
STOCHASTIC FOUNDATIONS IN 
MOVEMENT ECOLOGY:    

 
Movement patterns and search 
efficiency 

Daniel Campos, Vicenç Méndez and Frederic Bartumeus 
 

Universitat  Autònoma de Barcelona 
Centre d’Estudis Avançats de Blanes (CEAB-CSIC) 

Advanced Study Group 2015: 
Statistical Physics and Anomalous Dynamics of Foraging 



1.  Classical diffusion and Brownian motion 
 

2.  Persistent motion 
 

3.  CTRW and anomalous diffusion 
 Jump models 
 Velocity models 

 
4.  Multi-mode movement 

 Intermittent movement 
 Multiscale movement 
 Resetting and mortality mechanisms 

 
5. Motion in two and three dimensions 

M
O

V
EM

EN
T 

PA
T

TE
R

N
S 

SE
A

R
C

H
 E

FF
IC

IE
N

C
Y

 
 (

M
EA

N
 F

IR
ST

-P
A

SS
A

G
E 

TI
M

ES
) 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Macroscopic description 

Mass balance: 
 
 
Constitutive equation: 

Biological analogy: 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

The three levels of description of stochastic processes 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Mesoscopic description 

Isotropic random-walk 



A Wiener process 𝑊(𝑡) is a stationary process whose increments 𝑊(𝑡2) − 𝑊(𝑡1) are 
independent Gaussian variables with zero mean and variance 𝑡2 − 𝑡1 . 
 
 
 
 
 
 
 
 
 
 
 
     (Strong friction limit) 

1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Microscopic description 

𝜕𝜌(𝑥, 𝑡)

𝜕𝑡
=

𝜎2

2𝛾2

𝜕2𝜌(𝑥, 𝑡)

𝜕𝑥2  



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Fundamental properties 

𝑔 𝑥 = 𝛿 𝑥 − 𝑥0  

!!! 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

How do we measure search efficiency? 
 
i) “Capture” rate:   𝑘 𝑡  
ii) Mean volume V(𝑡) covered in time t (Wiener sausage) 

 
 

iii) Time distribution to the next “capture”:   𝑓(𝑡) 

iv) Survival probability up to time 𝑡𝑚:   𝑆 𝑡𝑚 =  𝑑𝑡𝑓(𝑡)
∞

𝑡𝑚
= 𝑒𝑥𝑝 −𝜌𝐵𝑉(𝑡)  

v) Mean time to the next “capture”:   𝑇 =  𝑡𝑓 𝑡 𝑑𝑡
∞

0
=  𝑑𝑡𝑚𝑆(𝑡𝑚)

∞

0
 

vi) Mean energy consumed to “capture”: 𝐸 =  𝐸 𝑣 𝑑𝑡
𝑇

𝑜
≈ 𝐸 𝑣  𝑇   

vii) … 

‘Foraging’ analogy: 

1D:  𝑉(𝑡)~𝑡1/2 2D (and higher):  𝑉(𝑡)~𝑡 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Significance of the Mean First-Passage Time (mean time to “capture”) 

Uniformity index:   𝜔 ≡
𝑇1

𝑇1+𝑇2
 

Mattos, Mejía-Monasterio, Metzler and Oshanin, PRE 86, 031143 (2012) 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Method 1: Direct solution of the boundary condition problem 
 
Semiinfinite media 

General solution:             𝑝 𝑥, 𝑡 =
1

4𝜋𝐷𝑡
𝑒− 𝑥−𝑥0

2/4𝐷𝑡 

Image method for a target at 𝑥 = 0:  𝑝 𝑥, 𝑡 =
1

4𝜋𝐷𝑡
𝑒− 𝑥−𝑥0

2/4𝐷𝑡 − 𝑒− 𝑥+𝑥0
2/4𝐷𝑡 ≈ 

 

    lim
𝑡→∞

𝑝 𝑥, 𝑡 ≈
1

4𝜋𝐷𝑡

𝑥𝑥0

𝐷𝑡
𝑒− 𝑥+𝑥0

2/4𝐷𝑡 

 

    → 𝑓 𝑡 = +𝐷
𝜕𝑝(𝑥,𝑡)

𝜕𝑥
 
0

=
𝑥0

4𝜋𝐷𝑡3
𝑒−𝑥0

2/4𝐷𝑡 

 

    →  𝑑𝑡𝑓 𝑡 = 1
∞

0
,    but    𝑇  ‼‼ 

(𝑓 𝑡 ~𝑛−3/2~𝑡−3/2:  Sparre-Andersen theorem) 

0                             



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Two targets in 𝑥 = 0 and 𝑥 = 𝐿:     
 

lim
𝑡𝑚→∞

𝑆(𝑡𝑚) ~𝑒− 𝜋/𝐿 2𝐷𝑡𝑚  

A closed expression is attainable in the Laplace space  𝑝(𝑥, 𝑠) =  𝑑𝑡𝑒−𝑠𝑡𝑝(𝑥, 𝑡)
∞

0
 

 

𝑝 𝑥, 𝑠 =

sinh
𝑠
𝐷

𝑥0 sinh
𝑠
𝐷

𝐿 − 𝑥0

𝑠𝐷 sinh
𝑠
𝐷

𝐿

 

→ 𝑓 𝑠 = +𝐷
𝜕𝑝(𝑥, 𝑠)

𝜕𝑥
 
0

− 𝐷
𝜕𝑝 𝑥, 𝑠

𝜕𝑥
 
𝐿

=

sinh
𝑠
𝐷

𝑥0 sinh
𝑠
𝐷

𝐿 − 𝑥0

sinh
𝑠
𝐷

𝐿

 

  

   → 𝑇 = lim
𝑠→0

𝑑𝑓(𝑠)

𝑑𝑠
=

𝑥0 𝐿−𝑥0

2𝐷
  

General solution (with 𝜌𝐵 = 0):       𝑝 𝑥, 𝑡 =   𝐴𝑖 sin
𝑖𝜋𝑥

𝐿
𝑒− 𝑛𝜋/𝐿 2𝐷𝑡

𝑖𝑛  

Finite media 

0                            𝐿 

𝑓(𝑡)~𝑒−𝑡/𝑇∗
 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Method 2: Derivation of the MFPT evolution equation 

𝜕𝑝(𝑥, 𝑡)

𝜕𝑡
= 𝐷

𝜕2𝑝(𝑥, 𝑡)

𝜕𝑥2  

𝜕𝑝(𝑥0, 𝑡0)

𝜕𝑡0
= −𝐷

𝜕2𝑝(𝑥0, 𝑡0)

𝜕𝑥0
2  (backward equation: 𝑝 𝑥0, 𝑡0 = 𝑝 𝑥0, 𝑡0|𝑥, 𝑡  )  

𝜕𝑆(𝑥0, 𝑡0)

𝜕𝑡0
= −𝐷

𝜕2𝑆(𝑥0, 𝑡0)

𝜕𝑥0
2

 (survival probability: 𝑆(𝑥0, 𝑡0) =  𝑑𝑥𝑝(𝑥0, 𝑡0)
𝐿

0
 ) 

−1 = 𝐷
𝜕2 𝑇

𝜕𝑥0
2  (using 𝑇 =  𝑑𝑡0𝑆(𝑥0, 𝑡0)

∞

0
 as before) 

For boundary conditions 𝑇 𝑥0=0 = 𝑇 𝑥0=𝐿 = 0,  we get again 𝑇 =
𝑥0 𝐿−𝑥0

2𝐷
  

0                            𝐿 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

Method 3: Renewal approximation 

Alternative derivation: 

 𝑞 𝑡, 𝑥0 = 𝑞1 𝑡, 𝑥0 + 𝑞2 𝑡, 𝑥0 + 𝑞3 𝑡, 𝑥0 + ⋯ = 𝑓 𝑡, 𝑥0 + 𝑓 𝑡, 𝑥0 ∗ 𝑓 𝑡, 0 +
𝑓 𝑡, 𝑥0 ∗ 𝑓 𝑡, 0 ∗ 𝑓 𝑡, 0 + ⋯ 

𝑞 𝑠, 𝑥0 = 𝑓 𝑠, 𝑥0  𝑓 𝑠, 0

∞

𝑖=0

=
𝑓(𝑠, 𝑥0)

1 − 𝑓(𝑠, 0)
 𝑓 𝑠, 𝑥0 =

𝑞(𝑠, 𝑥0)

1 + 𝑞(𝑠, 0)
 

𝑞 𝑡; 𝑥0 = 𝑓 𝑡; 𝑥0 +  𝑞 𝑡 − 𝑡′; 0 𝑓 𝑡′; 𝑥0 𝑑𝑡
𝑡

0

 

𝑓 𝑠, 𝑥0 =
𝑞(𝑠, 𝑥0)

1 + 𝑞(𝑠, 0)
 

We assume one target located at 𝑥 = 0 and introduce 𝑞(𝑡) as the rate at which target 
detection occurs for a free particle: 



1. CLASSICAL DIFFUSION AND BROWNIAN MOTION 

An essential advantage of this framework is that it allows a very general and intuitive 
understanding of the Mean First Detection Time (MFDT) in a finite media.  

𝑞∞ 

𝑞 𝑠, 𝑥0 = 𝑞∞

1

𝑠
+ 𝑞∗(𝑥0) 

𝑇 =  𝑑𝑡 𝑡𝑓(𝑡)
∞

0

= lim
𝑠→0

𝑑𝑓(𝑠)

𝑑𝑠
=

1 + 𝑞∗ 0

𝑞∞
−

𝑞∗ 𝑥0

𝑞∞
=

𝑞∗ 0 − 𝑞∗ 𝑥0

𝑞∞
+

1

𝑞∞
 

𝑡 

𝑞(𝑡, 𝑥0) 

Uniform initial 
condition 

𝑥0 = 0 



2. PERSISTENT MOTION 

Macroscopic description 

Mass balance: 
 
Constitutive equation: 



It is convenient to separate particles moving to the right (𝜌+) or to the left (𝜌−): 
 
 
 
 
 
 
So we obtain a Markovian embedding that can be treated in analogy to the diffusion case: 

2. PERSISTENT MOTION 

Mesoscopic description 



2. PERSISTENT MOTION 

Microscopic description 

An Ornstein-Uhlenbeck process is defined as a stationary, Gaussian and Markovian process 
whose increments are independent and follow a Gaussian distribntion. 



2. PERSISTENT MOTION 

Fundamental properties 
 
Telegrapher’s equation 
 
 
 
 
 
 
 
 
 
 
Ornstein-Uhlenbeck process 



2. PERSISTENT MOTION 

Method 1: Direct solution of the boundary condition problem 

Masoliver, Porrà and Weiss. PRA 45, 2222 (1992) 

𝜌− 𝐿, 𝑡 = 0 

𝜌+ 0, 𝑡 = 0 

0                            𝐿 

𝑓 𝑠, 𝑥0 = 𝑣𝜌+ 𝐿, 𝑠 + 𝑣𝜌− 0, 𝑠  𝑇 = lim
𝑠→0

𝑑𝑓(𝑠, 𝑥0)

𝑑𝑠
=

𝜆𝑥0 𝐿 − 𝑥0

𝑣2 +
𝐿

2𝑣
 

𝑠𝜌 𝑥, 𝑡 = −𝑣
𝜕𝐽(𝑥, 𝑡)

𝜕𝑥
 

𝜌 = 𝜌+ + 𝜌− 𝑠𝐽 𝑥, 𝑡 = −𝑣
𝜕𝜌 𝑥, 𝑡

𝜕𝑥
− 2𝜆𝐽(𝑥, 𝑡) 

𝜌 𝑥, 𝑠 =

𝐴1 𝑠, 𝑥0 𝑒
𝛽𝑠𝑥
𝑣 +

1 − 𝛽

1 + 𝛽
𝑒−

𝛽𝑠𝑥
𝑣 ;                   𝑥 < 𝑥0

𝐴2 𝑠, 𝑥0 𝑒
𝛽𝑠𝑥
𝑣 +

1 + 𝛽

1 − 𝛽
𝑒−

𝛽𝑠(2𝐿−𝑥)
𝑣 ;          𝑥 > 𝑥0

 
𝛽 ≡

𝑠 + 2𝜆

𝑠
 

𝐽 = 𝜌+ − 𝜌− 



2. PERSISTENT MOTION 

Method 2: Derivation of the MFPT evolution equation 

𝑇− 0 = 0 

𝑇+ 𝐿 = 0 

Weiss. J. Stat. Phys. 37, 325 (1984) 

𝑇 =
𝜆𝑥0 𝐿 − 𝑥0

𝑣2 +
𝐿

2𝑣
 



2. PERSISTENT MOTION 

𝑇 =
𝜆𝑥0 𝐿 − 𝑥0

𝑣2
+

𝐿

2𝑣
 

𝑇+ =
𝜆𝑥0 𝐿 − 𝑥0

2𝑣2 +
𝐿 − 𝑥0

2𝑣
 

𝑇− =
𝜆𝑥0 𝐿 − 𝑥0

2𝑣2 +
𝑥0

2𝑣
 



Fluctuating forces 

2. PERSISTENT MOTION 

Masoliver and Porrà. PRL 75, 189 (1995) 

𝜕𝜌(𝑥, 𝑣, 𝑡)

𝜕𝑡
=

𝐷

2

𝜕2𝜌(𝑥, 𝑣, 𝑡)

𝜕𝑣2 − 𝑣
𝜕𝜌(𝑥, 𝑣, 𝑡)

𝜕𝑥
 

−1 =
𝐷

2

𝜕2𝑇

𝜕𝑣0
2 + 𝑣

𝜕𝑇

𝜕𝑥0
 

0                            𝐿 



Alternative in semiinfinite media 

2. PERSISTENT MOTION 

Burkhardt. J. Stat. Mech. P07004 (2007) 

𝑄 𝑥0, 𝑣0; 𝑡 =
34/3𝛤 1/4

2𝜋3/2

𝑥0
2/3

𝑡

1/4

𝑈 −1/6,2/3, 𝑣0
3/9𝑥0

2  ~ 𝑡−1/4 

0                             



Fluctuating and constant forces 

2. PERSISTENT MOTION 

Burkhardt. J. Stat. Phys. 133, 217 (2008) 

𝑑𝑣

𝑑𝑡
= 𝛾 + 𝜉(𝑡) 



CTRW: Jump model 

3. CTRW AND ANOMALOUS DIFFUSION 

We define the position of the particle after 𝑛 jumps as:  𝑋𝑛 =  𝑍𝑖
𝑛
𝑖=1  

…and the time it takes to perform these 𝑛 jumps as:  𝑇𝑛 =  Θ𝑖
𝑛
𝑖=1  

 
 
 
 
 
 
 
 
…where 𝑍𝑖 and Θ𝑖 each are iid random variables distributed, respectively, according to 
 

ϕ 𝑥 : Jump-length probability distribution function (dispersal kernel) 
𝜑 𝑡 : Waiting-time probability distribution function 

 



Probability density of staying (𝝆) and arriving (𝒋): 
 

3. CTRW AND ANOMALOUS DIFFUSION 

Random jumps: 
 
Random waiting times: 

(Montroll-Weiss equation) 

𝑗 𝑘, 𝑠 = 𝜌(𝑘, 0)
1

1 − Ф(𝑘)𝜑(𝑠)
 



Example: exponential waiting times and jumps 

3. CTRW AND ANOMALOUS DIFFUSION 

ϕ 𝑥 =
𝛽

2
𝑒−𝛽 𝑥  

𝜑 𝑡 = 𝜆𝑒−𝜆𝑡  
Diffusive asymptotic limit:    lim

𝑡→∞
𝑋2 = 2

𝑍2

2𝑑 Θ
 𝑡 

𝑞 𝑡, 𝑥0 =  𝑗𝐿 𝑥, 𝑡 𝑑𝑥
𝑎

0

+  𝑗𝐿 𝑥, 𝑡 𝑑𝑥
𝐿

𝐿−𝑎

=
𝜆

𝑠
sinh 

𝑠

𝑠 + 𝜆
𝛽𝑎 𝐼(𝑠, 𝑥0) 

𝑗𝐿 𝑥, 𝑠 =  𝑗 𝑥 + 𝐿𝑚, 𝑠 =

∞

𝑚=−∞

𝛽

2

𝑠 + λ

𝑠
+

𝑠

𝑠 + λ

exp −
𝑠

𝑠 + 𝜆
𝛽𝑥 + exp −

𝑠
𝑠 + 𝜆

𝛽(𝐿 − 𝑥)

1 − exp −
𝑠

𝑠 + 𝜆
𝛽𝐿

 

𝐼(𝑠, 𝑥) 

𝑞∞ =
2𝑎λ

𝐿
 

0                            𝐿 

First-passage: 

𝑞∗(𝑠, 𝑥0) =
𝑎𝛽2 𝐿2 − 6𝐿𝑥0 + 6𝑥0

2 + 2𝑎2

6𝐿
 

𝑎 𝑎 



3. CTRW AND ANOMALOUS DIFFUSION 

𝑇 =
𝑞∗(0) 

𝑞∞
−

𝑞∗(𝑥0) 

𝑞∞
+

1

𝑞∞
=

𝛽2𝑥0(𝐿 − 𝑥0)

2𝜆
+

𝐿

2𝑎𝜆
 

∆𝑇2 = 𝑇2 − 𝑇 2 = 𝑙𝑖𝑚
𝑠→0

𝑑2𝑓 𝑠, 𝑥0

𝑑𝑠2 = ⋯ =
1 + 𝑞∗ 𝑠, 0 + 𝑞∗ 𝑠, 𝑥0

𝑞∞
𝑇

= 𝑇 2 +
𝛽2

6𝜆
𝐿2 + 2𝑎2 𝑇  



Anomalous diffusion 

3. CTRW AND ANOMALOUS DIFFUSION 

Fractional Brownian Motion 

Heterogeneous diffusion 

Lévy noise/fluctuations 



3. CTRW AND ANOMALOUS DIFFUSION 

Example: exponential waiting times and power-law jumps (LÉVY FLIGHTS) 

ϕ 𝑥 = 𝐻( 𝑥 − 𝜖) 𝐻 𝑥 + 𝐻(−𝑥)
𝛼𝜖𝛼

2 𝑥 1+𝛼 

𝜑 𝑡 = 𝜆𝑒−𝜆𝑡  

Koren, Lomholt, Chechkin, Klafter and Metzler, PRL 99, 160602 (2007) 

𝑓 𝑡, 𝑥0 ~
𝑥0

𝛼/2

Γ(
𝛼
2) 2𝜋𝛼𝑐Γ 1 − 𝛼 cos 𝜋𝛼/2

𝑡−3/2 

0                             



3. CTRW AND ANOMALOUS DIFFUSION 

We use the same definition as before  𝑋𝑛 =  𝑍𝑖
𝑛
𝑖=1   𝑇𝑛 =  Θ𝑖

𝑛
𝑖=1  

 
 
 
 
 
 
 
 
 
…where now 𝜑 𝑡  and ϕ 𝑥  are not independent, but coupled through a velocity 
distribution ℎ(𝑣) in the form 
 
 
 

ϕ 𝑥 =  𝑑𝑡
∞

0

 𝜑(𝑡)  𝑑𝑣 𝛿 𝑥 − 𝑣𝑡 ℎ(𝑣)
∞

−∞

 

A 

CTRW 
Velocity CTRW 

𝑣1 
𝑣2 

𝑣3 

CTRW: Velocity model 

Ψ 𝑥, 𝑡 = 𝜑(𝑡)  𝑑𝑣 𝛿 𝑥 − 𝑣𝑡 ℎ(𝑣)
∞

−∞

 



3. CTRW AND ANOMALOUS DIFFUSION 

Example: exponential flights with constant speed 

ϕ 𝑥 =
𝛿 𝑥 − 𝑣𝑡 + 𝛿 𝑥 + 𝑣𝑡

2
 𝜆𝑒−𝜆𝑡 

𝜑 𝑡 = 𝜆𝑒−𝜆𝑡  

𝑞 𝑡, 𝑥0 =  𝑣𝜌𝐿 0, 𝑣, 𝑡 𝑑𝑣
0

−∞

+  𝑣𝜌𝐿 𝐿, 𝑣, 𝑡 𝑑𝑣
∞

0

=
1

2

𝑠 + λ

𝑠
𝐻(𝑠, 𝑥0) 

𝜌𝐿 𝑥, 𝑠 =
1

2𝑣

𝑠 + λ

𝑠

exp − 𝑠 𝑠 + 𝜆 𝑥0/𝑣 + exp − 𝑠 𝑠 + 𝜆 (𝐿 − 𝑥0)/𝑣

1 − exp − 𝑠 𝑠 + 𝜆 𝐿/𝑣
 

𝐻(𝑠, 𝑥) 

𝑞∞ =
𝑣

𝐿
 

0                            𝐿 

First-passage: 

𝑞∗(𝑠, 𝑥0) =
𝜆 𝐿2 − 6𝐿𝑥0 + 6𝑥0

2

12𝑣𝐿
 

𝑇 = 𝑙𝑖𝑚
𝑠→0

𝑞∗(𝑠, 0) 

𝑞∞
−

𝑞∗(𝑠, 𝑥0) 

𝑞∞
+

1

𝑞∞
=

𝜆𝑥0(𝐿 − 𝑥0)

2𝑣2 +
𝐿

2𝑣
 



3. CTRW AND ANOMALOUS DIFFUSION 

Example: power-law flights with constant speed (LÉVY WALKS) 

ϕ 𝑥 =
𝛿 𝑥 − 𝑣𝑡 + 𝛿 𝑥 + 𝑣𝑡

2
𝐻(𝑡 − 𝜖) 

𝛼𝜖𝛼

𝑡1+𝛼 

𝜑 𝑡 = 𝐻(𝑡 − 𝜖) 
𝛼𝜖𝛼

𝑡1+𝛼 

Korabel and Barkai, J.Stat.Mech.  P05022 (2011) 
Dybiec and Gudowska-Nowak.  EPL 88, 10003 (2009) 

𝑓 𝑡, 𝑥0 ~
𝑡−3/2 ;          1 ≤ 𝛼 ≤ 2

𝑡−1−𝛼/2 ;      0 ≤ 𝛼 ≤ 1
 



4. MULTI-MODE MOVEMENT 

Intermittent movement 

Bénichou, Loverdo, Moreau and Voituriez. Rev. Mod. Phys. 83, 81 (2011) 

Static mode 
Diffusive mode 



4. MULTI-MODE MOVEMENT 

For a 1D size domain b: 

Static mode 
Diffusive mode 

𝑏𝐷2 ≪ 𝑎3𝑉2 𝑏𝐷2 ≫ 𝑎3𝑉2 

Bénichou, Loverdo, Moreau and Voituriez. Rev. Mod. Phys. 83, 81 (2011) 



4. MULTI-MODE MOVEMENT 

Intermittent movement 

1D Diffusive mode 

𝑞 𝑡, 𝑥0 =  𝑣𝜌1 0, 𝑣, 𝑡 𝑑𝑣
0

−∞

+  𝑣𝜌1 𝐿, 𝑣, 𝑡 𝑑𝑣
∞

0

 

𝑞∞ =
𝜆2

𝜆1 + 𝜆2

𝑣

𝐿
 

𝑞∗ 𝑥0 =
𝑤𝜆2

2𝑥0 𝐿 − 𝑥0

2𝐿 𝑤𝜆1 + 𝜆2
2 +

𝜆1𝑤
2 1 − 𝑒−𝛽𝐿 − 𝑒−𝛽𝑥0 − 𝑒−𝛽(𝐿−𝑥0)

2 𝑤𝜆1 + 𝜆2
2 3/2

1 − 𝑒−𝛽𝐿
 

𝜆2 𝑜𝑝𝑡~ 𝜆1 𝑜𝑝𝑡 



4. MULTI-MODE MOVEMENT 

2-scale (CTRW) movement 

ϕ 𝑥 =
𝛿 𝑥 − 𝑣𝑡 + 𝛿 𝑥 + 𝑣𝑡

2
𝜑 𝑡  

𝜑 𝑡 = 𝑤1𝜆1𝑒
−𝜆1𝑡 + (1 − 𝑤1)𝜆2𝑒

−𝜆2𝑡 

Campos, Bartumeus, Raposo and Méndez, PRE (in press) 

We use a Markovian embedding by dividing into modes (like in the telegraph equation) 



4. MULTI-MODE MOVEMENT 

Campos, Bartumeus, Raposo and Méndez, PRE (in press) 

𝑇 =
𝐿

2𝑣
+

1 − 𝑤

𝑤λ2
1 −

1 +
𝐿𝑤λ2
2𝑣

1 + 𝑤
𝑒𝑥𝑝 −

𝑤𝑥0λ2

𝑣
 

λ2 𝑜𝑝𝑡 ≈
𝑣

𝑥0
         𝑤𝑜𝑝𝑡 ≈

2𝑥0

𝐿
 

𝑥0

𝐿 𝑐𝑟
= 0.105 



4. MULTI-MODE MOVEMENT 

Random-walks with mortality 

ϕ 𝑥 =
𝛿 𝑥 − 𝑣𝑡 + 𝛿 𝑥 + 𝑣𝑡

2
 𝜆𝑒−𝜆𝑡 

𝜑 𝑡 = 𝜆𝑒−𝜆𝑡  𝜑𝑚 𝑡 = 𝜔𝑒−𝜔𝑡 

Campos, Abad, Méndez, Yuste and Lindenberg, PRE 91, 052115 (2015) 

Semiinfinite media                       Finite media 



4. MULTI-MODE MOVEMENT 

Campos, Abad, Méndez, Yuste and Lindenberg, PRE 91, 052115 (2015) 

𝑆∞ =
2𝜔𝑚 1 − 𝑒−𝛼𝑚𝐿/𝑣

𝜔𝑚 1 − 𝑒−𝛼𝑚𝐿/𝑣 + 𝛼𝑚 1 + 𝑒−𝛼𝑚𝐿/𝑣
 

𝛼𝑚 ≡ 𝜔𝑚 𝜔 + 𝜔𝑚  

Optimal motion 
scales emerge for 
intermediate values 
of the mortality 



4. MULTI-MODE MOVEMENT 

Random walk with resetting 

ϕ 𝑥 =
𝛿 𝑥 − 𝑣𝑡 + 𝛿 𝑥 + 𝑣𝑡

2
 𝜆𝑒−𝜆𝑡 

𝜑 𝑡 = 𝜆𝑒−𝜆𝑡  𝜑𝑚 𝑡 = 𝜔𝑒−𝜔𝑡 

Campos and Méndez. arXiv:1509.05641  



4. MULTI-MODE MOVEMENT 

Campos and Méndez. arXiv:1509.05641 
Evans and Majumdar. PRL 106, 160601 (2011) 
Kusmierz et al. PRL 113, 220602 (2014) 

𝑇 =
1

𝜔𝑚

1 +
𝜔𝑚
𝛼𝑚

1 − 𝑒−𝛼𝑚𝐿/𝑣

𝑒−𝛼𝑚𝑥0/𝑣 + 𝑒−𝛼𝑚𝐿/𝑣
− 1  𝛼𝑚 ≡ 𝜔𝑚 𝜆 + 𝜔𝑚  

𝑥0

𝐿 𝑐𝑟
= 0.115 

𝜔𝑚 𝑜𝑝𝑡 =
0.768𝑣

𝑥0
 

Diffusion with resetting 

𝜔𝑚 𝑜𝑝𝑡 = 2.538𝐷/𝑥0
2 

Lévy flights with resetting 

Optimal Lévy exponent: 1/4 



4. MULTI-MODE MOVEMENT 

A necessary condition for the emergence of optimal search efficiency 
(which involves a nontrivial exploration-exploitation tradeoff) is the 
existence of two scales involved in motion (either movement scales, 
mortality, resetting, ...). More scales are convenient as long as uncertainty 
increases. 

Analogy with optimal deterministic searches: 
 
For the 1-dimensional case, the optimal (deterministic) search strategy is: 

𝑇 = 2𝑑/𝑣 Distance known: 

𝑑 

𝑇 = 9𝑑/𝑣 Distance unknown: 

Baeza-Yates, Culberson and Rawlins. Inform. Comput. 106, 234 (1993) 

Conclusion 

𝑑 



5. MOTION IN TWO AND THREE DIMENSIONS 

Classical diffusion 

𝜌 𝑟, 𝑡 =
𝑒−𝑟2/4𝐷𝑡

4𝜋𝐷𝑡
 



5. MOTION IN TWO AND THREE DIMENSIONS 

Persistent motion (2D extensions of the Ornstein-Uhlenbeck process) 

Case 1: independent Cartesian coordinates 

(Fürth’s formula) 

Case 2: Isotropic fluctuations 

Romanczuk and Schimansky-Geier.  PRL 106, 230601 (2011) 



5. MOTION IN TWO AND THREE DIMENSIONS 

MFPT in higher dimensions: Renewal approach 

Tejedor, Voituriez and Bénichou. PRL 108, 088103 (2011)  

𝜌(𝑟, 𝑡)~𝑡−𝑑𝑓/𝑑𝑤𝑓
𝑟

𝑡1/𝑑𝑤
 

𝜌(𝑟, 𝑡)~𝑡−𝑑𝐵/𝑑𝑤𝑓
𝑟

𝑡1/𝑑𝑤
 

Fractal media: 

Scale-free networks: 

Persistent searchers (in discrete media): 

𝑇 = 𝐴𝑑𝐿2 + 𝐵𝑑𝑉 

Condamin, Bénichou, Tejedor, Voituriez and Klafter. Nature 450, 77  (2007) 



5. MOTION IN TWO AND THREE DIMENSIONS 

MFPT in higher dimensions: CTRW 

𝑇 =
𝐿2

𝑣2 𝑔𝑑 𝑥0 +
𝐿𝑑

𝐴𝑣𝛼(𝑣)
=

𝐿2

𝑣2 𝑔𝑑 𝑥0 +
1

𝜌

1

𝐴𝑣𝛼(𝑣)
 

Campos, Bartumeus and Méndez. PRE 88, 022101 (2013)  



5. MOTION IN TWO AND THREE DIMENSIONS 

Anomalous diffusion in 2D and 3D (?) 

It is very usual to find that analysis of experimental trajectories of living organisms (cells 
are a typical example) often yield clear signatures of anomalous diffusion (e.g. Mean 
square displacement and velocity correlations). 



5. MOTION IN TWO AND THREE DIMENSIONS 

Illustrative example: Two.dimensional CTRW 

Campos, Méndez and Llopis. J. Theor. Biol. 267, 526 (2010)  



5. MOTION IN TWO AND THREE DIMENSIONS 

Approximation 1: Fluctuating speed and instantaneous turns 
 
        (2 scales) 
 
 
Approximation 2: Constant speed and exponential turning times (reorientations) 
 
 
        (5 scales !!) 

Campos, Méndez and Llopis. J. Theor. Biol. 267, 526 (2010)  



OPEN QUESTIONS 

1. Classical diffusion and Brownian motion 
Most results known 

 
2.  Persistent motion 

Langevin description: almost everything 
to be done 

 
3.  CTRW and anomalous diffusion 

MFPT of Lévy walks 
  

4.  Multi-mode movement 
Links between information use and 
internal/external scales 
  

5. Motion in two and three dimensions 
Almost everything to be done (and 
revised) 
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