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The embedding approach to the electronic structure of local perturbations in extended systems is
based on the fundamental assumption that beyond a certain region around the defect, the properties
of the environment are not altered by the presence of the defect. In many computational schemes the
resulting subdivision of the defect system into a central and an external region is defined in terms
of orbital basis functions. The fundamental embedding assumption then translates into a partitioning
of matrix representations, accompanied by fixing the external region contributions to their values in
the unperturbed reference system. With the help of density functional cluster-in-cluster embedding
calculations we have investigated the quality of this assumption without introducing any additional
approximation as usually done to arrive at a computationally feasible embedding scheme. The
fundamental embedding assumption is found to cause spurious virtual orbital admixtures to the
density matrix which lead to artifacts in the results of embedding calculations. To minimize these
undesirable effects, a special ‘‘class orthogonalization’’ scheme has been employed. It allows a
perfect reproduction of the defect induced charge density changes as judged by cluster-in-cluster
model calculations for a hydrogen substitutional defect in large Lin clusters~with n up to 309!.
However, equilibrium geometries, total energies, and vibrational frequencies calculated with this
embedding scheme do not exhibit any improvement over results from calculations employing the
corresponding nonembedded model clusters. The reason for this failure which prevents the expected
convergence of the calculated results with increasing cluster size is analyzed. Thus, from a
pragmatic point of view, ‘‘naked’’ cluster models are preferable, at least for metal substrates, due
to their relative computational simplicity. Possible techniques to either avoid the virtual orbital
admixtures or to improve the quality of the total energies obtained from the embedding calculations
are discussed together with the drawbacks of these schemes. ©1997 American Institute of
Physics.@S0021-9606~97!00514-X#
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I. INTRODUCTION

Ever since first principles quantum mechanical calcu
tions have been established as a powerful tool for study
the microscopic structure of solids and molecules, emb
ding schemes have been developed to extend the applic
ity of these new methods toward more complex systems
far, a bewildering variety of different embedding schem
have been suggested.1–49 They all share the concept of pa
titioning the system under investigation into a central reg
which contains the structure of interest~a defect, a functiona
group, an adsorbate complex, etc.! and a surrounding exter
nal region. The impact of this ‘‘environmental’’ region o
the central region is considered as non-negligible, yet of
importance so that it may be represented only approxima
to reduce the effort of the calculations or to even make
calculations feasible at all. Of course, the central region
described at as high a level of sophistication as deemed
essary for properly representing the physical situation
hand. This fundamental partitioning into an embedded c
ter and an ‘‘indented’’ environment is often visualized as
direct subdivision in real space, as actually implemented
Greens function matching techniques.1–6 Alternatively, it
may simply be given by the different levels of theory
which the two regions are treated, as in cases where a clu

a!Author to whom all correspondence should be addressed.
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is embedded in an array of point charges,7,8 in a crystal
field,9,10 in a homogeneous dielectric medium,11–13 or in a
shell model representation of the environment.14–16 More
generally, the partitioning of the system is implemented a
division of the variational Hilbert space into appropria
functional subspaces.17–46 These subspaces are most co
monly defined by means of localized basis functions wh
are introduced to span~not completely, but sufficiently accu
rately! the Hilbert space of either the central region only,
of the entire system of interest. Among these techniques
may further distinguish between methods with a dynam
partitioning, such as the group function schemes based
localized orbitals30–32 or the concept of Whitten,33–35which
takes into account the actual electronic structure at the re
interface when constructing the two regions, and partition
schemes which are based on a fixed choice of the functio
subspaces, like in the various embedding techniques
posed by Pisani.36–41

To arrive at an embedding scheme of practical use,
proximations concerning the electronic structure of the ex
nal region and its influence on the embedded cluster hav
be introduced. As long as there is a distinct chemical se
ration between the part considered as central region an
surrounding, as is obvious for molecules in solvents or
weakly bound adsorbates, a simple cluster-in-environm
approach often is appropriate. Thereby, the embedded clu
is treated as an almost isolated particle, except that contr
06(14)/6020/11/$10.00 © 1997 American Institute of Physics
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6021Gutdeutsch et al.: Cluster embedding schemes
tions of the external region to the Hamiltonian are rep
sented by some approximative terms which are not neces
ily simpler, but are at least easy enough to obtain. A sim
approach may be applied to systems with strong ionic in
actions between the two regions, as long as no signific
covalent bonding and charge rearrangement occurs ac
the region boundary.7–16However, for less ionic, covalent, o
even metallic environments with direct contact to the cen
region, like in defect and chemisorption systems, or wh
functional groups within larger molecules are taken to ma
up the environment, proper boundary conditions for the w
function of the embedded cluster have to be taken i
account.1–6,17–49Such a physical situation requires a par
tioning of the wave functions or, alternatively, of the dens
matrix of the system. In these cases, one of the most c
monly adopted assumptions, the so-called ‘‘fundamental
bedding assumption,’’ is to take the density matrix, or ev
its energy resolved contributions~the projected density o
states!, in the external region to be essentially independen
the specific structure and composition of the inner part of
central region. This allows one to evaluate the contribut
to the Hamiltonian and to the total energy of the embed
cluster due to the ‘‘indented’’ environment once and forev
in a separate and, in general, much easier calculation.

The moderately large embedded cluster~MLEC! tech-
nique, which was originally designed as a Hartree–Fock e
bedding scheme,36,37 and which we have adapted to set up
density functional embedding scheme~DF-MLEC! intended
for applications to infinite metallic substrates,45,46 is one of
these methods which rest on this fundamental embed
assumption. TheEMBED program based on the perturbe
cluster equations is another one.39–41 The assumption of an
essentially unperturbed external region density matrix is
beyond criticism, despite the successful application of b
of these methods to a variety of defect and adsorbate sys
with various substrates and host crystals.44–46,50–52Experi-
ence shows that the approximations unavoidably introdu
by the fundamental embedding assumption may affect b
ing and defect formation energies up to the order of a f
tenth of an eV for some critical combinations of adsorba
substrate, and basis sets employed, and thus may sig
cantly exceed what is commonly accepted as ‘‘chemical
curacy.’’ If these observations pointed to a specific meth
ological problem, embedded cluster calculations would
perform better on energetics than common nonembed
model cluster calculations.53 Such a conclusion would ser
ously question the motivation for using the more comp
cated and often also significantly more demanding emb
ding approach, at least for situations where accurate t
energies are important.

It is the goal of the present work to assess this ‘‘fund
mental embedding assumption,’’ which is crucial for the a
plicability of many schemes. To this end, we will isolate t
effects which occur when the density matrix in the exter
region of a complex system is replaced by a reference d
sity matrix from the effects of additional approximations th
are generally invoked to arrive at a computationally efficie
embedding scheme. To have access to the exact elect
J. Chem. Phys., Vol. 106
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structure of the defect system, and to be able to restrict
approximation exclusively to introducing the reference de
sity matrix, we have adopted a cluster-in-cluster embedd
approach in the present investigation. Although embedd
schemes are generally designed to yield reasonable re
already for relatively small central clusters, it is important
check cluster convergence. This may perhaps not be ne
sary in routine applications, but has to be done in benchm
studies like the present one in order to evaluate the reliab
of a method. With this in mind, two rather simple, yet qui
realistic test systems have been chosen for the present s
a vacancy and a hydrogen substitutional defect in icosahe
lithium clusters. By this choice, rather large host syste
may be treated with a density functional method.

Before turning to the actual cluster-in-cluster test calc
lations, various ways of establishing a partitioning in fun
tional space will be discussed. Subsequently, the results
the validation of the embedding assumption are presente
two steps. First, the necessity of a balanced orthogona
tion scheme for the orbital space partitioning is demo
strated, and then the influence of the approximated den
matrix on the charge distribution and on the formation en
gies of the defects is discussed.

II. THE CONCEPT OF ORBITAL SPACE PARTITIONING

In embedding schemes which employ localized, a
preferentially atom-centered orbital basis functions to rep
sent the electronic one-particle wave functions the partiti
ing of the density operatorP̂ is usually established by block
ing its matrix representationP according to

P5S PCC

PDC

PCD

PDD
D . ~1!

Here,C denotes the part of the matrix indices attributed
the embedded cluster which, in general, consists of an ad
bate or defect regionA and a surrounding interface regionB;
D denotes the part assigned to the indented environm
The fundamental embedding assumption then reads

P5S PCC PCD
f

PDC
f PDD

f D or P5S PCC

PDC

PCD

PDD
f D ~2!

depending on whether only the ‘‘cluster–cluster’’ subblo
PCC is allowed to relax with respect to the reference dens
matrixPf ~as is the case in the MLEC formalism36–38,45,46! or
whether the overlap contributionsPCD andPDC are allowed
to relax as well~like in the EMBED methodology39–41!. We
envisage amodified self-consistent field~SCF! procedure,
Kohn–Sham or Hartree–Fock, where approximation~2! is
applied in each cycle, though one might also conceive
strictly variational formalism based on this fundamental e
bedding assumption~see Sec. VI for further discussion!. For
two reasons the matrix blocking strategy of Eq.~2! does not
lead to auniquepartitioning of the density operator. Firs
the density matrix may either be taken as a twofold con
variant representation
, No. 14, 8 April 1997
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6022 Gutdeutsch et al.: Cluster embedding schemes
P5~Pi j ! i , j51,... ,N with P̂5(
i j

uw i&P
i j ^w j u, ~3!

as is common in quantum chemistry, but it may also be
garded as a twofold covariant representation

P5~Pi j ! i , j51,... ,N with Pi j5^w i uP̂uw j&, ~4!

or as any of the possible mixed representations with co
contravariant indices. Unfortunately, in the quantum chem
try literature the type of matrix representations actually e
ployed is often not clearly indicated and the tensor notat
of Eqs.~3! and ~4!, ideally suited for this purpose, is hard
used. Second, the matrix representationP is only defined up
to unitary transformations which may be applied to the co
plete basis setCøD without actually changing the varia
tional space of the total system. As soon as basis funct
assigned to regionC and regionD are mixed by such a
unitary transformation, different partitioning schemes are
scribed by Eq.~1!. In principle, any of these partitioning
schemes might be adopted, and the question on the m
suitable scheme is still subject of discussion. There are, h
ever, certain restrictions, in case an orbital space partition
is not only applied to the density operator~or to the Greens
operator to which the former one is closely related!, but also
to quantities like the Hamilton or Fock operator. Because
practical implementations relations such as

~z2Ĥ !Ĝ~z!51̂ or ^Â&5tr~ P̂Â! ~5!

are interpreted as matrix equations, the representat
adopted for the various operators are associated with e
other, unless the matrix equations are extended appropria
by metric tensorsgi j andg

i j ~which are given by the overlap
matrix gi j5^w i uw j& and its inverse, respectively!. Here, we
refrain from giving any details~for explicit expressions see
e.g., Ref. 54!, but will focus on the partitioning of the densit
matrix as the central quantity to which the fundamental e
bedding assumption is applied.

In the course of optimizing the DF-MLEC formalism45,46

we have tested various partitioning schemes for the den
matrix, among them the common twofold contravariant p
titioning in the original atom-centered basis set. The use
the standard contravariant density matrix results in proble
with the conservation of charge on that part of the syst
which is to be treated self-consistently. As evident from

N5tr~SP!5tr~SCCPCC!1$2 tr~SCDPDC
f !

1tr~SDDPDD
f !% ~6!

the number of electrons attributed to the ‘‘relaxed’’ part
the density matrix,

NC5tr~SCCPCC!, ~7!

differs from the sum of the nuclear chargesZC of the em-
bedded cluster due to the overlap population 2 tr(SCDPDC

f ).
For a metallic Li substrate an electron charge defect of u
10% was encountered45 even for unperturbed substrate clu
ters; conversely, the twofold covariant partitioning leads
electron numbersNC much larger than the sum of nucle
J. Chem. Phys., Vol. 106
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charges of the embedded cluster. These nonvanishing pu
formal net charges of the unperturbed embedded subs
clusters do not cause any problems during the evaluatio
theCC subblock of the Hamiltonian of the embedded syst
as long as the ‘‘crystal field’’ correctionDH is evaluated
exactly as in the Hartree–Fock basedEMBED program.40 This
crystal field correction is defined as

DH5HCC@P#2H isolated@PCC#, ~8!

with H isolatedbeing the Hamiltonian of the embedded clus
treated as an isolated species. It totally compensates t
contributions to the Hartree potential of the isolated clus
HamiltonianH isolatedwhich result from the arbitrary decom
position of the electron overlap population enteringNC .
However, the crystal field correction is not easy to calcul
as all non-negligible matrix elements between the cen
region and the, in principle, infinite external region have
be computed. A further complication in case of a dens
functional implementation is caused by the nonlinearity
the exchange-correlation functional with respect to the d
sity. On the other hand, with the crystal field correctionDH
treated approximately as

DH'DHf5HCC
f @Pf #2H isolated@PCC

f #, ~9!

whereDHf is the crystal field correction from a referenc
calculation on a defect free system, it turned out to be rat
difficult to compensate the Coulomb potential of the artific
charge contributions toZC–NC to sufficient accuracy, espe
cially in the vicinity of some adsorbates which was the ki
of defect we were primarily interested in when developi
the DF-MLEC scheme.45,46 This situation arises because th
variational space of the reference system only partially c
ers the variational space of the adsorbate, and hence a kin
truncation in the approximated crystal field correctionDHf

occurs near the adsorbate. In response to this problem
have developed55 an extrapolation scheme based on arrays
atom-centered point charges around the embedded clu
The point charges are optimized in such a way that the
trix elements ofDHf on substrate atoms in the direct vicinit
of the adsorbate are reproduced, as well as possible, by
corresponding matrix elements of the electrostatic poten
of the point charges. To arrive at a well-defined and num
cally stable fitting procedure, and also to guarantee a sens
extrapolation of the resulting electrostatic potential into t
region of the adsorbate, the variational freedom of the po
charges is reduced by constraints which only allow the ma
multipole contributions around the adsorbate to be correc
This technique has successfully been employed to extra
late the missing Coulomb contribution toDHf into the ad-
sorbate’s variational space.55

Yet other problems remain, the most important of the
is related to the fact that the elements of the MLEC matri
coupling the central region to the outer region~for their defi-
nition see Ref. 37! were found to become rather large whe
a twofold covariant density matrix partitioning scheme w
employed; this entails serious numerical instabilities. Sim
problems were encountered for twofold contravariant pa
tioning within the MLEC embedding scheme45 in line with
, No. 14, 8 April 1997
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6023Gutdeutsch et al.: Cluster embedding schemes
previous findings of other research groups.36,37,42,43These
difficulties are independent of how the cluster Hamiltoni
HCC[P] is actually set up, and most likely they also occur
theEMBED formalism since theEMBED coupling matrices are
closely related to the MLEC matrices.39

One way to avoid spurious charge contributions on e
bedded clusters as well as undesirable numerical instabil
is to partition the density matrix in anorthonormalbasis set
of the entire variational spaceCøD.42–46 Then the distinc-
tion between co and contravariant representation beco
superfluous, but it is crucial choosing the orthogonalizat
in a balanced way. To illustrate this point consider an ort
normal basis set which is generated by simply orthogona
ing the basis functions of the external region onto those
the central region before any intraregion orthonormalizat
is carried out. This partitioning scheme would be equival
to a twofold covariant partitioning as far as the cluste
cluster subblock of the density matrix is concerned, and t
the difficulties discussed above remain. Similarly, pre
thogonalization of the central region basis functions onto
basis functions of the external region with subsequent int
egion orthogonalization leads to an embedding sche
which is equivalent to that where the twofold contravaria
form of the density matrix is partitioned directly. Symmetr
orthogonalization appears to be the ideal procedure for g
erating an appropriate orthonormal basis set. This stra
will be employed for parts of the calculations of the pres
investigation. However, as will be discussed in Sec. IV,
even more balanced orthogonalization scheme had to be
veloped to finally arrive at an acceptable partitioning.

III. METHOD AND MODEL SYSTEMS

Two types of model defect systems will be studied in t
present work: a lithium vacancy as well as a substitutio
hydrogen impurity in metal-like lithium. The metallic hos
system is simulated by clusters of up to 309 Li atoms. F
computational efficiency, these model systems are chose
exhibit icosahedral symmetry, comprising up to four icos
hedral shells. The intershell distance of the Li icosahedr
fixed at the experimental nearest-neighbor lithium dista
of bcc bulk lithium, 3.022 Å,56 resulting in a slightly ex-
panded intrashell lithium distance of 3.178 Å. To create
defect the central Li atom is either removed or substituted
a hydrogen atom. The surrounding nearest-neighbor she
12 Li atoms is geometrically relaxed unless stated diff
ently. The geometry of all further shells is chosen to coinc
with that of the unperturbed reference host system. Only
outermost shell will be regarded as the external region
cause size convergence of the embedded cluster is more
portant in the present context than convergence of the
dented environment toward a realistic infinite bulklike ‘‘ho
crystal.’’ The defect systems constructed in this way will
denoted by either XLin(121m1kf) or XLin(12*1m1kf)
depending on whether a geometrical relaxation of the fi
icosahedral shell is taken into account~12* ! or models with
an unchanged geometry of the nearest-neighbor shell aro
the defect are being considered~12!. m and k denote the
J. Chem. Phys., Vol. 106
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numbers of those lithium atoms in the remaining icosahed
shells which belong to the embedded clusterC and to the
environmentD, respectively. X designates the atom at t
center of the icosahedron~if any!, and the upper index ‘‘f ’’
indicates the use of a reference densityPf in the external
region. For exact cluster calculations the corresponding
tations are XLin(121m) and XLin(12*1m), wherem is the
total number of Li atoms beyond the first icosahedral she

The cluster calculations as well as the cluster-in-clus
embedding calculations were carried out with a suita
modified version of theLCGTO-DF ~linear combination of
Gaussian-type orbitals-density functional! code.57 The orbital
basis sets,~9,4!→@4,2# for Li and ~6,1!→@3,1# for H, as well
as the basis sets for representing the electron charge de
and the exchange-correlation potential, (9s,2dr2,5p) for Li
and (6s) for H, are taken from previous cluster-in-surfac
embedding studies.45,46 The local density approximation to
the exchange-correlation functional as parametrized
Voskoet al.58 is used throughout this study.

In all embedding calculations presented in the followin
the orbital space partitioning according to Eq.~2! is realized
by means of an orthonormal basis set which is generated
an intermediate orthonormalization step. To this end,
standard SCF procedure is modified as follows. Once
Kohn–Sham orbitals of the complete defect system and
corresponding one-particle energies have been obtaine
trial Fermi level is chosen, and~a! fractional occupation
numbers are determined by Gaussian broadening~0.3 eV! of
the cluster level spectrum.59 Then, ~b! the cluster density
matrix is set up as usual and transformed into the repre
tation of the intermediate orthonormal basis set. Next,~c! the
external region subblocks of the density matrix are repla
by those of the reference density matrix which has been
tained before in a separate calculation of the correspond
unperturbed lithium cluster. Finally,~d! the total number of
electrons is computed from the new density matrix, and
new step~a! is carried out after a suitable adjustment of t
Fermi level. This procedure is iterated until the formal, p
assigned number of electrons of the complete defect sys
is reached. Except for the constraint imposed by Eq.~2! the
charge distribution is allowed to relax freely over the who
defect system, and the total energy is evaluated as in a s
dard cluster calculation without resorting to any further a
proximation. Since replacing density matrix subblocks,
general, violates charge conservation, the Fermi energies
termined for the exact cluster and for the correspond
cluster-in-cluster embedding calculation will differ. How
ever, for systems where the fundamental embedding assu
tion is justified, no significant differences are expected. B
strategies of replacing the subblocks of the external reg
mentioned in Eq.~2!, only theDD subblock and all but the
CC subblock, will be considered in this study.

The Fermi level adjustment described above clos
follows the concepts developed for the DF-MLEC form
, No. 14, 8 April 1997
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6024 Gutdeutsch et al.: Cluster embedding schemes
alism.45,46 It is based on the idea that for overall neutr
defects any charge concentration~or abstraction! at the de-
fect site is completely screenedwithin the embedded cluster
Of course, this requires the embedded cluster to be s
ciently ~‘‘moderately’’! large. Alternatively, one could allow
for some charge transfer across the boundary of the em
ded cluster even though the external region subblocks of
density matrix are kept fixed.60 This is justified because a
infinite indented host system may act as a perfect elec
reservoir without any changes in its electronic structu
However, to account for the energy connected to this cha
exchange, a chemical potential has to be introduced60 which
is found to be quite distinct from the Fermi level of the ho
crystal. Furthermore, this chemical potential may sign
cantly depend on the shape and composition of the boun
of the embedded cluster.60,61

IV. OPTIMIZATION OF THE PARTITIONING

Orbital space partitioning, though a quite natural sche
at first glance, conceals an intrinsic problem as far as
wave functions are concerned. Letcn be one of the occupied
orbital wave functions of the target system, i.e., thecomplete
defect system, which is composed of contributions from
gionsC andD

cn5cn
C1cn

D ~10!

according to the intermediate orthonormal basis set. Eac
the two contributions may be reexpanded in the complete
of eigenfunctions of the defect system,

cn
C5(

m
cmamn

C , cn
D5(

m
cmamn

D . ~11!

In general, there will be admixtures of all kinds of orbita
occupied as well as virtual ones, in both partscn

C andcn
D, but

as long as no approximations are introduced these contr
tions will cancel exactly,

amn
C 1amn

D 5dmn . ~12!

However, replacing the external region contributioncn
D by

that of an unperturbed reference system leads to

c̃n5cn
C1cn

D, f5(
m

cm~amn
C 1amn

D, f !. ~13!

Since the cancellation according to Eq.~12! will no longer be
perfect, admixtures of high-energy virtual states may oc
in the approximated occupied orbitalsc̃n which, in turn, sig-
nificantly distort the electronic structure and the total ene
of the approximated defect system. Replacing regional c
tributions to orbitals is not equivalent to replacing dens
matrix subblocks, nevertheless it provides some insight
the impact of a procedure where orbital space partitionin
combined with freezing contributions from the external
gion. Most likely there will be some similar high-energy vi
tual states admixture in density matrix partitioning schem
as well.
J. Chem. Phys., Vol. 106
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To manifest such admixtures in the approximated d
sity matrix P̃ obtained from a self-consistent embedding c
culation, the difference

DP5 P̃2P ~14!

with respect to the corresponding exact density matrixP
~resulting from a standard SCF calculation onCøD! will be
analyzed as follows. To first order the difference in to
energy between the embedding calculation and the exact
culation is given by

D~1!E5tr~DPH!5(
n

^cnuDPucn&en5(
n

Dnen ,

~15!

with cn being the eigenfunctions from the exact referen
calculation anden the associated eigenvalues. The differen
in total electron charge

DQ5tr~DPS!5(
n

^cnuDPucn&5(
n

Dn , ~16!

on the other hand, has to vanish because of the Fermi l
adjustment discussed in Sec. III. However, the fact that
sum over the orbital resolved density matrix differenceDn

vanishes does not guarantee that the energy weighted su
Eq. ~15! does so as well, or even stays small. To visualize
orbital resolved density matrix differences, we introdu
sign-sensitive, and locally integrated orbital resolved den
matrix differences

Q6~e,De!5( 8
n

~Dn6uDnu!/2, ~17!

where the prime indicates summation over orbitals energ
en subject toe21

2De,en<e11
2De. We also define the relate

energy contributionsE1~e,De! and E2~e,De! to the first-
order energy differenceD~1! E, e.g.,

E1~e,De!5 ( 8
Dn.0

Dn~en2eF!. ~18!

The quantities defined in Eqs.~17! and ~18! are similar in
spirit to density of states, and may easily be displayed
histograms. The reason for introducing the sign sensitivity
to document the random scattering signs of the individ
contributionsDn which otherwise would cancel to a larg
extent during the local integration. For convenience,
Fermi leveleF has been chosen as zero energy in Eq.~18!.

Figure 1 shows the quantitiesQ6~e,De! and E6~e,De!
for the defect system HLi146~12142192f!. The orbital parti-
tioning in this example is based on a symmetrically orthog
nalized basis set, and all but theCC subblocks of the density
matrix have been replaced here. As expected, the main
tributions are gathered around the Fermi level~at23.0 eV!,
but obviously, there also are significant high-energy virtu
orbital admixtures with energies up to almost 200 eV. Ev
some admixtures of Li 1s core orbitals~between248.8 and
249.9 eV! are discernible~see the inset! and it is evident
from Fig. 1~b! that there is little hope for the energ
weighted orbital resolved density matrix differenc
Dn(en2eF) to sum up to zero. ActuallyD~1!E51.35 eV in
, No. 14, 8 April 1997
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6025Gutdeutsch et al.: Cluster embedding schemes
this example. During symmetric orthogonalization localiz
basis functions acquire admixtures from diffuse basis fu
tions of neighboring atoms, and vice versa, and thus a str
interlocking of the two functional subspacesC andD takes
place. As a consequence the region contribution coefficie
amn
C andamn

D of each occupied orbital become much larg
than one would expect from the neglect of the defect indu
changes in the electronic structure of the external reg
Even core orbitals in the central region, if located near
region boundary, require admixtures of orthonormal ba
functions from theexternal region, in order to compensat
all of the diffuse atom-centered basis functions which ha
been added to the core orbital-like atomic basis function
the course of the symmetric orthogonalization. In syste
with heavier elements this holds for both core as well
‘‘semicore’’ states. All these admixtures are artificial a

FIG. 1. Plain~a! and energy weighted~b! orbital resolved density matrix
differencesDn5^cnuDPucn& of the HLi146~12142192f! defect system due
to the fundamental embedding assumption. The orbital space partitio
scheme considered here is the one based on a symmetrically orthogon
basis set with all but theCC subblocks of the density matrix being replace
~see the text for details!. Shown are the sign-sensitive and locally integrat
quantitiesQ6~e,De! and E6~e,De! as defined in Eqs.~17! and ~18! with
De510 eV. The insert focuses on contributions with small absolute val
J. Chem. Phys., Vol. 106
-
ng

ts
r
d
n.
e
is

e
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only introduced by the intermediate basis set.
The results displayed in Fig. 1 leave little hope for

successful formalism that implements the fundamental e
bedding assumption in a straightforward fashion. To arrive
a physically more meaningful orthogonalization, the origin
atom-centered basis functions are divided into vario
classes of ‘‘chemically separated’’ orbitals, such as core
bitals, valence orbitals, and polarization functions, a
Schmidt orthogonalization~in order of increasing energy! is
applied for the interclass preorthogonalization, while a sy
metric orthonormalization is used for the intraclass ortho
nalization. This scheme, which in the following shall be d
noted as ‘‘class orthogonalization,’’ takes advantage of
geometrical balance of the symmetric orthogonalization
tween orbitals of the same kind, and at the same time p
vents that localized atom-centered basis functions for
core ~and valence! orbitals to become contaminated by p
larization functions and basis functions for atomic orbitals
higher energy. A similar strategy has successfully been
plied previously62 to avoid unbalanced core orbital admix
tures to configuration–interaction spaces which are es
cially set up to study localized chemical bonds in extend
systems. The positive effect of the class orthogonalizat
can be seen in Fig. 2 which shows data for the same sys
as in Fig. 1, yet is computed by means of a class ortho
nalization. Three classes of basis functions have been in
duced for the Li atoms: the 1s core orbitals of all atoms, the
2s and 2p valence orbitals~orthogonalized on the core
class!, and the 3s, 3p, and 4s polarization functions~or-
thogonalized on the core and the valence classes!. As ex-
pected, the Li 1s core orbital contamination of the densit
matrix difference vanishes completely~see the insert of Figs
1 and 2!, and the overall amount of high-energy virtual o
bital admixtures is significantly reduced~cf. Figs. 1 and 2!.
Furthermore, the energy weighted orbital resolved den
matrix differencesE6~e,De! now tend to zero with increas
ing one-particle energies, which was not the case for
embedding calculation based on orbitals that had been
ply subjected to symmetric orthogonalization. In additio
the first-order energy differenceD~1!E, 20.50 eV, is signifi-
cantly reduced in magnitude compared to the previous
sults. Clearly, class orthogonalization achieves a much m
balanced orbital space partitioning of the density matrix th
symmetric orthogonalization. Common contravariant pa
tioning, on the other hand, turned out to be much worse w
D~1!E5215.9 eV for HLi146~12142192f!.

V. EVALUATION OF THE EMBEDDING SCHEME

Orbital space partitioning based on class orthogonal
tion, as has been shown in Sec. IV, substantially reduces
negative impact of the fundamental embedding assump
as compared to other orthogonalization/partitioning schem
Yet, it remains to be verified whether the approximation
volved provides a reasonable description of the electro
structure of an embedded cluster. This will be done in t
steps: first, we will examine in detail the charge distributi
of the defect system HLi146~12142192f!, and then we will

ng
zed

s.
, No. 14, 8 April 1997
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6026 Gutdeutsch et al.: Cluster embedding schemes
compare typical defect formation characteristics in a serie
embedded cluster models comprising up to 308 Li atoms

Figure 3~a! shows the difference between the se
consistent density of an embedded cluster calculation
HLi146~12142192f!, with only the external region subbloc
PDD being replaced@the second variant of Eq.~2!# and that
of a normal SCF calculation of the whole defect syste
HLi146~121134!. The overall charge density difference is r
markably small~less than 1024 a.u.!. It is completely re-
stricted to the external region which is the outer shell of t
LiLi 146 icosahedron in the present case. The charge distr
tion in the central region is almost perfectly reproduced
the embedding calculation~the lowest value of the contou
lines: 63.231025 a.u.!. If the subblocksPCD andPDC are
replaced as well@the first variant in Eq.~2!#, the fundamental
embedding assumption is expected to be fulfilled to a low
degree. This is indeed the case@Fig. 3~b!#, yet the charge
density differences remain essentially localized near the
terface region between the second and the third icosahe

FIG. 2. Plain~a! and energy weighted~b! orbital resolved density matrix
differencesDn5^cnuDPucn& of the HLi146~12142192f! defect system due
to the fundamental embedding assumption as in Fig. 1, but with an orb
space partitioning based on a class orthogonalized basis set.
J. Chem. Phys., Vol. 106
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shells. Some minor impact on the defect center is also
cernible. Obviously, the transfer of electron charge den
onto the more electronegative hydrogen atom is already s
pressed to some extent when the overlap subblocksPCD and
PDC of the density matrix are fixed to their values in th
unperturbed reference host system. Still, the difference
the charge density are small compared to those typically
tained by nonembedded model cluster calculations, e.g.,
the HLi54~12142! model of the HLi146 defect system shown
in Fig. 3~c!. Here, a profound difference is discernible b
tween the induced charge rearrangement around the su
tutional hydrogen as predicted by the nonembedded clu
model and that of the complete defect system~more than
3.231024 a.u. in the immediate vicinity of the hydroge
atom!. In summary, proper cluster embedding certainly lea
to a substantially improved description of a defect system
far as the charge distribution is concerned, and conseque
of all related quantities like the dipole moment and atom
charges.

al

FIG. 3. Charge density difference maps of the defect syst
HLi146~121134! displayed in one of the fifteen equivalent mirror planes
the icosahedral cluster. Shown is the quantityr~HLi146~121
42192f!!2r~HLi146~121134!! for cases where~a! only the subblockPDD

of the density matrix has been replaced or~b! all subblocks exceptPCC .
Panel ~c! displays the corresponding difference ma
@r~HLi54~12142!!2r~HLi146~121134!!#2@r~LiLi 54!2r~LiLi 146!# for a non-
embedded cluster calculation. The values of the contour lines
60.000 032,60.000 10,60.000 32,60.0010,60.0032, and60.010 a.u.
with positive and negative differences represented as solid and dashed
respectively. The positions of the atoms in the displayed plane are ma
~3!.
, No. 14, 8 April 1997
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6027Gutdeutsch et al.: Cluster embedding schemes
Next we turn to a discussion of the energetics. Tabl
summarizes the defect formation energiesEd for a lithium
vacancy and for a hydrogen substitutional defect in Li ico
hedra. These quantities are defined according to the for
reactions

LiLi n1Ed→Lin1Li,
~19!

H1LiLi n1Ed→HLin1Li.

The defect formation energy of the reference defect syste
given in the second column of Table I while thedeviations
due to the two variants of fixing the external region su
blocks of the density matrix are shown in the next two c
umns. For comparison, the deviations found for nonemb
ded model clusters without an external region are also gi
~the fifth column!. No geometrical relaxation of the neares
neighbor Li shell around the defect has been considered h
Two general trends are discernible. The defect formation
ergy differences become smaller with increasing cluster s
and the results for the less restrictive embedding sch
~only PDD fixed! are always worse~and opposite in sign!
than those of the more restrictive embedding scheme~all but
PCC fixed!. The former trend was to be expected since
fundamental embedding assumption is satisfied better,
larger the distance between the defect and the cluster bo
ary. On the other hand, the latter trend is rather surpris
and a much more detailed analysis of individual contrib
tions to the total energy would be required to trace its ori
beyond doubt. However, the most important observation
the present context is that the quality of the predicted de
formation energies is generally not improved upon emb
ding. Only in some cases the defect formation energy fr
an embedding calculation~with all subblocks ofP but PCC

fixed! is closer to the target quantity than the correspond
value of the nonembedded cluster calculation, but the ene
differences are small~&0.05 eV!. Furthermore, the results o

TABLE I. Comparison of the defect formation energies of a Li vacancy a
a hydrogen substitutional defect in Li icosahedra obtained by various
bedded and nonembedded model calculations. The reference energiesEd in
the second column result from full SCF calculations on the complete de
systems. The columns headed byPDD

f andPCD
f ,PDC

f ,PDD
f refer to the two

variants of replacing the density matrix sub-blocks@see Eq.~2!#. The non-
embedded model clusters are constructed by removing the atoms in
external region~denoted bykf!. Energies are given in eV.

System Ed

Ed~model!2Ed

PDD
f PCD

f ,PDC
f ,PDD

f Nonemb.

HLi12~12! 0.90
HLi54~12142f! 1.07 211.51 11.66 20.17
HLi146~12142192f! 0.53 10.89 20.50 10.54
HLi308~1211341162f! 0.33 10.51 20.15 10.20

Li12~12! 2.67
Li54~12142f! 2.87 29.96 11.75 20.20
Li146~12142192f! 2.57 10.55 20.24 10.30
Li308~1211341162f! 2.51 10.22 20.02 10.06
J. Chem. Phys., Vol. 106
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Table I show that embedded clusters with just one neighb
ing shell around the defect treated self-consistently do
provide appropriate models.

So far only total energies of geometrically unrelaxed d
fect systems have been discussed, and the question a
whether calculated equilibrium properties show a similar
havior. For this purpose, we decided to study models wh
the nearest-neighbor shell around the hydrogen substituti
defect is allowed to relax. We have considered only the D
MLEC-like embedding scheme@the second variant of Eq
~2!#. The computed optimized shell radius, the equilibriu
defect formation energy, and the vibrational frequency of
Li 12 shell breathing mode of all four HLin clusters investi-
gated are summarized in Table II. No significant improv
ment, if any, is discernible upon embedding for any of the
quantities. From these results we are lead to the conclu
that the approximations introduced by the fundamental e
bedding assumption, though minimized by performing t
orbital space partitioning in a class orthogonalized interm
diate basis set, are still too strong to yield improved resu
for the energetics and related quantities than those obta
from the usual nonembedded cluster models.

VI. DISCUSSION

At this point it is instructive to recall that the reliability
of the defect formation energies computed with theEMBED

program have improved substantially after a variatio
charge balance correction has been introduced.60 This energy
correction takes into account the defect induced charge tr
fer between the embedded cluster and the indented host

d
-

ct

the

TABLE II. Comparison of various defect formation characteristics of
hydrogen substitutional defect in Li icosahedra obtained from calculati
using embedded~class orthogonalization and all butPCC replaced! and non-
embedded model clusters. The reference values resulting from full
calculations on the corresponding complete defect systems are given i
second column. The quantities considered are: the optimized radius o
nearest-neighbor Li12 shell r e , the corresponding defect formation energ
Ed , and the vibrational frequencyve of the totally symmetric shell breath
ing mode.

System
Reference
value

Model induced difference

PCD
f ,PDC

f ,PDD
f Nonemb.

Optimized defect energyEd ~eV!
HLi12~12* ! 0.43
HLi54~12*142f! 1.04 11.19 20.61
HLi146~12*142192f! 0.37 20.36 10.67
HLi308~12*11341162f! 0.13 20.28 10.24

Equilibrium shell radiusr e ~Å!a

HLi12~12* ! 2.78
HLi54~12*142f! 2.97 20.15 20.19
HLi146~12*142192f! 2.90 10.16 10.07
HLi308~12*11341162f! 2.89 20.14 10.02

Vibrational frequencyve ~cm21!
HLi12~12* ! 251
HLi46~12*142f! 263 1207 212
HLi146~12*142192f! 274 17 211
HLi308~12*11341162f! 268 111 16

aUnrelaxed shell radius: 3.022 Å.
, No. 14, 8 April 1997
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TABLE III. Correlation between the deviationsDEd of the defect formation energy and of the Fermi levelDeF
due to the fundamental embedding assumption for Li vacancies and hydrogen substitutional defect
icosahedra.PDD

f , andPCD
f ,PDC

f ,PDD
f refer to the first and second variant of the approximations to the den

matrix P @see Eq.~2!#. Energies are given in eV.

System

PDD
f PCD

f ,PDC
f ,PDD

f

DEd DeF DEd/DeF DEd DeF DEd/DeF

HLi146~12142192f! 0.89 20.042 221.1 20.50 0.016 231.7
Li146~12142192f! 0.55 20.026 221.2 20.24 0.006 236.8

HLi308~1211341162f! 0.51 20.024 221.0 20.15 0.003 257.4
Li308~1211341162f! 0.22 20.011 219.4 20.02 0.001 234.7
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tal even though the density matrix in the external region
assumed to remain unchanged. Empirically a remarkably
ear correlation between the ‘‘missing’’ chargeDQ and the
corresponding changeDEq in total energy was found and
correction in the spirit of a chemical potential,DEQ

5mDQ, has been suggested.60,61A similar correlation is also
noticeable in our data~see Table III!. Recall the procedure
described in Sec. III to ensure a constant electronic charg
the embedded cluster which leads to a changeDeF of the
Fermi level. Using the density of statesr~eF! at the Fermi
level, this change may directly be related to the missing c
ter charge that would be found if the Fermi level would ha
been kept fixed,DQ5r(eF)DeF . Furthermore, for adjust
mentsDeF on the order of a few hundredth of an eV
encountered in the present study~Table III! the linear rela-
tion DEF5mclustr(eF)DeF provides a good estimate of th
associated total energy change of the embedded clu
Thus, together with the missing charge contributionDEQ,
the changeDEd of the defect formation energy due to th
application of the fundamental embedding assumpt
should read

DEd'~mclust2m!r~eF!DeF . ~20!

For theEMBED type of density matrix fixing~PDD only! the
correlation betweenDEd andDeF is surprisingly good, the
ratio DEd/DeF varies only between219 and221. For the
DF-MLEC type of fixing the density matrix, the range
much larger~230 to260!, nevertheless a qualitative corre
lation exists, too. Therefore some evidence exists tha
charge balance correction amends the poor performanc
the fundamental embedding assumption for the energe
and, in turn, improves the geometry and geometry sens
quantities. However, such a corrective device carries an
post flavor and may be viewed as interfering with the ‘‘fir
principles’’ character that one generally strives for when
signing sophisticated embedding schemes like DF-MLEC
EMBED ~see also the remarks on the chemical potential at
end of Sec. III!. From a pragmatic point of view it is als
worth recalling that embedding schemes are, in gene
computationally much more demanding than calculatio
employing nonembedded model clusters.

According to our understanding, the main reason for
ultimate failure of the orbital space partitioning schemes
least for metal host systems tested in the present inves
tion, is related to the mismatch of the functional space p
J. Chem. Phys., Vol. 106
s
-

on

s-

er.

n

a
of
s,
e
x-

-
r
e

l,
s

e
t
a-
r-

titioning used to define the embedded cluster, and that gi
by the occupied and virtual states of the defect system. T
mismatch causes the nonvanishing virtual orbital admixtu

cn,vir
C 5(

m

vir

cmamn
C , cn,vir

D 5(
m

vir

cmamn
D ~21!

to the regionC and regionD contributions of the occupied
orbitals discussed in Sec. IV@see Eq.~11! for the notation#.

A new method to avoid this mismatch was recently p
posed by Head.63 In the light of the present discussion an
using the nomenclature introduced here, his idea may
phrased as follows. LetUC be the functional subspac
spanned by the atom-centered basis functions located in
region of the cluster that is to be embedded, and letP̂occ and
P̂vir51̂2 P̂occ be the projectors onto the occupied and virtu
states of the complete, unperturbed reference system~which,
for a closed shell system, are directly related to the den
operator!. Then Head’s formalism corresponds to defini
the embedded cluster through its functional subspace,

U5U1%U2 with U15 P̂occ~UC!, U25 P̂vir~UC!,
~22!

and the indented host crystal through the orthogonal com
mentV5U'. Specifically, the subspaceU is constructed63

by orbital rotations which are generated by augmenting
original basis functions ofUC by atomic orbitals from the
indented environment in two ways such that the rotated b
functions, on the one hand, exclusively belong to the s
space of the occupied orbitals of the entire reference sys
~U1!, and on the other hand, exclusively belong to the s
space of the virtual orbitals of the complete unperturbed s
tem ~U2!. By construction,U is an extension of the origina
subspaceUC , which is almost twice as large asUC . As
evident from Eq.~22!, U is invariant underP̂occ, which re-
sults in a block diagonal matrix representation,

Pocc5S PUU

0
0
PVV

D ~23!

of the projectorP̂occ. Consequently, the occupied orbitalscn

of the complete system not only obeyP̂occcn5cn , but also
P̂occcn

U5cn
U and P̂occcn

V5cn
V, which immediately leads to

cn,vir
U 50, cn,vir

V 50. ~24!
, No. 14, 8 April 1997



a
e
ed
id
fo
liz
ho

r
tr
au
su

a

ce
b

nt
c
a
e
an
fic
he
t

th
al
is
al
in

in
vi
al
ch
n

t i
a
a

m
xi
ve
a
ha
he
hu

By
we
ed-
that

et-
sys-
Li

ub-

use
or-
. In
ich
ly
tal
rious
he
nts
ital
e,
to
und
ass
ct to

a
lass
m-
r-
ry of
that
an
for
go-
he
olt,
that
ich
the
ped
ol-
sk.
m-
ary
ay
bital

de-
m-
vir-
ge
s or
the
rti-
ce

6029Gutdeutsch et al.: Cluster embedding schemes
Hence, no virtual orbital admixtures occur in this orbit
space partitioning scheme, and there may be a chanc
substantially improve the quality of the fundamental emb
ding assumption. However, there are two aspects to cons
First, it is crucial to recognize that there is no guarantee
the subspace defining the embedded cluster to stay loca
in the common sense. Depending on the nature of the
crystal material, the basis functions spanningU1 andU2 may
become rather extended. Especially for metals one may
into serious problems because of the large number of ma
elements which have eventually to be evaluated and bec
of the orthogonalization steps necessary to set up the
spaceU ~for details see Ref. 63!. The difficulties encount-
ered63 when this new orbital space partitioning scheme w
applied to hydrogen adsorption on-top of a Li~001! mono-
layer may very well be related to a large~implicit! geometri-
cal extension of the subspaceU which is assigned to the
embedded Li cluster, and further investigations seem ne
sary to characterize the type of host systems which may
treated successfully with the method of Head.

The second aspect which has to be taken into accou
that the projectorsP̂occ and P̂vir depend on the electroni
structure of the system considered. Therefore the subsp
U andV, which have been set up for the unperturbed ref
ence system, will in general no longer be perfectly invari
under P̂occ once the defect is introduced. Without speci
tests it is hard to judge to which extent this will influence t
validity of Eq. ~24!. If the electronic structure of the defec
system is treated within the constrained SCF approach
done in Ref. 63, the block diagonal form of the matrixPocc
@Eq. ~23!# is guaranteed and no problems arise with Eq.~24!.
On the other hand, if some coupling between orbitals of
embedded cluster and orbitals of the indented host cryst
allowed before the fundamental embedding assumption
applied, there will most likely be high-energy virtual orbit
admixture in the density matrix again. To our understand
only a strictly variational approach~like the constrained SCF
scheme64! is able to yield regional orbital contributionscn

U

andcn
V ~or cn

C andcn
D! which are fully consistent with the

density matrix resulting from the fundamental embedd
assumption, and which therefore rules out any spurious
tual orbital admixtures. However, a strictly variation
scheme which~in contrast to the constrained SCF approa!
also allows orbital coupling between the central region a
its environment does not seem easy to design.

VII. SUMMARY AND CONCLUSIONS

In specific implementations of embedding schemes i
generally difficult, if not impossible, to separate numeric
and computational approximations from those approxim
tions which arise from the fundamental embedding assu
tions of the underlying method. The former type of appro
mations are introduced to simplify the algorithm or to sa
computer time; in principle, they can be eliminated as far
necessary. On the other hand, the latter approximations
to be regarded as intrinsic to an embedding formalism. T
limit the overall accuracy of an embedding scheme, and t
J. Chem. Phys., Vol. 106
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it is important to check their quality and consequences.
restricting ourselves to pure cluster-in-cluster embedding
were able to exclusively focus on the fundamental emb
ding assumption which is generic to embedding schemes
are based on orbital space partitioning@see Eq.~2!# and to
avoid any further approximations with regard to the theor
ical and computational treatment of the reference defect
tem. Vacancy and hydrogen substitutional defects in large
icosahedral clusters have been chosen as test cases.

Matrix blocking and subsequent replacement of the s
blocks which refer to the external region@see Eq.~2!# is an
algorithmic scheme rather than a definite procedure beca
its concrete meaning strongly depends on the underlying
bital basis set and on the matrix representation adopted
order to arrive at an orbital space partitioning scheme wh
is well suited for embedding, it turned out to be extreme
important, especially for total energy calculations on me
host systems, to reduce as much as possible the spu
admixtures of virtual orbitals. These contaminations of t
density matrix are unavoidably introduced if one impleme
the fundamental embedding assumption by means of orb
space partitioning. A special orthogonalization schem
termed ‘‘class orthogonalization,’’ has been employed
minimize these undesirable consequences, and it was fo
that performing the orbital space partitioning in such a cl
orthogonalized basis set yields the best results with respe
the spurious virtual orbital admixtures.

Defect induced charge rearrangement~and related quan-
tities! were found to be almost perfectly reproduced by
cluster-in-cluster embedding calculation based on the c
orthogonalization partitioning scheme. The fundamental e
bedding assumption is obviously well-suited for that pu
pose. However, as far as the energetics and the geomet
the defect systems investigated is concerned, we found
the embedding calculations did not perform any better th
straightforward nonembedded cluster model calculations
the defect system. Although minimized by the class ortho
nalization, an effect of the virtual orbital admixtures on t
total energy, of the order of a few tenths of an electron v
seems to remain. Thus accuracy is not improved beyond
of nonembedded cluster models of comparable size wh
are generally computationally far less demanding than
corresponding embedded cluster models. Well develo
quantum chemistry computer codes for clusters and m
ecules are available that have been optimized for their ta
Alternatively, one may resort to supercell calculations, e
ploying one of the codes designed for periodic bound
conditions. Thus, for solving practical problems, one m
question the virtue of embedding schemes based on or
space partitioning.

In this discussion, one has to keep in mind that the
gree of approximation introduced by the fundamental e
bedding assumption strongly depends on the amount of
tual orbital admixtures. Hence, host crystals with a lar
band gap will be much less affected than semiconductor
even metals, and metals with a low density of states near
Fermi level will be less sensitive to the orbital space pa
tioning than metals like aluminum. Of course, the influen
, No. 14, 8 April 1997
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6030 Gutdeutsch et al.: Cluster embedding schemes
of the embedding assumption also depends on the basis
employed. Flexible, high quality basis sets with rather d
fuse polarization functions will be more prone to these c
taminations than rigid near-to-minimal basis sets. This ob
vation also rationalizes the apparent success of
implementations of orbital basis partitioning schemes in
framework of semiempirical or tight-binding formalisms.36,38

Finally, the underlying electronic structure methods have
be considered, too. Wave function based Hartree–Fock
rived methods are known to provide larger energy gaps
less polarizable states than density functional ba
methods.65 In this respect, the present density functional
vestigation of defects in Li host clusters has to be regarde
a ‘‘worst case’’ study, and orbital space partitioning m
perform better for other materials, basis sets, and electr
structure methods. Nevertheless, the present study cle
demonstrates the pitfalls associated with and the limitati
of embedding schemes that are based on orbital space p
tioning applied in a nonvariational fashion to density ma
ces within common SCF procedures.
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20P. Krüger and J. Pollmann, Phys. Rev. B38, 10578~1988!.
J. Chem. Phys., Vol. 106
ets
-
-
r-
st
e

o
e-
d
d
-
as

ic
rly
s
rti-
-

-
e
er

.

R.
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45S. Krüger, U. Birkenheuer, and N. Ro¨sch, J. Electron Spectrosc. Rela
Phenom.69, 31 ~1994!.
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