−2)(x)Tσkl−1
(x+ l). (8)

The key ingredient of our method is the locality of TA, namely application of
TA on a local variable can only affect neighbouring sites in one time step. For
later convenience we express this property most generally in terms of a 64×64
matrix Λz,t, z = z0 + 4z1 + 42z2, t = t0 + 4t1 + 42t2, as

σz0(x− 1)σz1(x)Tσz2(x) =
63∑

t=0

Λz,t σt0(x− 1)σt1(x)σt2(x+ 1). (9)

The matrix elements Λz,t can be easily computed for KI model, and we do not
display them here due to lack of space. We note however an important general
relation following from eq. (9):

if 0 ≤ u < 16 then Λu,t = δu,t. (10)
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Plugging eq. (7) to eq. (8) and using eq. (9) one obtains a recursion relation
for a finite 4r+1 × 4r+3 dimensional block W(r+1) of the matrix Wk,k′ in terms
of its 4r × 4r+2 sub-block W(r), namely for non-negative integers k < 4r, k′ <
4r, s < 4, u < 16, t < 64 we have

W
(r+1)
k+4rs,k′+4rt =

15∑

u=0

W
(r)
k,k′+4ruΛu+16s,t (11)

with the initial condition

W
(1)
s,t = Λ16s,t. (12)

We stress that the consistency condition W (r+1)
k,k′ = W (r)

k,k′ , 0 ≤ k < 4r, 0 ≤
k′ < 4r+2, follows from eq. (10). Dividing the matrix W(r) into 4× 64 smaller

square blocks of size 4r−1 × 4r−1 written as W
(r)
s,t we can rewrite eq. (11) in an

appealing matrix form

W
(r+1)
st =

15∑

u=0




W(r)
0,4u W(r)

0,4u+1 W(r)
0,4u+2 W(r)

0,4u+3

W(r)
1,4u W(r)

1,4u+1 W(r)
1,4u+2 W(r)

1,4u+3

W
(r)
2,4u W

(r)
2,4u+1 W

(r)
2,4u+2 W

(r)
2,4u+3

W
(r)
3,4u W

(r)
3,4u+1 W

(r)
3,4u+2 W

(r)
3,4u+3




Λu+16s,t. (13)

The relation (11,13) may be interpreted as a kind of renormalization group
flow construction of TA. Note again that indices k, k ′ in Wk,k′ are arbitrary
integers, i.e. they may also be divisible by 4. However, application of TA on
TI basis Zc results in a different matrix Tc,c′

T̂Zc =
∑

c′
Tc,c′Zc′ (14)

where indices c, c′ should have the least important digit different from zero
c, c′ 6= 0 (mod 4). Summation over x and careful bookkeeping of indices
reveals the following simple relation between the two TA-matrices

Tc,c′ =
r+2∑

k=0

Wc,4kc′ (15)

where r is the smallest integer satisfying 4r > c. The matrix Tc,c′ is block-
banded, namely it satisfies

Tc,c′ = Tc′,c = 0 if c > 16c′. (16)
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Fig. 1. Non-vanishing matrix elements (black) of TA-matrix
T(r) = {Tc,c′ ; 0 ≤ c, c′ < 4r+1} of a non-integrable KI model for r = 4
(left), 5 (right) in the code-ordered basis.

From the recursive construction (11,13) it also follows that the matrix Wk,k′,
or Tc,c′, should have a fractal structure upon multiplication of the row and
column indices by factor 4. This is clearly demonstrated in figure 1 for the
non-integrable KI model (in case of integrability, if either hx = 0 or hz = 0,
additional matrix elements are vanishing).

Let us group all the TI-operators of order r or less to constitute a linear
subspace � r = {∑l(c)≤r

c ωcZc}, so that we have an inclusion sequence � 1 ⊂
� 2 ⊂ · · · ⊂ � . We note that the condition (16) results in

T̂ � r ⊂ � r+1 (17)

meaning that we have explicitly constructed TA on an inclusive sequence of
sets covering the entire space � of TI observables. There is of course a delicate
mathematical issue on the proper metric on the infinite dimensional space
� which determines the spectral problem for the operator T̂. This shall be
discussed later.

From the practical point of view it is more important to be able to apply TA
on a given vector Ω =

∑l(c)≤r
c ωcZc ∈ � r of N = 3 · 4r−1 coefficients ωc, as

T̂Ω =
∑l(c)≤r+1
c ω′cZc giving 4N coefficients ω′c, than to compute the whole

matrix Tc,c′ . We shall now outline a fast algorithm which produces ωc → ω′c in
O(r4r) = O(N logN) operations, using the recursive construction of the TA.
The idea is simply to write ω′c =

∑
c′ ωc′Tc′,c and apply eqs. (15) and (11).

Algorithm:

(1) Set initial vector: ωc, 0 ≤ c < 4r, c 6= 0 (mod 4)

(2) Offset the code for two digits: y
(0)
k =

∑
c ωcδk,16c, for all k, 0 ≤ k < 4r+2.
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(3) For l = 1, 2, . . . r:

y(l)

k+4l−1t+4l+2v
=

63∑

t′=0

y(l−1)

k+4l−1t′+4l+2v
Λt′,t, (18)

with 0 ≤ k < 4l−1, 0 ≤ v < 4r−l.

(4) Apply translational invariance to yield the final vector:

ω′c =
r+1∑

k=0

y
(r)

4kc, 0 ≤ c < 4r+1, c 6= 0 (mod 4). (19)

4 Ruelle resonance spectrum and correlation decay

Relaxation to equilibrium is characterized by the decay of time correlation
functions, CΩΘ(t) = (Ω|T̂tΘ), which are through the Fourier transform re-
lated to the spectrum of TA T̂. (Note that one does not need to subtract
product of averages from the correlation function since the trivial identity ob-
servable is not included in the space � , hence 〈Ω〉 = 0 for all Ω ∈ � .) However,
the spectrum of T̂ depends crucially on the metric of the space � , namely T̂ is
unitary with the spectrum lying on the unit circle if the Hilbert space metric
(3) is used. This would exclude possibility of mixing for any finite operator
space. But since the dimensionality of � is infinite, the correlations may still
decay due to transport of quantum amplitudes to modes Zc of higher and
higher orders l(c). This process may, physically speaking, be captured by a
kind of “coarse graining”, or mathematically speaking, by Ulam’s finite rank
approximation. Thus we define a projection operator P̂r : � → � r which
simply truncates to order r, P̂

∑
c ωcZc =

∑l(c)≤r
c ωcZc. Heuristically speak-

ing, this projection corresponds to “coarse graining” of quantum observables
with “resolution” 1/r. We define a sequence of finite-rank truncated (coarse
grained) transfer operators

T̂(r) = P̂rT̂P̂r (20)

which are represented in basis Zc by truncated 3 ·4r dimensional square matri-
ces T(r) = {Tcc′; 0 ≤ c, c′ < 4r+1, c, c′ 6= 0 (mod 4)}. The relaxation or decay
of time correlations is then expected to be approximately described in terms of
spectra of non-unitary matrices T(r), with increasing accuracy as r →∞. Ru-
elle resonances are defined, following the idea of refs. [3,5], in terms of “frozen”
eigenvalues, i.e. those eigenvalues (and the corresponding eigenvectors) which
converge as r →∞.
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Let e−qn be the converged (frozen) eigenvalues of T̂(r), and {ΘR
n}, {ΘL

n} the
corresponding right and left eigenvectors, respectively. Then for arbitrary pair
X,Ω ∈ � , the time correlation function (X|Ω(t)) = (X|T̂tΩ) has the asymp-
totic behaviour (see e.g. [2])

(X|Ω(t))→
∑

n

wne
−qnt, wn =

(X|ΘR
n )(ΘL

n|Ω)

(ΘL
n|ΘR

n )
. (21)

The above relation is the contribution of the point spectrum and is exact if the
spectrum is pure-point. However, one may quite typically have various singular
components and branch cuts which may also be taken into account [2]. Note an
interesting point here, namely denominator (ΘL

n|ΘR
n ) is finite although both

vectors should have infinite l2 norm (ΘL
n|ΘL

n) = ∞, (ΘR
n |ΘR

n ) = ∞, for any
eigenvalue away from the unit circle.

There is a simple relation between Ruelle resonance spectrum and ergodic
properties of dynamics: (i) If there is a spectral gap, i.e. all |e−qn| ≤ exp(−λ) <
1, then dynamics is exponentially mixing, |(X|Ω(t))| ≤ C exp(−λt). (ii) If some
eigenvalues are on the unit circle, meaning that the corresponding eigenvector
coefficients should be in l2, then the system is non-mixing since there are corre-
lation functions which do not decay. (iii) If some eigenvalues are at 1 then the
system is non-ergodic since the correlation functions may have non-vanishing
time-averages. If Qn is a complete set of orthonormalized eigenvectors corre-
sponding to eigenvalue 1, (Qn|Qm) = δn,m (and note that since we are on the
unit circle: QR

n = QL
n) then

DΩ := CΩΩ(t) =
∑

n

|(Ω|Qn)|2. (22)

The latter (iii) happens in generic completely integrable quantum lattices,
where Qn correspond to an infinite sequence of conservation laws [15]. Further-
more, we have a strong numerical evidence that also in certain non-integrable
quantum lattices[7], and also in KI model [8], one has a regime where few
normalizable (’pseudo-local’) but not local (like in integrable models) conser-
vation laws exist. This we call the regime of intermediate dynamics and is
characterized by a nonvanishing stiffness DΩ 6= 0 signalling ballistic transport.

Note that the trivial invariant observable, namely the identity Q0 = 1, T̂Q0 =
Q0, an analogy of a uniform density with a ’special’ eigenvalue 1 which is
always there, does not belong to our operator space � . We also note that there
may be an intermediate situation, between (i) and (ii), where the spectral gap
vanishes but there is still no point eigenvalue on the unit circle, for example
if we have a branch cut touching the unit circle. This situation is consistent
with mixing and power-law decay of correlations, and happens quite often
in classical dynamical systems as a result of intermittent behaviour, e.g. due
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to marginally stable orbits. We have not yet studied a possibility of such
behaviour in our model.

We have systematically scanned the parameter space (J, hx, hz) of the KI
model and found all qualitatively different constellations of frozen eigenvalues
of the truncated TA matrices T(r) corresponding to mixing, non-mixing but
ergodic, and non-ergodic motions. It is particularly interesting to study the
transition from non-ergodic to ergodic and mixing motion when the leading
Ruelle resonance leaves the unit circle. We speculate that this has charac-
teristics of a quantum phase transition and will be reported in forthcoming
publications. For the purpose of this presentation we show in figure 2 the
spectra of three consecutive truncated TA matrices T(r), r = 5, 6, 7, for two
representative cases: (a) strongly nonintegrable J = 0.7, hx = 0.5, hz = 1.1,
and (b) integrable J = 0.7, hx = 0.0, hz = 1.1. It is seen that the leading few
eigenvalues have clearly converged, in particular in the non-integrable case (a)
where they are nicely isolated. In the integrable case (b)we find more regular
structure of the spectrum and multiply degenerate eigenvalue 1 corresponding
to local invariants of motion. We have also observed interesting concentrations
of the interior eigenvalues along circles. The radia of these circles appear to
be sensitive functions of systems parameters, for example in the case (b) we
find condensation of eigenvalues around the circle with radius ≈ 1/2. This
phenomenon is not theoretically understood.

The numerical method described in the previous section can be used to effi-
ciently compute the correlation function CΩΘ(t), and in particular its coarse

grained approximation C
(r)
ΩΘ(t) = (Ω|[T̂(r)]tΘ) which can be computed, for

t time steps, in O(tr4r) operations. One simply needs to apply the above
algorithm iteratively followed each time by the projection master operator
P̂(r). We note that in the particular model studied, this method is typically
much more efficient and accurate than the numerically exact calculation of
time-correlations on finite systems, in particular when the leading Ruelle res-
onances are well isolated so they freeze for relatively small order of truncation
r. In such cases, dynamics on a truncated operator algebra gives relatively
good approximation of dynamics on the infinite system.

In figure 3 we compare the time autocorrelation function of the magnetization
M =

∑
x∈Z σ3(x) = Z(3), computed in three different ways: (1) from exact time

evolution CL(t) = 1
L
〈MU−tL MU t

L〉 on a finite lattice of length L with periodic
boundary conditions, (2) iteration of truncated TA matrix on infinite lattice
C(r)(t) = (M |T̂t

rM), and (3) asymptotics based on (few) leading eigenvalue
resonance(s) (using formula (21) in terms of qn and wn.).

We note that the leading eigenvalue and eigenvector of truncated TA T̂(r) can
most efficiently be computed using our Algorithm as a key step of an iterative
power-method. In this way we were able to perform calculations of the leading

9



r=5

r=6

r=7

hx=0.5 hx=0.0

Fig. 2. The spectra of truncated transfer operators T̂(r), for r = 5, 6, 7 in strongly
non-integrable (left) and integrable (right) case (see text), lying inside complex
unit circle (thin arcs). The points in upper/lower unit semi-disks correspond to
positive/negative parity R̂Z(c0,c1,...,cl−1) = Z(cl−1,...,c1,c0) eigenvectors. Arrows point
at converged positions of the leading eigenvalue e−q1 .

Ruelle resonances up to r = 12 (see figure 3) in contrast to full diagonalization
of matrices T(r) (as used to determine the whole spectra shown in figure 2)
which were feasible only up to r = 7. It is very interesting to observe the
structure of the eigenvector coefficients vL,R

c = (Zc|ΘL,R
n ) corresponding to

the leading eigenvalue. Numerical results (see ref. [12]) strongly suggest self-
similar behaviour upon multiplying the code c by 4 which is a consequence
of the fractal structure of the transfer matrix (figure 1). It is hoped that this
scaling structure of resonance eigenvectors could be quantitatively understood
using an appropriate renormalization group picture.
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Fig. 3. Correlation function of the magnetization C(t) = (M |M(t)), in the mixing
case hx = 0.5, computed from finite system dynamics for different sizes L (symbols),
and from truncated adjoint propagators of infinite systems (curves) for different
orders r.

5 Conclusion

An appropriate quantum Perron-Frobenius transfer propagator has been de-
fined for a generic quantum many-body system, namely kicked Ising spin chain,
whose lack of unitarity provides a mechanism of quantum dissipation and re-
laxation to equilibrium in such an isolated conservative system. In the par-
ticular model we have proved the existence and given efficient algorithm for
explicit construction of the time-automorphism in the quasi-local C ∗ algebra
of quantum observables and in the Lie algebra of translationally invariant ob-
servables. We have studied the spectrum of the transfer operator numerically
and showed that the leading eigenvalue provides numerically accurate rate of
correlation decay.

We believe that these are generic results and that our method could also be
somehow translated to time-independent quantum lattices, where the mathe-
matics of existence and construction of time evolution is more difficult.

Useful discussions with F Leyvraz, J L Lebowitz, and T H Seligman are grate-
fully acknowledged. The work has been financially supported by the Ministry
of Education, Science and Sports of Slovenia, and in part by the US ARO
grant DAAD19-02-1-0086.

11



References

[1] D. Ruelle, J. Stat. Phys. 44, 281 (1986); M. Pollicot, Invent. Math. 85, 147
(1986); M. Blank, G. Keller and C. Liverani, Nonlinearity 15, 1905 (2002).

[2] P. Gaspard, Chaos, Scattering and Statistical Mechanics (Cambridge University
Press, 1998).
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[15] M. P. Grabowski and P. Mathieu, Ann. Phys., NY 243, 299 (1995).

12


