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Incommensurate dynamics of resonant breathers in Josephson junction ladders
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We present theoretical and experimental studies of resonant localized resistive states in a Josephson junction
ladder. These complex breather states are obtained by tuning the breather frequency into the upper band of
linear electromagnetic oscillations of the ladder. Their prominent feature is the appearance of resonant steps in
the current—voltagel V) characteristics. We have found the resonant breatherlike states dispiiayamg-
mensuratedynamics. Numerical simulations show that these incommensurate resonant breathers persist for
very low values of damping. Qualitatively similar incommensurate breather states are observed in experiments
performed with Nb-based Josephson ladders. We explain the appearance of these states with the help of
resonance-induced hysteresis features inl thé dependence.
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A lot of attention has been recently devoted to the theo- VT | ho~h
retical and experimental study ftrinsic dynamic localized dntadytsin ¢n=m(v¢ﬁ+ én— Pn)

states in various physical;? chemical and biological
systems:* These peculiar inhomogeneous states, called disyhere we use the notationd f,=f,_,—2f,+f,.,; and
crete breathers, appear in spatially homogene@immil-  vf =f, . ,—f,. Here, the unit of time is the inverse of the
tonian or dissipative nonlinear discrete systerﬁé.lt was plasma frequency)p, and « is the damping constant for a
found that these states manifest themselves in the spectra gihgle junction. The dc voltage drop across a single junction

molecules and solids, and can determine the energy transfgf yafined through a time averageg(t)>. Of crucial im-
in complex biological systefsDiscrete breathers have been 1 tance for the rich variety of breather states is the presence

observed, e.g., in weakly coupled optical wave guides, iy 5 nonzero dissipation in JJLs. This dissipation ensures that
antiferromagnetic solids and in systems of interactingyreathers can survive resonant interaction with extended lin-
Josephson junctioris!® Especially in the latter example, ear electromagnetic wavéEWs), while their dynamic com-
namelyhomogeneouslgic driven Josephson junction ladders eyt may actually increase at the same time. Indeed, these
(JJLS (see Fig. 1, an enormous diversity of breather states;qnjexresonantbreather states have been predicted in Ref.
has been observed. The JJL consists of small Josephson jung-experimentally observed in Ref. 15, and analyzed in detail
tions of two types, “horizontal” and “vertical” ones, which i Ref 16. The condition of the appearance of such a reso-
are, respectively, arranged perpendicular and parallel 1o the,nt preather state is the matching of the breather frequency
applied dc bias curreny. Breather states in a JJL are char- ) o its higher harmonics with the frequenay(q) of one of
acterized by spatially localized voltage patterns as a feWe cavity modes of the laddan(q) = mQ. The breather
Josephson junctions are in the resistiwirling) states(the o ency() is determined by the smallest nonzero dc volt-
black circles in Fig. 1while the rest of the JJL junctions are o drop in the JJL, and the spectrum of cavity magés)

in the superconducting state. The dynamics of breather stat s been derived pr’eviously using the linearization of(Eg.

crucially depends on two parameters: _the anisotropy - 5.5und the superconducting ground sf&t¥:
=l.y/l.y, Wherel.y andl.y are, respectively, the critical

currents of horizontal gnd v_ertical junctions, and the discrete- w2 =F+ m
ness parameténormalized inductance of the cgljB, . -
The complete dynamics of JJLs is determined by the time

dependent Josephson phasggt) (vertical, ¢ih(t) (lower n ¢_l: ¢3
horizonta), andé(t) (upper horizontal and is governed by @
the Kirchhoff's laws and the flux quantization law. By mak- ¢ O IO
ing use of the resistively shunted model for Josephson junc: 1 ® 0 ’1
tions the following set of equations has been obtaifed: h b
nl oo y ®

Y Y Y Y Y Y ¥ i

dntagptsing,=y+ E(A GV n 1=V 1), FIG. 1. Josephson junction ladder. Crosses mark the individual
junctions. Arrows indicate the direction of external current fige
1 bias y). The black circles indicate the junctions that are in the
;]'52.4_ a¢2+ sin ¢2: ———(Veu+ ¢2_&2), (1)  whirling (resistive state. The breather state displaying up—down
7BL symmetry is shown.
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1 1 1
F=-+——+2J1—y*+ —(1—cosq), 2 . e_e
2t 82 Y BL( q) 2 0.8 %ol %
2 2 - /
G= 1+—) V1—9?+ —(1—cosq). 0.7r
BLn 7 BL( D = | /‘- /
For a finite size ladder with open boundary conditions, the 0.6 /‘- ’/
spectrum of linear waves is discrete and characterized by the /4
following choice of allowed wave number values: B,
05 —/
— m I — O 1 2 N (3) ' l L L 1 L L 1 L ' l L L 1 L
a=NT1 g N, 35 4 45 5 55

whereN is the number of cells. Note here, that the resonant FIG. 2. 1-V characteristics forx=0.1, B, =0.378, n=0.49.

breather Stﬁte IS St'l_l a Strlctllpgrlt;)dllc solution Il'n gmel_.blts_ Arrows show the dc bias current incregdecrease The dc voltage
resonant character Is reV(_-:-ae y large amplitude libration attern of the breather state is presented by the black circles.
of the Josephson phases in the whole JJL. Resonant breather

states are manifested by resonant steps in the current— . . . . :
voltage (—V) characteristics, i.e., by a region where the'"9 time of 500 time units we use the next 500 time units to

voltage saturates at a fixed value while the biass in- calculate the time averaged characteristics of the state. Then
creased the dc biasy was decrease(increasedl by a step ofAvy

The presence of the resonant breather state leads to the2-001 and the procedure was repeated. We checked that

appearance ohysteresisin the |-V curve. Consequently our results do not change upon further increase of the wait-
there exist particular ranges of where both resonant and ing time. Thel =V characteristics, that is the ple.pendence of
nonresonant breathers can be stable. However, these tvyae ff“’efaged volta_ge drop across the re5|_st|ve _Josephson
types of breathers are characterized by diffefartommen- Junc.tlon onthe dc blqs, was monitored. The §|mulat|ons were
surate frequencied}, and moreover, the frequencies dependC‘T’lrrlecj out for two d|fferent_ values of damping=0.1 (see
in a different manner ony. Thus, the question naturally '19- 2 anda=0.025(see Fig. 3 ,
arises: Is it possible for a breather state to be both resonant N the case of a moderate value of dampimg 0.1 we
and nonresonant at the same time in a JJL? This is importa tain a nonresonantl breather state for o!c bias current values
because nondissipative systems support only time-periodf@Wn t© y=0.72. This breather state displays a complete
breathers, while dissipative systems typically need an extetp—down symmetry'(t) = — ${(t). Thel -V curve is lin-
nal time-dependent drive to generate quasiperiodic dynanear in this regime. In the region of moderate dc current bias
ics. The idea here is that the spatial nonuniformity of thevalues resonant steps appear in th& curve (Fig. 2). The
states(localized breatheisacts in a similar way to external presence of these steps indicates a strong resonant interaction
time-dependent drives, so that even a dc bias is enough teetween the breather state and EWs as the condition
obtain quasiperiodicin time) states.

Here we will consider a region of parameters where the

a) o0

breather strongly interacts with the EWs. We find that for I o
. : . 0.5+ .

low values of dampingx a novel breatherlike state with I

incommensuratéaperiodi¢ dynamics persists. This incom- =04 ‘e’

mensurate resonant state can be viewed as the mixture of . ;}‘_

resonant and nonresonant breathers in the JJL. Moreover, we 0.3)
also report on the experimental observation of this peculiar
breather state in an extremely underdamped JJL. The incom-

mensurate resonant breatherlike state leads to two successive Fob
; ; 0.5 e
voltage jumps in thé -V curve. I
To study the breather dynamics we perform direct numeri- . g4l

0.2

cal simulations of the set of equatio%). To establish a Fod -_‘,7/"

large dc current region where a strong resonant interaction of 0-3j

the breather state with the EWs occurs we choose the dis- 02' ‘ , ‘ | , | , |
creteness parametg®, =0.378. The ladder consists & "6 8 10V 12 14

=10 cells and the anisotropy parametger 0.49. We impose
open boundary conditions and use the fourth order Runge— g, 3. |-V characteristics for=0.025, 8, =0.378, 7=0.49.
Kutta method for integration. The initial value of the dc bias arrows indicate the voltage jumps and show the decrease of the dc

was y=0.8. We select proper initial conditions that lead to pias current(a) Result for voltage drop across the vertical junction.
the relaxation of the system into a particular breather state ofhe size of the black circles indicates the relative values of dc

up—down symmetry with one resistive vertical junction, asvoltage drops(b) Result for twice the voltage drop across the upper
shown in Fig. 1. Similar to our previous wotRafter a wait-  (solid line) and lower(dashed ling horizontal junctions.
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w(q))=2Q is satisfied. The observed steps correspond to oF 2) 7=0.39
resonances with cavity modes with particular valuesl of 2t '
=2,4,6,8. As the JJL is biased at the steps, a resonant type ¢
the breather state is realized. This state conserves the strur , -4F

ture of the dc voltage pattern but is characterized by a large ‘g
ac voltage component of the superconducting Josephso : OF o b) v=0.35
junctions. Independent of the observed dynamical complex- & oD w ’
ity, all breather stategresonant or nonresonant typund S 2rep '
for this value of damping display a time-periodic behavior. < 4k I

However, the situation changes drastically as we lower % LY - - - -
the dissipation down taxr=0.025. First, the breather state f OF ) v=0.3

strongly interacts with EWs if the conditiom(q,)=( is

matched. Second, we observe only a single resonant ste 2T

corresponding to the particular cavity mode=@2) excita- |
5

tion. Under these conditions we found that the switching s - -
from the nonresonant breather stiw@ppearing for large val- 10 15 20
ues of dc voltages, to the resonant breather occurs in the @
form of two successive voltage jumpsee, Fig. &)]. Thus, FIG. 4. The Fourier transforniFT) of the ac voltagepi(t).

in the particular region of the dc bias current (03 0o ifferent values of dc bias current are shown and the loga-
<0.38) the up—down symmetry of the dc voltage pattern ISithmic scale for ET was used

violated and a novel resonant breatherlike state with incom-

mensuratgaperiodi¢ dynamics appears. Indeed, as the syssshown in Fig. 4b).

tem jumps to this state there are at least two incommensurate The incommensurate breatherlike states analyzed above

frequencies, namel§);=3.4 and(),=5.3. Moreover, with  were initially observed in experiments which we performed

decreasing dc bias the value ©6f;, practically does not using Nb-based Josephson junction ladders. The experimen-

change, in contrast t0,. A closer look at thé -V curves of  tal layout is similar to the one presented in Ref. 9 and cor-

the horizontal junction§Fig. 3(b)] also shows that the upper responds to the schematic shown in Fig. 1. The measure-

(lower horizontal junctions display the resonaimonreso- ments were performed in liquid helium at a temperature of

nany behavior. Thus we can conclude that this novel incom-T=4.2 K. The data we present were taken from a 10 cell

mensurate breatherlike state can be viewed as a coexistenepen-ended Josephson ladder of anisotropy0.49. By

of resonant and nonresonant junction behavior in the JJL. Wehoosing a relatively low critical current density ¢f

note here that similar aperiodic breather states were found ir 100 A/cn? for the samples we achieved a discreteness

a wide range of parametef =1 and gSl. parameter of 8, =0.62, which makes it possible for a
By making use of a dc analysis? i.e., neglecting ac breather to be strongly resonant with EWs. At the same time,

components of the Josephson current, we find that the volthe low damping value of=0.025 was sustained.

age jumpsAV, and AV, of the nonresonant and resonant The breather state was created artificially by initially ap-

horizontal junctions have to satisfy the relationship plying a local bias curreng, to one of the vertical junctions,
- and thus, forcing the switching of this junction into the re-

AV, — AV, @) sistive state. After that we decreasgdand simultaneously

h1+29 increased the homogeneous bias currenThis procedure,

Moreover, the presence of the incommensurate resona scribed in qetail in Ref. 9, finally .yields the qesireq
' reather state in the presence of a uniformly supplied bias

breather state is characterized by a lower resistanc : .
«(a(27+1))"* as compared to the nonresonant case. incurrent. In this paper we focused on an up—down symmetric

deed, our simulations show that the dc voltage jump of thdreather state with dc voltage pattern shown in Fig. 1. The
lower horizontal junctions is approximately two times |~V curves were obtained by sweeping the bias curnent
smaller than the corresponding dc voltage jump of the uppe@_nd measuring the_respectlve voltage drop_s across the junc-
horizontal junctions, in full accordance with the dc analysis ions. For convenience, we plot normalized voltage

In order to characterize an incommensurate breather stafeV/Vo With Vo=(®o/2m)wp=84.3uV, and normalized
more precisely we calculate the Fourier transform of thebias currenty=leq/lcy with 1.=20.5uA.
time-dependent Vonagé,li(t) of the vertical junction(see For the sample #1 the breather state was created at a dc

Fig. 4), which is in the superconducting state and the closesgaIS currenty=0.38. The acquired-V curve, as shown in

one to the core of the breather. If the breather state is the'd" 2 dlspl_ays a linear, nonresonant behaV|_or unil
periodic one, i.e., for largeFig. 4a)] and small[Fig. 4c)] =0.35(see Fig. 5. The bregther stgte is symmetric, and the
values of dc bias current, the Fourier transform contains th@Psolute values of the horizontal junction voltageg| and
breather frequenc§2 and higher harmonics. However, in the |Vl are just one-half of the vertical junction voltad¥,|.
intermediate region of the dc bias as the breather displayds the dc bias is decreased further, the switching to the reso-
incommensurate dynamics, the Fourier transform become®ant breather state takes place. This switching occurs
more rich[Fig. 4b)]. We observe two different harmonics through an intermediate stafteee Fig. $)]. Indeed, in this

Q, andQ,, and the various combination frequencie§),  region of 0.32<y<0.35 we observe the symmetry-broken

+nQ,, wheremandn are integers. The values afn(n) are  state with |V,|#|V,|. Moreover, the ratio of voltages
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FIG. 5. Measured-V curves(sample #] of an initially sym-
metric breather state created at a dc biasyef0.38: (a) voltage
drop across vertical junctionp) twice the voltage drops across
upper(thin solid ling and lower(dashed lingleft horizontal junc-

FIG. 6. Measured -V curves(sample #2 of an initially sym-
metric breather state created at a dc biag©10.4: (a) voltage drop
across vertical junction(b) twice the voltage drops across upper

X e o (thin solid ling and lower(dashed ling left horizontal junctions.
tions. The breather statg with mcommensqrate dynamics is form_e he breather state with incommensurate voltages is formed for
for 0.32< y<<0.35. The fine structure superimposed on the curve % 34 y<0.37.

due to reduced experimental resolution in these measurements.

upper and lower horizontal junctions in the bias region above
the incommensurate state. This particular behavior is not yet
explained. We want to stress that the incommensurate
breather state was observed under various experimental con-

recovers but is now a resonant breat.he_r stgte. . ditions, which were partly influenced by magnetic fields in
For the sample #2 we observe a similar intermediate statg vicinity of the studied sample

appearing in the process of the switching from the nonreso- |, .oncjusion, we found an inhomogeneous resistive state
nant to the resonant breather stetee Fig. 6. In this experi-  ghowing aperiodic dynamical behavior by making use of a
ment carried out in the presence of a small magnetic fieltyymerical analysis of1). Similar incommensurate breather
(the normalized magnetic flux per cell was less than,@te  states were observed experimentally in niobium-based under-
|-V curve of the nonresonarttower) horizontal junction  damped Josephson junction ladders. The incommensurate
[see Fig. @)] displays a voltage jump similar to the one breather states are characterized by a resonant behavior of
found in the numerical studigsee Fig. 3 The ratio of the some horizontal junctions and a nonresonant behavior of the
voltages and the corresponding rotation frequencies of thether horizontal junctions. Such states appear in the process
horizontal (upper and lower junctions increases ag de- of a switching from symmetric nonresonant to symmetric
creases. The measurkaV curves in both cases qualitatively resonant breather state. The origin of these particular
look similar to the current—voltage characteristics obtainedreather states is a strong resonant excitation of EWs by the
by numerical simulations dft). Thus, the predicted breather breather state leading to the resonance-induced hysteresis in
state displaying aperiodic dynamics is clearly observedhel-V curve. Thus, we argue that the aperiodic inhomoge-
(compare Figs. 3 and 5).6However, there are several dif- Ne€ous dynamic states can present a generic feature of dissi-
ferences between the experimental observations and the npative (but extremely underdampgthttices.

merical analysis of1). First, in contrast to numerics we did e thank A. Benabdallah for useful discussion. This work
not observe the voltage jump of the nonresonant horizontakas supported by the Deutsche Forschungsgemeinschatft and
junction in the measurement shown in Fig. 5, and second, ipy the European Union under the RTN project LOCNET
Fig. 6 we observe just a tiny voltage difference betweerHPRN-CT-1999-00163.

[Vu|/|V4| continuously changes ag decreasegsee Fig.
5(b)]. For the values ofy<0.32 the symmetric breather state
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