
PHYSICAL REVIEW B, VOLUME 65, 104438
ac-driven quantum spins: Resonant enhancement of transverse dc magnetization

S. Flach, A. E. Miroshnichenko, and A. A. Ovchinnikov
Max-Planck-Institut fu¨r Physik komplexer Systeme, No¨thnitzer Strasse 38, D-01187 Dresden, Germany
~Received 18 October 2001; revised manuscript received 26 November 2001; published 1 March 2002!

We considers51/2 spins in the presence of a constant magnetic field in thez direction and an ac magnetic
field in thex-z plane. A nonzero dc magnetization component in they direction is a result of broken symme-
tries. A pairwise interaction between two spins is shown to resonantly increase the induced magnetization by
one order of magnitude. We discuss the mechanism of this enhancement, which is due to additional avoided
crossings in the level structure of the system.

DOI: 10.1103/PhysRevB.65.104438 PACS number~s!: 76.20.1q, 76.30.2v, 76.60.2k
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I. INTRODUCTION

Magnetic resonance effects have been long studied
used for various spectroscopic methods.1–3 Time-dependent
external fields being an integral part of the physical set
become also very interesting in their action when enter
the field of spintronics and processing of quantu
information.4 While the linear response of a system~probe!
to external fields may be typically understood in a rath
complete way, nonlinear and perhaps nonadiabatic resp
effects are usually much harder to analyze. Some stu
have been devoted to the effect of second-harmonic gen
tion. Much less is known aboutzeroth-harmonic generation,
i.e., about the induction of static fields by pure ac fields. T
understanding of such processes is very important in
application involving ac fields, as additional induced
fields may strongly influence the desired effects.

The principal possibility of the zeroth-harmonic gene
tion can be studied using symmetry considerations.5,6 Ana-
lytical approaches which may also estimate the magnitud
the induced fields are typically restricted to various pertur
tion techniques with a suitable small parameter involv
Two of us have recently applied these methods to the s
plest cases of a spins51/2 coupled to an environment~heat
bath! in the presence of an external magnetic dc field~in the
z direction!.7 While an additional ac field applied in thex
direction leads to the standard spin resonance setup u
e.g., for nuclear spins, atilt of the ac field direction in thex-z
plane leads to a broken symmetry and to a generation
nonzero magnetic moment in they direction, i.e., perpen-
dicular to the applied fields. Similar results have been a
obtained for a spins51 where the external dc field in thez
direction is replaced by a magnetic ion anisotropy in thz
direction.7

This work is devoted to the analysis of spin-spin intera
tion and its action on the above described effects. The
goal is to study the generalization of the symmetry cons
erations in the presence of an interaction. The second go
to demonstrate that the interaction is capable of increa
the induced field strength by an order of magnitude, and
give an explanation for this result.

The paper is organized as follows. In the next section
introduce the density-matrix approach. Section III is devo
to a reconsideration of the single spin problem. Section
0163-1829/2002/65~10!/104438~6!/$20.00 65 1044
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contains the central results on two interacting spins. Sec
V concludes the paper.

II. DENSITY-MATRIX APPROACH

In this section we introduce the methods we are using.
us assume that a single spin or a system of interacting s
is represented by a time-dependent HamiltonianH(t)5H0
1H1(t) which includes both applied dc and ac magne
fields. Here the static part is completely included inH0 and
the action of the ac fields is described by a time-perio
term H1(t)5H1(t1T) with period T. In order to describe
the time-dependent statistical evolution of such a system
use the quantum Liouville equation for the density mat
r(t),

]r

]t
5 i @H,r#2n~r2re!, ~1!

where@A,B#5AB2BA. While the specifics of the interna
dynamics of the system are described by the first term on
right-hand side of Eq.~1!, the second term accounts for th
interaction of our spin system with an environment, wheren
represents some mean inverse relaxation time. We
handle this interaction in a rather qualitative way. The pr
cipal request this coupling should fulfill is that its actio
should preserve all symmetries ofH(t) except time-reversa
symmetry. A second requirement is that the solution of E
~1! in the absence of ac fieldsH1(t)50 should be the Gibbs
distribution

rb~H0!5
1

Z0
e2bH0, Z05Tr~e2bH0!. ~2!

Here Tr(A) denotes the trace of an operatorA. Finally we
request that all solutions of Eq.~1! should approach a uniqu
time-dependent state.

The choicere5rb(H0) satisfies the above criteria. A
shown in Ref. 7 fors51/2 it leads to equations practicall
identical with the well-known Bloch equations. Howeve
e.g., for adiabatically slow ac fields, a much better cho
would bere[rb@H(t)#5(1/Z)e2bH(t). We will discuss the
subtle differences below. In general, however, we may s
here that any of the two choices fulfills the above criter
Note that the third criterium~unique asymptotic behavior! is
guaranteed, as a linear equation like Eq.~1! exhibits one and
©2002 The American Physical Society38-1
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only one attractor, and the whole phase space serves
region of attraction for this single attractor. Note that due
Tr(rb)51 any choice with Tr@r(0)#51 implies Tr@r(t)#
51 for all t.

The value Ā(t) of an observable corresponding to th
operatorA is defined by

Ā~ t !5Tr@Ar~ t !# ~3!

and its time average is abbreviated by

Ã5
1

TE0

T

Ā~ t !dt. ~4!

III. REVISITING A SINGLE SPIN SÄ 1
2

We consider one spins51/2 in the presence of a consta
magnetic field in thez direction and a time-periodic magnet
field with anglef to thez axis in thez-x plane. The Hamil-
tonian is given by

H~ t !5h0Sz1h~ t !~aSx1gSz!, ~5!

where a5sinf and g5cosf. We assume that the fiel
h(t)5h(t1T) has zero mean*0

Th(t)dt50.
The spin component operators are given by the Pauli

trices: Sx,y,z5
1
2 sx,y,z . The density matrixr5R1 i I can be

decomposed into a real symmetric 232 matrix R and a real
antisymmetric 232 matrix I and has three independent va
ables. Using the relation~3!, we rewrite the system~1! in
terms ofS̄x,y,z

Ṡ̄x5@h01gh~ t !#S̄y2nS̄x ,

Ṡ̄y5ah~ t !S̄z2@h01gh~ t !#S̄x2nS̄y ,

Ṡ̄z52ah~ t !S̄y2n~S̄z1C!, ~6!

whereC5 1
2 tanh(bh0/2). The structure of these equations

equivalent to the well-known Bloch equations provided t
relaxation times there would be chosen to be identical.2 Note
that the symmetries of Eqs.~6! are identical with the ones o
the corresponding Bloch equations.

Because of the presence of a time-periodic field, for tim
t@1/n all componentsS̄x,y,z will be also time periodic with
period T or frequencyv52p/T regardless of the chose
initial conditions. The resulting time-periodic attractor w
thus determine all computed averages. We can expand
solution of system~6! on this attractor in a Fourier series

S̄x,y,z5A0x,y,z1 (
nÞ0

eivntAnx,y,z . ~7!

After averaging over the periodT, we have

S̃x,y,z5A0x,y,z . ~8!

The symmetry analysis of Eqs.~6! yields the following
results7 @we considered only operations which conser
Tr~r!#: ~i! n50, g50, h(2t)52h(t):
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S̄x→2S̄x ,S̄y→S̄y ,S̄z→S̄z ,t→2t; ~9!

~ii ! n50, for all g,h(2t)5h(t):

S̄x→S̄x ,S̄y→2S̄y ,S̄z→S̄z ,t→2t; ~10!

~iii ! nÞ0, g50, h(t1T/2)52h(t):

S̄x→2S̄x ,S̄y→2S̄y ,S̄z→S̄z ,t→t1
T

2
. ~11!

If any of the above symmetries hold in a relevant parame
case, the corresponding components ofS̃ will exactly vanish.
E.g., for case~i! S̃x50, for case~ii ! S̃y50, and for case~iii !
S̃x5S̃y50. The key idea now is that a proper choice of t
parameters@including the time dependence ofh(t)# may lead
to a violation of all symmetries. As a consequence we exp
nonzero values of the correspondingA0 x,y . This means that
even if we do not apply an external magnetic field in they

direction, we can expect a nonzeroS̃y component, which will
be a function of the ac field frequencyv. In order to quantify
the zeroth harmonic generation we use the following defi
tion of the strength of the effectI NL :

I NL5
max

v
uS̃yu

max
v

uS̃zu
•100% ~12!

Let us emphasize here that the denominator in Eq.~12! is of
nonresonant character, i.e., its value is determined by
maximum values ofS̃z which is obtained for frequency val
ues far from the magnetic resonance and practically co
cides with the equilibrium value for zero ac fields. In contra
the enumerator gets its maximum~if nonzero! inside some
resonance window inv.

In Ref. 7 a perturbation theory was developed for stro
dissipation 1/n!1. Here we will account for the effect as
suming a small amplitude of the ac fieldh(t)5e cos(vt),
e!1 ande,n:

A0x52e2
agC~n21v22h0

2!

2D
1o~e3!, ~13!

A0y5e2
agnh0C

D
1o~e3!, ~14!

A0z52C1e2
a2C~n21v21h0

2!

2D
1o~e3!, ~15!

whereD5(h0
22v2)21n2(n212h0

212v2). The dependence
of A0x,y,z on v shows the expected resonant character
nonzero component ofS̃y , being a nonlinear response resu
appears in second order of the ac field amplitudee.

For the case of the magnetic resonancev5h0 we find

A0x'2e2
agC

2h0
2~41j2!

, ~16!
8-2
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A0y'e2
agC

jh0
2~41j2!

, ~17!

wherej5n/h0.
To test the possible magnitude of the effect, we comp

the induced moments numerically following Ref. 7. The
sults are the solid lines in Fig. 1. While the resonance ch
acter is clearly observable, the strengthI NL'3.0% is rather
small.

In addition, one can see that in the adiabatic limitv

→0S̃y keeps a small but nonzero value. This is in contras
the expectation that for very slowly varying ac fields the s
system should momentarily adjust to the actual field val
which implies a zero averagey component of the induced
moment. As already discussed above, a much better choi
this limit would bere5rb@H(t)#. A computation with this
choice is shown also in Fig. 1~dashed lines!. We find that
while the overall difference in the results for the two choic
for re are small, the adiabatic limit is correctly reproduc
by the second one as expected.

It is also instructive to study the dependence of the val
of S̃x,y,z as a function of the dissipationn. In Fig. 2 we plot
this dependence for the subresonance casev51.5 from Fig.
1. We observe thatS̃z shows a kink aroundn50.1. TheS̃x
curve provides with the a;1/n2 decay for largen, as ex-
pected from perturbation theory. Except for a small d
aroundn52 it then saturates at a nonzero value for sman
values. This is in full agreement with the above symme
statements. Finally theS̃y curve shows a;1/n3 decay for
largen, again as expected from perturbation theory. Nota
S̃y tends to zero also for small dissipation values, in f
accord with the above symmetry statements.

IV. TWO INTERACTING SPINS

In order to enhance the value ofI NL we may either con-
sider larger spins or effects of interactions between spins
Ref. 7 the case ofs51 has been considered, with the res
that I NL is not significantly changed as compared tos51/2.

FIG. 1. S̃x,y,z as function of v. Chosen parameters are:h0

53.0, f5p/4, b510, n50.1, h(t)5A2cos(vt). Solid lines: re

5rb(H0). Dashed lines:re5rb@H(t)#.
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Consequently we turn in this section to the consideration
spin interactions. In the following we will study a system
two interacting spinss51/2, which could be realized
through the interactions, e.g., in a molecule. As we are in
ested in the qualitative effects such an interaction might
duce, we choose the mathematically simple version of
change interaction. We think that, e.g., dipole-dipo
interactions as realized between nuclear spins will not s
nificantly alter the picture.

Our starting Hamiltonian is given by

H5h0~Sz
11Sz

2!1h~ t !@a~Sx
11Sx

2!1g~Sz
11Sz

2!#

2JxSx
1Sx

22JySy
1Sy

22JzSz
1Sz

2 ~18!

with h(t1T)5h(t), a5sin~f! and g5cos~f!. For two
spins s51/2 the above operatorsSx,z

1,2 take the formSx,z
1

5 1
2 sx,z‹1, Sx,z

2 51‹1
2 sx,z wheresx,z are Pauli matrices,1

denotes the 232 unity matrix, and‹ stands for the tensoria
product of operators~matrices!. In this case the matrixr
5R1 i I contains 15 independent variables.

We define the total components of spins asSx,y,z

5 1
2 (Sx,y,z

1 1Sx,y,z
2 ). With the help of Eq.~3! it follows that

S̄x5 1
2 ~R121R131R241R34!,

S̄y5 1
2 ~ I 121I 131I 241I 34!, ~19!

S̄z5
1
2 ~R112R44!.

The symmetry analysis of this system is identical to t
case of one spins51/2 @Eqs. ~9!–~11!#. The existence of
additional parameters~exchange coefficients! does not re-
duce the symmetries nor add any. The only important ad
tional point is that changes of signs of the expectation val
of a given spin component operator have to be done sim
taneously for both spins once the interaction is nonzero.

FIG. 2. log10 S̃x,y,z as function of log10 n for v51.5, other param-

eters as in Fig. 1.S̃x : solid line; S̃y : dashed line;S̃z : dotted line.
8-3
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A. Isotropic exchange

Let us first consider the case of isotropic exchangeJx
5Jy5Jz[J. First we note that with the help of a unitar
transformation we can transform the Hamiltonian~18! into a
triplet-singlet representation. The singlet state~total spin s
50) decouples from the three triplet states~total spin s
51). The time-dependent part of Eq.~18! is contained in the
triplet part. For a given value of the ac field the eigenvalu
of the singlet stateE0 and the three triplet statesE1,2,3 are
given by

E05 3
4 J,

E152 1
4 J1Aa214c2, ~20!

E252 1
4 J,

E352 1
4 J2Aa214c2, ~21!

wherea5h01g cos(vt) andc5 1
2 a cos(vt).

On one side the singlet state is not interacting with
triplet states and all spin component expectation value
this singlet state are exactly zero. On the other side the
glet state is consuming statistical weight. Thus the dynam
of the system of two spins one-half interacting via isotro
exchange and coupled to a heat bath can be reduced t
dynamics of a single spins51 ~triplet states! with a reduced
statistical weight. For the case ofre5rb(H0) this reduced
statistical weight is given by

C15
Tr~e2bH08!

Tr~e2bH0!
, ~22!

whereH08 is obtained fromH0 by excluding the singlet state

Using Tr(e2bH08)52e(bJ/4)cosh(bh0)1e(bJ/4) and Tr(e2bH0)

5Tr(e2bH08)1e23bJ/4 we find

C15
2 cosh~bh0!11

2 cosh~bh0!111e2bJ
. ~23!

The coefficient~23! tends to 1 for large ferromagnetic inte
actionJ→` and to 0 for large antiferromagnetic interactio
J→2`.

As we know the value ofI NL for J50 ~it is equivalent to
the case of a single spins51/2 discussed in the previou
section! we may obtain the values forI NL and all other num-
bers including curves as in Fig. 1 using Eq.~23!. First we
note that antiferromagnetic interactionsJ,0 reduce the ef-
fect by making the singlet state energetically favorable. T
is reasonable as for zero interaction both spins will on av
age point to some direction. Antiferromagnetic interacti
will favor antiparallel spin orientations and thus reduce
induced moments. However, ferromagnetic interaction, m
ing the singlet state energetically unfavorable, will enhan
the effect. An upper bound for the maximum enhancem
can be easily obtained from Eq.~23!. In the most favorable
case the statistical weight of the triplet states will increase
to 4/3 of theJ50 case. Thus the case of isotropic ferroma
netic exchange, while leading to an enhancement of the
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duced moments, does not change the results drasticall
compared to zero interaction. We will now turn to anis
tropic exchange interaction and see that the situation is go
to change dramatically.

B. Anisotropic exchange

To provide a systematics in the search for exchange
ues which may significantly enhance the induced magn
moments we first mention that as for isotropic exchange,
general case allows for a unitary transformation which se
rates a singlet state~total spins50) from three triplet states
~total spins51). The singlet state will become unimporta
if its consumed statistical weight is small. This can be ty
cally obtained by choosing ferromagnetic exchange inter
tions. Second we recall that for isotropic exchange the
pendence of the triplet eigenenergies for a given value of
ac field h ~frozen time, or adiabatic limit! as a function of
this ac field valueh will show up with a pair of states per
forming an avoided crossing ath50 and a third state being
independent ofh. This follows immediately from Eq.~21!.
The minimum distance between the two statesE1 andE3 is
given by the Zeeman splitting 2h0, as in the case of a singl
spins51/2 ~up to the factor 2!. Also we note that the ac field
term induces interactions and thus transitions between th
two states, leading to the standard magnetic resonance.

For anisotropic exchange the situation changes. The t
level E2, which was not participating in the resonance d
namics for isotropic exchange, now gets involved in the d
namics due to additional nonzero matrix elements for an
tropic exchange. As a consequence we may expect reso
response at different frequencies~energies! corresponding to
the different level spacingsE12E3 andE22E3. Especially
important is that we may consider, e.g., a resonant respo
for transitions from the lowest level to the highest one of t
triplet states, while having at the same time a narrow
avoided crossing between the lowest state and the inter
diate one. The idea behind this scenario is that~i! small
energy differences in the vicinity of the avoided crossing w
lead to small denominators in the equation for the den

FIG. 3. Energy-level dependence on frozen ac field value~pa-
rameters see text!. Arrows indicate two possible resonant excit
tions.
8-4
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matrix, and ~ii ! an additional avoided crossing provides
strong nonlinear dependence of the wave function of
lowest triplet state upon variation ofh. So our strategy is to
find exchange values which realize such a situation. Then
choose amplitudes of the ac field which will cover t
avoided crossing, and temperatures small enough such
even in the point of the avoided crossing the statisti
weight of the intermediate state is small as compared to
triplet ground state.

The example we will demonstrate corresponds to a fe
magnetic easy-plane exchange interactionJx5Jy55.0 and
Jz50. The dependence of the levels on the amplitude of
frozen ac field is shown in Fig. 3.

The minimum distance between the two lowest states
the avoided crossing region is 0.5. We now expect a poss
strong enhancement of the induced moments in the
quency range of the resonance indicated by the arrowv;5.8
which should be most effective if the temperature is sma
than the avoided crossing splitting, i.e.,b.2. In addition, we
expect to see another resonance at frequencies correspo
to the smallest splitting between the two lowest lying stat
i.e., aroundv50.5.

FIG. 4. S̃y as function ofv. Chosen parameters are:h053.0,
f5p/4, b510.0, n50.1, Jx5Jy55.0, andJz50.0. In this case
h(t)5A2cos(vt).

FIG. 5. S̃y as function ofv ~solid line!. Parameters as in Fig.
exceptn51023. For clarity we show also the curve from Fig.
~dotted line!.
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In Fig. 4 the results of numerical simulation forS̃y are
shown for b510 andn50.1. We do not observe a stron
response at the expected frequency value 5.8, but we do
serve in addition to the standard response atv5h053 a
response atv'0.5 which corresponds to the resonant ex
tation in the region of the narrow avoided crossing in Fig.
The value ofI NL is already pretty large here, of the order
7%.

In order to enhance the response atv'5.8, we decrease
the value for the dissipation constant by two orders of m
nitude ton51023. The resulting curve is shown in Fig. 5
We clearly find a strong enhancement of the resonanc
v'5.8. In this case the value ofI NL'18%, which is the
largest value we found. To characterize the dependenc
this strong resonance on the parametersb and n we plot
different curves for additional values ofn ~Fig. 6! andb ~Fig.
7!. The dependence on the inverse temperature shows
expected saturation at low temperatures. The dependenc
n shows a surprising nonmonotonic behavior. While it wou
be tempting to discuss it in terms of so-called stocha
resonance, we think that a much simpler explanation is
to the fact that in the limit of zero dissipation time-revers
symmetry ~10! will be restored. Consequently in the lim

FIG. 6. S̃y versusv in the strong resonance regionv'5.8 for
different values ofn. Other parameters as in Fig. 4.

FIG. 7. S̃y versusv in the strong resonance regionv'5.8
for different values ofb. Other parameters as in Fig. 4 exce
n51023.
8-5
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n→0 the values of they component of the induced dc mag
netic moment will vanish for all frequencies.

V. CONCLUSION

In conclusion we would like to stress once again th
strong ac magnetic fields may generate zeroth harmonics
spin system. This effect has resonant behavior as a func
of the ac field frequency and could be an important tool
the spectroscopic study of magnetic systems.

We have shown that the induction of a dc magnetic m
ment perpendicular to applied magnetic fields can be sig
cantly enhanced for systems of interacting spin pairs as c
pared to single spins. This enhancement of the nonadiab
nonlinear response effect is due to the presence of additi
energy levels in a spin-pair system, which allows us to obt
additional avoided crossings between levels upon apply
external fields. These avoided crossings strongly contrib
to the nonlinear response through the dramatic chang
wave functions as one sweeps through such a crossing.
presence of avoided crossings is typically associated w
chaos and nonintegrability in corresponding classical s
tems. The case of isotropic exchange reduces the system
single spin one and consequently does not lead to a st
enhancement of the induced moments.

The particular case of two interacting spins could be
alized in stable biradicals, which provides us with the syst
of two spins located on the same molecule. The experime
r
d

-
v
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possibility of the observation of the above effect could
realized with diluted paramagnetic media at very low te
peratures, because only at low temperatures may the ra
dissipation of energyn become very small thus preventin
the heating up of the system and narrowing the width
resonance, which is very important for the observation.

Other candidates for such an observation are dielec
glasses based on SiOx . The low-temperature properties o
such glasses are connected with the existence of system
double-well tunnel centers. The dynamics of these tun
centers maps exactly onto the dynamics of spin syste
Thus under the action of an ac electric field could a perm
nent polarizability component be induced. Again low tem
peratures are a key requirement for the observation of
effect.

Finally we note that it could be equally interesting to co
sider the symmetry properties of not only the zeroth harm
ics, but also higher harmonics. This can be easily done
considering the variables exp(ikvt)S̄x,y,z with k being a non-
zero integer, e.g., fork52 ~second harmonics! it follows that
it has the same symmetry properties ask50.
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