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Even if an isolated defect results only in a local perturbation of the electron density, the wave
function and the first-order reduced density matrix may still exhibit a long-range response to the
defect. We present an axiomatic approach to the construction of a general-purpose embedding
scheme which is able to cope with this problem. We start from a list of requirements, which we
consider pertinent to an accurate embedding technique, and we proceed to demonstrate that the
extended subspace approach recently proposed by Head and[BilZhem. Phys104, 3244

(1996 is the minimal realization of such an embedding scheme. The variational principle, strict
fulfillment of the Pauli exclusion principle, a finite dimensional parameter space, and the possibility
to perform the minimization by a standard SCself-consistent field procedure are the key
requirements which lead to a constrained SCF procedure. Self-embedding consistency and local
completeness of the Hilbert space can then be realized by a mathematically very simple construction
principle for the active subspace which can be formulated independent of any basis set. We analyze
the spatial structure of the resulting minimal orbital space by means of tight-binding model
Hamiltonians. For metal systems, we find active and frozen constrained SCF spaces to necessarily
interlock in a strong and complicated fashion. 1®98 American Institute of Physics.
[S0021-960698)30730-9

I. INTRODUCTION defect interaction can occur. Yet, there are limitations as
. . ) . well. In general, the approximations applied to the external
The description of localized defects or perturbations 'nregion of a defect system are based on assumptiorthat

otherwise perfect extended electronic systems represents ONfse to the border of the cluster model the impact of the

of the great challenges of quantum chemistry. There are sey- turbation has sufficiently declined in some way or an-

r

eral approaches to model such systems. Pure cluster mod%i : . .

h : other. This requirement naturally provides a lower bound for
applications have been successful in many respects. How:-

ever, the finite size of a cluster model can have a significan he size of the embedded cluster which, depending on the

L : nature of the defect, might become quite large.
h I .g., th
(negativg impact on the results, e.g., the adsorption energy Very often it is assumed in embedding schemes that the

of atoms or molecules at a metal surface converges rather o e
slowly with cluster sizé:2 Another widely used scheme for perturbation induced redistributions of the electron charge

describing localized defects in solids is the supercelldenSity as We,” as the res“'“”,g .changes. in the effective one-
approach~S there one constructs a model system in whichelectron Hamiltonian are negligible outside some central re-

the perturbation is repeated periodically so that standargion around the perturbation. In case of uncharged defects or
band structure methods can be used to calculate the elefi€fects in conducting materials this seems like a reasonable
tronic and geometrical structure. The interaction of defec@PProximation. However, as W. Kohn has recently been put
sites in neighboring unit cells limits the accuracy of this it succinctly, “charge densities are shortsighted, wave func-
model strategy. Enlarging the supercell will reduce such artions are not.” Thus, the physically or chemically intuitive
tifacts, but the resulting increase of the numerical effort oftershort-range impact of a local perturbation on measurable
pushes the model into the range of intractable problems. duantities such as the charge distribution does not necessar-
A third alternative are embedding schemes where a clugly imply similarly short-ranged effects on the wave function
ter model is used that includéat least in pajtenvironmen-  or equivalent quantities of a defect system. Particularly ill-
tal effects of the extended surroundirfgs. general, the clus- behaved are systems which exhibit strong electron delocal-
ter model is treated at the maximum level of accuracy whilgzation such as metals or aromatics. In such defect systems,
for the remaining part of the defect system additional apthe kinetic energy of the system, which directly depends on
proximations are introduced. Very often these approximathe first-order reduced density matrix, exhibits slow conver-
tions are based on the properti@nd response functionsf  gence if evaluated by summing up real space matrix element
the unperturbed environment. Since embedding schemes acentributions®® This finding can be taken as first indication
designed to describe isolated defects, no artificial defectfor the slow decay of the first-order reduced density matrix
(further on simply referred to as “density matrix’of an

dAuthor to whom correspondence should be addressed. Electronic mai@dsorptlon _SyStem with _metal substrate. This long-range
birken@theochem.tu-muenchen.de, Fax: x49-89-289-13622. wave function response in defect systems has to be taken

0021-9606/98/109(6)/2056/9/$15.00 2056 © 1998 American Institute of Physics



J. Chem. Phys., Vol. 109, No. 6, 8 August 1998 Gutdeutsch, Birkenheuer, and Rosch 2057

into account when one intends to construct an embedding After introducing and discussing these “intrinsic” em-

scheme that should be applicable to metallic systems as weledding requirements, we shall present the formal construc-

The Greens matrix approdthrovides one way to take care tion of the minimal variational embedding space. Although

of such effects. Once the “kernel” of the Dyson equation, mathematically very compact, the construction principle is

T=AV(1-GyAV) lis solved in the local space of the per- somewhat abstract. To facilitate physical insight into the

turbationAV, the long-range tails of the full Greens matrix properties of this subspace we will illustrate and analyze its

G are simply mediated by the unperturbed Greens m&@&jgix shape and extent in real space employing a tight-binding

via the well-known expressio®= Gy+ GyT Gy. model Hamiltonian. Finally, we shall discuss some aspects
Of course, one may simplgssumethat outside a certain of applying this new orbital space to adsorption systems.

central region of a defect system the contributions of pertur-

bation mduceq changes in the densnly.matrlx'may be (')mltte(ii]. VARIATIONALLY CONSISTENT EMBEDDING

when calculating measurable quantities of interest, in par-

ticular the effective one-particle potential experienced byA. Hartree—Fock and Kohn—Sham based

electrons close to the perturbation. Quite a few recently deSCF procedures

veloped embedding schemes follow this strat&jy? they We will focus on embedding schemes for quantum
have been successfully applied to certain classes of defeghemical methods which are based ¢effective one-
systems:*"**Such arad hoctruncation of the density matrix particle Hamiltonians such as the Hartree—Fock method or
relinquishes the strictly variational spirit of an embeddingihe Kohn—Sham formalism of density functional theory. In
formalism and bares the risk of introducing “holes” in the poth cases the total ener@yof a system can be regarded as
variational Hilbert space of the system. It has beeny fynctional of the density matri®. (To avoid confusion
demonstratetithat in such a scheme density matrix trunca-ith projection matrices in the following discussion, the two-
tion can completely spoil the evaluation of the total energyfg|d contra-variant form of the density matrix will be de-

even if the charge distribution is reproduced rather wellyoted byD rather than byp.) It is related to theHermitian
Hence, a fully variational procedure for restricting the rangedensity operatof) by

of the wave function response to local perturbations seems to
be much more appropriate. Examples of such variational re- ~ . .
strictions are the projection operators which are introduced i

in some embedding schemes to serve as “penalty” functions

for certain regions in the variational space of a defect syste : : :
9 P y overlap matrixS. In the Hartree—Fock techniqu@ is the

(e.g., see Refs. 19-pIFurthermore, experience shows that, first-order reduced density matrix of the single determinant

compared to many embedding schemes, even moderate\llyave function, in the Kohn—Sham approabhis the first-
large cluster and supercell models often perform surprisingly '

. . order reduced density matrix of the noninteracting reference
well. This success may simply be related to the fact that ST )
. L S . System which is introduced to evaluate the major part of the
despite all their intrinsic approximations, these techniques:; ™ : 3
. L inetic energy functiona® In any case, the ground-state en-
are strictly variational.

Head and Silva have recently proposed an interestinergyEo results from a minimization of the energy functional

@

here{]i)} is a (nonorthogonal spin orbital basis set with

embedding scheme which follows the line of argument pre- [D]
sented heré® The method is based on the constrained SCF Eq=E[Dy]=minE[D], 2)
(self-consistent fieldtechnique, applied to an orbital space beD

that is constructed in a very specific manner. However, thguhere the spac® of density matrices is given by
presentatioff is basis set dependent and interwoven with a
D={D|DSD=D/\tr(SD)=N}. (3

variety of technical details, such as pre-orthogonalization,
Jacobi rotations for core orbitals, post-orthogonalization, diHere N is the number of electrons in the system. The trace
agonalization of products of density matrices, and an orbitatondition in Eq.(3) reflects electron conservation; the idem-
selection criterion. Actually, underneath this elaborate orbitapotency conditionDSD=D, is a mathematically concise
space construction is a very general and powerful concept fdormulation of thePauli exclusion principleexpressing the
establishing a variational embedding scheme which warrant&act that(in a single determinant wave functijpaach spin—

a separate discussion that emphasizes its generality. In pagebital is either fully occupied or empty. Equatiof® and
ticular, we will show in the following that the orbital space (3) refer to a restrictedor spin-symmetrigtreatment of the
construction can be formulated in a basis set independentefect system. Extension to the unrestrictéat spin-
way. Furthermore, we shall demonstrate that the orbitapolarized case is straightforward: The total energy has to be
space proposed by Head and SiRis the smallest subspace regarded as a functional of bothand ag spin density ma-

in the Hilbert space of a defect system which fulfills a set oftrices, and the minimization has be carried out subject to the
six requirements that we consider as pertinent, to a generatonditions of both matrices being Hermitian and idempotent
purpose embedding scheme. The first four conditions lead tas well as ther and 8 electron numbers adding to the given
a constrained SCF procedure. The remaining two embeddingumber of electronsl.

specific requirements result in an orbital space, the minimal As mentioned above, cluster-in-cluster embedding
realization of which is the variational subspace introduced ircalculationg provide strong evidence for requiring thaine
Ref. 22. of the unavoidable approximations in a practical embedding
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scheme should temper with tistrictly variational character  the approximative density matrix and still guarantBgs;, to

of the overall procedure. In other words, the self-consistenpe idempotent and electron conserving for each admissible
ground-state density matrio, should minimize precisely subblockD . However, if all matrix element® PP of D 45
that energy functiondE[ D] which is used for evaluating the are taken constant where none of its indicemdj refer to
total energy of the system. Of course, approximations to theghe subspact, then the strategy of switching to the alterna-
form of the functional are admissible and often necessarvtive characterization, EC{B), of the local parameter space

However, additional approximations, which are introducedy; . directly leads to the well-known constrained SCF
in many embedding schem8s'®'-?*24uring the SCF pro- method???528 In this case,D is defined by the matrix

cedure for determining the ground-state density matrix, maylocking scheme
bare a high risk of seriously violating the variational

rinciple? Dy O
P P Dappn(DU):( 0 D{i/x . 9)
B. Constrained SCF method Here, V is the orthogonal complement to subspadeand

To arrive at a practical embedding technique some kincg\l’X Is a fixed contrlbut|on_ to the approximate de_=n5|ty matrix
of localization has to be introduced in the description of the_ 22P" The “penalty” projectors in the embedding scheme

) o of Refs. 20 and 21 are essentially introduced to favor such a
electronic structure of the total defect system. Within the . :
. o blocked form ofD,,,. Note, however, that it is crucial for
general scheme of a strictly variational approEi. (2)] . pp .
i . L the constrained SCF approach to keep the active and frozen
this can only be achieved by restricting the search spacé . : .
! . : A subspaceb) andV strictly orthogonal. Thus, with the special
density matrices to a local search spd¥g. without violat- L .
. . . ansatz of Eq(9) in mind one aims at a local parameter space
ing the idempotency and trace conditions of Eg). In ad- : ) — ) .
Iy : e : : Xoc that fulfills the alternative definition given in E¢8). To
dition, for practical purposes, it is desirable to restrict the . N -
o S . : : ensure the equivalence of these characterizations, it is neces-
variational freedom by admitting only finite-dimensional S fix 1 .
sary and sufficient thdd,,” be idempotent itself, and that the
search spac®,,.. Thus, let :
partial electron numbeX, be chosen properly
D= Dappr(x)v (4)

whereX e X is a set of parameters which characterize a set o ] ]
DappX) Of approximate density matrice®,,,. Then a In this way, it is guaranteed that for any local density matrix

DY*SyDY=DY/\Ny=N—tr(S,D{). (10

strictly variational embedding scheme reads Dy of the parameter spact, the approximate density ma-
_ trix Dapp Dy) of the total defect system obeys the idempo-
Eo= min E[D] with Dyoc=Dapp(X)ND. (5)  tency and trace conditions for an appropriate density matrix
D < Ploc [Eq. (3)].

It is most convenient to perform this minimization directly in
the parameter space:

Eo: min E[Dapp(X)] with (6) C. Self-embedding consistency

X & Xioc We consider two further aspects as important for high-

Xioc=1{X € YD g X) € D}. 7 quality embgdding schemes. First, in absence of any defect,
. ) ) ) the embedding scheme should perfectly reproduce the elec-
In case of a spin-polarized calcﬁulaﬂon two spin dependenfonic structure of the unperturbed extended reference sys-
parametrizationd;,(X,) and Dapp(Xp) have to be used  em For a strictly variational approach théglf-embedding
with individually restricted parameters spackf, and Y consistencyequires the density matri2' of the unperturbed
which are coupled in such a way that electron conservation i§ystem(f, free) to be accessibleia the ansatz of the approxi-
obeyed. Unfortunately, a minimization of such general formq,5:e density matriceEEq. (9)] which is used to minimize
will be rather difficult to implement. Thus at this stage addi- e energy functional. Put differenti)’ has to be of the
tional approximations are often introduced. However, thergqy Dappl(DfU) with a suitable local density matrm[J from

is a way of arriving at a tractable scheme without further y.  ag'a consequence the density matrix of the unperturbed
approximations if it is possible to recast the local parametefaference system must be block diagonal
spaceX,. in a form similar to Eq.(3), albeit referring to a
“local” subspaceU of the total Hilbert space. To this end, DL 0

0 D)

. . . f_
one identifiesX with the relevant subblocldy of D gy,

(11)

requiring in analogy to Eq(3)
with respect to the subspace partitionidgp V which under-
Xioc={Du[DySyDy=Dy/\tr(SyDy) =Ny}, ® Jies the constrained SCF method. Furtherm@b,must co-
where Sy is the overlap matrix within subspatg andNy incide with the constant contributiob™ to the ansatz ma-
the partial electron number attributed to the subsystem. Iitrices[Eq. (9)]. For a spin-polarized description, the blocking
this form the minimization of Eq(6) can directly be carried scheme must hold separately for each spin density matrix.
out by astandard SCF procedureithin the subspacé. Hence two different spin-dependent sets of orthogonal sub-
There may very well exist a sophisticated parametrizaspaces {,,V,) and Ugz,Vj) will be necessary. Although

tion D4pp(Dy) which generates changes afl elements of  possibly surprising at first glance, different active spaces for



J. Chem. Phys., Vol. 109, No. 6, 8 August 1998 Gutdeutsch, Birkenheuer, and Rosch 2059

each spin component are quite reasonable, e.g., for reflectirigr space in the following. According to the local complete-
the different amount of electron localization in systems withness condition the final embedding spad¢ewhich will be

ferro-magnetic spin coupling. referred to as the activ@ariationa) subspace, has to encom-
Using the density operat®' instead of the density ma- pass at least the cluster spaceUsing the projection opera-
trix DY, the blocking condition may be rewritten as tor P! . onto the manifold of all occupied one-particle states
BUCUABNCY 12 of the unper_turbed extended reference system and the or-
= =" thogonal projector
This self-embedding condition is not easy to fulfill. It actu- B _i_pf (14
ally implies that one has to construct a set of occupied orbit- vir oce?

als for the unperturbed system such that they entirely falbnto the unoccupiedvirtual) states, one can split each spin
either into the subspadg or into its orthogonal complement basis functioni) of the subspac€ into an occupied and a
V. virtual contribution

|i>:ISLC(JD"‘ISI/ir|i>:|ioc<‘>+|ivir>- (15

In methods which are based on an effective one-particle

The final condition for a practical embedding scheme,H iitonian th iactoP! _is directly ai by the total
local completenesshas already been discussed in Ref. 22: amiftonian € projectoF, IS directly given by the tota
cFensny operator

The embedding scheme should not restrict the variationa
degrees of freedom of the defect. If an embedding scheme is Pl =D'=D"+D"A, (16)
constructed by superposition of atomic basis sets, at least all

basis functions localized in the defect regitire., on the N general, each basis functioi) yields two linear indepen-
embedded clustehave to be included in the active subspacedent functiongio and|iy;) (see below for a discussion of
U of the constrained SCF partitioning. Wit being the exceptions The target spac®) is therefore defined as the
variational space spanned by those “cluster” basis functionsSPan of all these individual functions

the local completeness condition thus reads _ _
CQU. (13) U={(//‘1ﬂ=2i ai||oc<‘>+2i bi||vir> y (17)

Note that this condition is not easy to implement in awherea; andb; are arbitrary coefficients. Actually, the re-
cpmputanonal scheme. In any case, it reflect_s a strategy quitilting spaceJ is independent of the basis gej. This is
different from those often pursued when a given density mamost easily seen from the following formulation which sum-

trix, hereD’, is transformed to block diagonal form in cer- marizes the above construction in a more abstract form:
tain localized basis set§?12728|n the following, we advo-

. . _ pf of _ of
cate an alternative procedure that allows one to comply with U=PoC®P,;;C=C+P,C (18)
all conditions discussed in a computationally feasible way.

D. Local completeness

=Cc+D'C. (19
IIl. THE EXTENDED SUBSPACE APPROACH The right hand side of EC“.S) results from the fact that each
linear combination ofli,.9 and|i,;) can equally well be
A. The concept written as linear combination ¢f) =i oco +|ivir) and|iqeo,

Having set up a set of minimal intrinsic conditions for an andvice versa The second row, finally, is simply a conse-
applicable embedding scheme we will now address the corfiuence of Eq(16).
struction of the smallest variational spadethat is compat- If for some reason(e.g., as discussed in Sec) Yhe
ible with all these requirements. To construct the subspacesensity operatob' is not perfectly idempotent, a constrained
U andV one has to render a given density matbikof the =~ SCF procedure based on the subspadagefined in Eq(19)
unperturbed system block diagonal. This can be done by a@nd its orthogonal complemekltis still possible. However,
plying an orthogonalization procedure, e.g., by Jacobi rotaproblems are likely to arise. For ondperfec} self-
tions as in Ref. 27, or by any other unitary localization embedding consistency cannot be achieved since the density
transformatiorf>*° However, for embedding purposes it is matrix D of the unperturbed reference system is no longer
more advantageous tmugmentthe original orbital spac€  block diagonal with respect to the subspace partitioriihg
(see also Sec. IVas originally suggested by Head and @V [Eq. (11)]. Yet, the main problem is connected to the
Silva?? However, whereas these authors have implementetact that the subblocb}, which serves as the constant part
the augmentation of the cluster spd&dy a rather involved D(',X of the density matrix parametrizatidd,,,(Dy) in Eq.
procedure of subspace diagonalizations and selectiof®) is no longer idempotent. This can lead to serious viola-
criteria?? we will focus here on the basic concept of the tions of the Pauli exclusion principle which is manifested in
construction. To this end a basis set independent formulatiothe idempotency condition for the full trial densiti€gq.
of the minimal subspadd will be presented. We will refrain  (3)], and thus bares a high risk of violating the variational
from discussing implementational details like a special treateharacter of the embedding scheme.
ment of core orbitals ett As evident from Eqgs(18) and (19), the original cluster

Starting point for the construction &f is the variational spaceC is a subspace df and the dimension dfl is at most
subspace€ of the defect region referred to &sriginal) clus-  twice that of C. The dimension will actually be smaller as
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cific features of the active subspade especially its exten-
sion in real space, and the effort required for evaluating the
resulting matrix elements. Below we will illustrate the spatial
shape of the relevant subspaces for tight-binding Hamilto-
nians; in a subsequent section the construction will be dis-
cussed for adsorption systems.

However, before doing so we will first demonstrate that
FIG. 1. Schematic representation of the Hilbert space partitioning within thdh€ construction of the active variational subspategiven
extended subspace approach: the original cluster subspatee active  above fulfills the self-embedding condition as formulated in
subspaceJ, the required extensioE=UNC*, and the frozen orthogonal Eq. (12). From Eq.(19) and the fact thaﬁf is a projector, it

complementv. -
is evident thatD'UCU which is the first part of the self-

_ _ o _ embedding condition. The second part is actually equivalent
soon as there exist some linear combinations of occupieg} the first one

orbitals of the unperturbed reference system which are com- R R R
pletely localized inC (e.g., core statgsfor them the projec- D'UCU&(v|D'uy=0=(Dv|ju)y=0=D'VCV, (21

tor P would yield nothing “new,” i. e. a linear dependent \hereue U andp eV are arbitrary. From Eq(19) is also
function. Similarly, there also might exist some linear com-gyident that, by construction, subspagés thesmallestsub-
binations of “cluster” basis functiongmost likely highly  set of the Hilbert space of a defect system that satisfies the
oscillatory wave functionswhich are perfectly orthogonal to  fo|jowing two important conditions. On the one hand, it
all occupied states of the unperturbed reference system. EV(i:'ompIeter contains the original cluster spaz@nd, on the
dently such a linear combination withf can not contribute  gther hand, it obeys the relationshp’CCU which is a
any new basis function to either. crucial pre-requisite for achieving self-embedding consis-
To establish a numerically elegant strategy for detectingency onceC is contained inU. Hence in any embedding
these non-contributing functions we temporarily switch to agcheme which complies with the six requirement annunci-
basis set description of the given cluster sp@cevhich is  ated above, the active embedding space must at least contain
built from the natural spin orbitalf) of the local density  the subset defined in Eq.(18). For some systems, this is

operator actually a rather severe condition as we will show in the
At oagn . N following section: At least for metal substrates, subspdce
De=PcD'P¢ with Pc=ij2c li)(Sc il (200 is not as localized in real space as one might expect at first
) E
glance.

The two-fold co-variant matrix elements|DF|j) are di-
rectly given by the corresponding matrix elemetitd]j)
of the complete density operatﬁrf. Only partially occupied  B. Examples

natural orbitals yieldwo nonvanishing function® ocd ¥) and The projector onto the occupied one-particle states of the
Pli|v), and it can be shown that the set of all non-vanishingunperturbed extended reference system is the key quantity in
projections actually provides an orthogonal basis set of sulxhe construction of the minimal active subspateSince this
spaceU. Thus, we have accomplished our task. This selecprojector is directly related to the density matrix of the sys-
tion procedure also permits a direct evaluation of the ﬂumbefem the Specific properties of Subspa‘t@re very ||ke|y to

of electronsNy which are associated with the active sub-depend quite significantly on the electronic structure of the
space of a defect system. L be the number of electrons extended surrounding. Metal systems are expected to yield
added(or removed by the defect, then the total number of the most diffuse active subspaces; support for this statement
electronsN of the defect system is given y(SD)+Nq.  comes from the observation that localization procedures do
Using Eq.(10) and the fact thaD' is block diagonalEq.  not perform particularly well on large Al cluste?sTo illus-

(11)] directly leads tdNy=tr (SyD{;) +Ng. With the help of  trate this point within the present formalism, we will discuss
the special basis sévoc,|vvir)} it can easily be shown that the construction of subspade and its basis functions for
tr(SUDfU) precisely corresponds to twice the number of theyariouss-type tight-binding Hamiltonians.

nondiscarded basis functiofig,.) (or the sum of the non- We start with a linear chain attype orbitals. The basis
discarded spin-dependent basis functiefs) and|v5.) in  functions|n) are assumed to constitute an orthonormal basis
cases where the defect system is treated unrestrigtddty  set,(n|m)=3,,,, and the model Hamiltonian for the infinite

ure 1 illustrates the construction principle of in a sche-  chain is set up in simple Hikel fashion(with 3<0)
matic way. It shows the original cluster spaCeits exten-

sion E=P&(PL.C), and the orthogonal complemei A

=U" of the active subspadé=Ca& E. The embedding pro- | B 0 B

cedure outlined so far is straightforward to implement in any H= B 0 B (22)
effective one-particle scheme such as the Hartree—Fock tech- g

nigue (as used in Ref. 22or the Kohn—Sham approach to
density functional theory. However, the overall efficiency of The well-known eigen functions and eigen values of this
such an embedding method will strongly depend on the speparticular model Hamiltonian are
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FIG. 3. Basis functions of a finite cluster subsp&e {|0),|1)} within a
Wk): E eiknaln> and e,=2p cogka) (23) metallic chain ofs-type orbitals in comparison to the augmentation func-
n tions PLP! _Ji) of the orthogonal complement @f which are necessary for

setting up the corresponding active subspdeeC + ﬁgccc.

wherek is the one-dimensional Bloch vector aadhe lattice
constant of the chain. To simulate metallic behavior the en-
ergy band is chosen half filled by setting the Fermi level to

zero. The matrix elements of the resulting density operator 1he active subspadé is defined as the span 6fand its

~ . o f . .
D' and the related projectors can be easily evaluated image space,.C. The image space, of course, is not or-
thogonal toC. Thus, to make evident how the cluster sp&ce
1/2 for n=m is actuallyexpandedin the sense of a direct sum
. (—1)ln-m-bl2 U=C®E with E=UNC!, (25)
(n|Pgedmy={ ————— for n—m odd (24
m(n—m) it is convenient to isolate those contributions to the basis
0 else functions inP!_C which belong the orthogonal complement

: . . . ) L of C. We shall illustrate this construction for the two-
To |IlustArate the typical shzi\pe of the projected basis funCt'On‘aimensional cluster spa&@-={|0),|1)} and the resulting ac-
INocd =Pocdn) and|ny;)=Pl;|n) we compare in Fig. 2 the tive subspace) ={|0),|0c0:|1),|Loed}- In Fig. 3 we, there-
two projectiong 0o and|0y;) to the generating basis func- fore, depict those contributions to the projected basis
tion |0). Other projectiqn$nocf) and|n,;) look prgcisely the  functions which belong toE=UNC": PLP!_J0) and
same, except for the displacement corresponding to the trarlg—l Bl 11). F ; the original basis functi f
sition from |0) to |n). For each generating functign) of cPocd1). For comparison the original basis func lons o
the cluster subspacg, both projected functionfn,.) and th_e cluster_ space are sh_own as well. No wave functlo_n am-

. . . plitudes withinC persist in the two augmentation functions
[nyir) will belong to the active subspaté The occupied part P NP . o
|0,co Of the original basis function exhibits bonding nearest-"cPocd0) andPcPocd1). Of course, both functions exhibit
neighbor overlap at the site of the generating basis functiorin® characteristic L/decay. Again a rather complicated spa-
while the virtual par{0,;) clearly is of anti-bonding charac- tial mterlockmg of the two augmentatloln functions is dis-
ter there. The mutual orthogonality of the two functions isCernible. The subspace extensiér-UNC™ has been sche-
comprehensibléFig. 2). As expected the wave function am- Matically depicted in Fig. 1 in such a peculiar manner in
plitudes of the projections are most dominant at the centra‘Prder to emphasize th|s_|nterlock|ng aspect of the construc-
site, and they decay symmetrically to both sides. Howeverlion procedure set forth in Eq18). _ o
this decay is not of short-range nature. Inspection of(E4). Different electronic systems will certaAme exhibit differ-
reveals that the site amplitudes of the new wave function€ntly extended real space representatioflgf.. This point
only decrease by fi/with increasing distance=a(n—m) is easily demonstrated by considering a two level tight-
from their origin. Yet, these functions have to be added tddinding model of an insulator with one band completely oc-
the original cluster space to set up subsplctr the con-  cupied and the other one completely empty. In that case, as
strained SCF procedure. Obviously a very delicate interlockexpected, the wave function amplitudes of the projections
ing between the active subspddend its “frozen” comple- ﬁgcgw decrease much faster with increasing distanceac-
ment V is necessary to achieve that none of the defectually an exponential decay is found. Theffective dimen-
induced modifications within the subspadecan interfere sionality of an electronic system will also influence the real
with the idempotency condition which reflects the Pauli ex-space decay behavior of the density matrix. To explore this
clusion principle within of the entire defect system. aspect, we have studied a two-dimensional square lattice of
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s-type orbitals as a tight-binding model for a metallic film or frozen occupied states of the extended surroundings. For
surface system. The long-range behavior of the projectiongather compact basis sets and for sufficiently extended cluster
strongly depends on the shape of the Fermi “area.” In factspacesC, this nonorthogonality apparently does not lead to
the projector(nn’|P{_Jmm’) viewed as a function of the serious problem& However, if orbital overlap between the
distance vectorx,y)=[a(n—m),a(n’—m’)] turns out to adsorbate spack and the frozen orbital spadécan not be

be the reciprocal space analogue to the field amplitude of theeglectede.g., when rather flexible basis sets are ysguke-
Fraunhofer diffraction pattern of the specific Fermi aga  cial measures have to be taken. There are two ways to pro-
garded as a diffraction holeFor a square shaped Fermi areaceed:(a) Either U’ is constructed by applying the extended
an asymptoticr ~* behavior (with r=|(x,y)|) is found in  subspace procedure E(L8) to the complete cluster space
directions normal to the borders of the Fermi area and@n C’=C+ A which encompasses both adsorbate and substrate,
behavior in all other directions. For a circular Fermi area theor (b) the adsorbate subspaéehas to be orthogonalized to
decay follows ar ~%2 law. Similar considerations for arbi- the frozen orbital spac¥ (or at least to the occupied orbitals
trary d-dimensional lattices reveal that for a metallic systemin V) before being added to the active subspddeof the
ar~ “long-range behavior is to be expected for the projectectlean surface.

basis functions! i) of a tight-binding model system with Both methods have their advantages and disadvantages.
« ranging from 1 tod depending on the details of the shape Approach(a) guarantees that the variational freedom of the
of the Fermi “body.” adsorbate space is maintained in the final active subdpace

The ana|ysi5 of these Simp|e model systems has C|ear|Whi|e approacf(b) bares the risk that some tails of the frozen
demonstrated that the minimal active subspdasf a metal- ~ orbitals inV will cover the adsorbate space and in this way
lic system, a|th0ugh of finite dimension, cannot 5|mp|y berestrict the variational erX|b|I|ty of the system close to the
assumed as short ranged in real space. Unfortunately, th@fisorbate. This may present a potential conflict with the lo-
finding (together with some computational cal completeness criteriofsee aboveand may even, as
experienc® 313 has to be taken as harbinger for seriousPointed out by Whitters? result in an effective model poten-
computational efforts which necessarily will accompany antial for an embedded cluster which is far too repulsive. How-
implementation of a cluster embedding scheme that is aimeg@ver, the Hilbert space partitioning’ ©V’ derived fromC’
at metal substrates. in approach(a) will result in subspace&)’ and V' which

both depend on the structure of the adsorbate. In cases where
the adsorbate geometry has to be optimized, this feature will
IV. APPLICATION TO ADSORPTION SYSTEMS increase the numerical effort since the subspateandV’

Adsorbates on well-ordered surfaces represent a type é}ave to be re-constructed for each adsorbate geometry. This

defect often treated by embedding techniques. In order tgrocedure also introduces an adsorbate dependent approxi-

describe the electronic structure of such a system within 5nat|on which might very well lead to uncertainties in the

linear combination of atomic orbital& CAO) scheme it will quality of the embedding calculatioris.g., spurious trends

be necessary to augment the cluster spadey additional in the energy potential surfacen addition, for the analytical

basis functions centered on the adsorbate. Also, displacee_valuatlon of consistent total energy derivatives one has to

. . : .. consider new energy corrections which arise from the geom-
ments of atomic orbitals in the cluster spa@ean occur if . S
etry dependence of the underlying approximation. The or-

even lead to the exchange of basis functions in the Clustgr%ogonahzatlon approactb) does not exhibit such depen-

L ) : . dencies since the substrates active subsphaesetup once
spaceC. For simplicity, we will address the first case only: and for all before the adsorbate is actually introduced
inclusion of an adsorbate spagespanned by the additional y '
orbital _baf5|3 funct_|ons gnchored on the atoms of the adsoR-/_ DISCUSSION
bate. Similar considerations apply for the other types of basis
set modifications. Furthermore, the following discussion for ~ Next we shall elaborate three aspects of the present em-

an adsorption system may easily be carried over to substitlbedding strategy that are relevant for practical calculations.

tional or interstitial defects. (8 The embedding scheme has been explicitly formu-
One way of setting up the active variational subspac¢e lated for the case of a spin-restricted system; extension to the
of an adsorption system is to simply take the sum spin-unrestricted case has been addressed. Cluster models of

U'=U+A (26) gdsorptipn on metal ;ubstrates are often t.rea'ged by employ-
’ ing fractional occupation numbers in combination with level
of the adsorbate spadeand the active variational subspace broadening* which is physically motivated, butd hocfrom
U of the clean surface systefa.g., see Ref. 22This is the a formal point of view. It is not easy to introduce fractional
most convenient approach sintecan be constructed with- occupation numbers within the density matrix in the context
out reference to any specific adsorbate. However, in the striaf the present embedding strategy. The partially filled occu-
sense, this ansatz violates the idempotency condition whichied states of the unperturbed reference system restrict the
the approximative density matric&,,,(X) must obeyEq.  freedom of localization transformations tremendously. A
(7)]. In general, the added orbitals Awill not be orthogo-  strictly blocked density matrixD' as required for self-
nal to the complemen¥ of U, which is to be kept fixed. embedding consistency is, therefore, hardly possible for any
Hence, there may exist some basis functions in the activeeasonably “localized” active subspadé¢ and its comple-
subspacdJ’ which are no longer strictly orthogonal to the mentV. Similar problems can arise if tHespace integration
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used to evaluate the density matrix of the extended referenadefect site as well as Bloch waves which are “scattered”
system is carried out by means of interpolation techniqueback into the bulk at distances rather far from the defect.
(e.g., tetrahedron methotls9. For such integration Only the former type of functions is actually included in the
schemes, the density matiiX is not guaranteed to be idem- active subspace and thus allowed to interfere with the defect
potent. On the other hand, once the Hilbert space partitioningrbitals. The latter states are considered as less important for
UaV is set up, one may employ level broadening within thethe description of the defect and hence kept frozen. None of
active subspace as part of the defect induced response duritfie newly formed “frontier” orbitals will in general be an
the minimization procedurfEq. (5)]. eigenstate of the extended system. Instead, re-expressed as a
(b) The analysis of the long-range behavior of densitylinear combinations of the eigenstates of the reference sys-
matrices presented in Sec. Il B leads to the following con-tem, they will cover a certain energy range. As a matter of
clusion: although the minimal active subspades of finite  fact, this spreading in energy may be regarded as the intrinsic
dimension and although it mainly serves to ensure a varialevel broadening of each of the states gathered in the active
tionally consistent response to a local perturbation, for metagubspace of the constrained SCF approach. In this way, cou-
systemdJ is by no means localized in real space. One way taling to a broad manifold of different continuum states is
overcome the problem associated with the long-range tails dmplicitly included in the constrained SCF approach from the
the active subspadd in a metal system is to apply the six very beginning, at least to the extent permitted by the spe-
embedding requirements to simplified total energy func- cific choice of thefcluster spadeé and the resulting active
tional E[D]. If chosen properly, the corresponding strictly Subspac&J=C+Pe,C. .
variational effective one-particle Hamiltonian can be much (@) Adding those localized orbitals of the unperturbed
easier to evaluate. In this context the energy approximatiofXtended surroundings to the cluster space basis which par-
used in Feibelman’s Greens matrix formalfsis of interest.  ticipate in the cluster—environment interaction represents one

It is based on the standard assumption of Greens functiof@ of setting up a finite-dimensional active variational sub-
techniques for defect systems, namely that at least the ele§Pace for embedding purposes. An alternative strategy is pur-

tron density and the resulting effective one-particle potentiaPu€d in the wave function based embedding scheme devel-
only exhibit a short-range response to a local perturbatior®P€d bY Whitter!,” recentlyg}has been adapted for density
All contributions to the total energy arising from defect in- functional calculations as wef. In this scheme, one starts
duced changes in density matrix elemeBis which refer to from a somewhat enlarged embedded cluster and actually

basis functionsi) or j) outside some central region are freezesall localized orbitals from the surroundings which

therefore, taken into account in linearized manner only. As aper?etrate the cluster regiop. This selection is guided.by the
consequence, only variations of density matrix eleméns ~ NOtoN that the rejected orbitals are already “consuméd”
with both indices associated with the central region actuall)}he Sense Ofl vanﬁtlonal f:jeed(alluy the clulstert: en};{nronrr?ent
contribute to the effective one-particle Hamiltonian. All Interaction. In other words, the external subspsceather

long-range contributions, no matter how far reaching the)}hanU, is explicitly constructed starting from the span of all

may be, can be treated as an additional fixed external poter.‘?‘-tomIC basis fupchons Wh'Ch. are assigned to sberound-
and the active subspateis then taken as the orthogo-

tial (possibly nonlocal during the SCF procedure. It seems Ing,

worthwhile to investigate an implementation of these ideaé1al complement. Although similar in spirit, this approach is

in the context of the extended subspace approach for met lathematically not strictly equivalent to the present embed-
substrates Ing scheme. For example, the construction principle pro-

(c) At first glance, the constrained SCF methodologyposed by Whitten may imply restrictions of the variational

may be thought of as the most questionable aspect of thféeedom in the close proximity of the defect site by the fro-

general embedding scheme outlined here. Within a conZ€n cluster—environment bond orbitéee the discussion in

strained SCF approach, the density matrix response of th (_af. 20. On_the othe_r hand, f_rom a chemical point of_wew,
extended system to a local defectds factolimited to a itis hard to judge which way 1S actually more appropr@te o
finite-dimensional subspadsee Eq(9)]. This is at variance take care of the cluster—environment boundary conditions.
with pure Greens function methods which do not impose any

restrlcyon on the densﬂfpr_ Greeng matrix beyond the aS- \/|. SUMMARY

sumption that the defect induced changes in the effective

one-particle potential is localized. Thus, one may ask how an  We have outlined a procedure for constructing a varia-
embedded cluster description which only leads to a finitdionally stable general-purpose embedding scheme which is
number of well-separated effective eigenstates can accouapplicable to practical calculations. This scheme follows the
for the proper coupling of cluster states to the continuum ofconcepts recently proposed by Head and Sifvelowever,
bulk stateqe.g., as exhibited by the formation of broad sur-we have taken a more axiomatic approach, starting from a set
face resonancgsKey to the answer is the subspace partition-of requirements which may be considered pertinent for an
ing UaV: It can be regarded as a bond preparation proceefficient and high-quality embedding scheme. We contend
dure whereby occupieths well as the virtualstates of the that an embedding method should be

unperturbed reference system are hybridized to yield linear — strictly variational,
combinations which are more appropriate for the interaction  — in accordance with the Pauli exclusion principle,
with a defect. Among these linear combinations there are — restricted to a finite variational space,

wave functions which are more or less localized around the - solvable by means of a standard SCF procedure,
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