
Prethermalization in Random Multipolar Driven Systems

The goal of this project is to investigate the prethermalization dynamics of quasi-periodically driven
systems (as opposed to periodically driven systems). In particular we want to observe the formation
of prethermal plateaus away from the strictly periodic regimes, and analyze their lifetimes.

A periodic two-step drive can be constructed by e.g. periodically switching between two different
unitary evolution operators U±. Random multipolar drives interpolate between completely random
drives, i.e., drives where the sequence of U+ and U− is completely random, and periodic drives with
a sequence U+U−U+U−U+U− · · · . The simplest example in this hierarchy is the random dipolar
drive which is a random sequence of the two dipoles U+U− and U−U+, and higher-order multipolar
drives can be defined analogously, see Figure:
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Driven quantum systems may realize novel phenomena absent in static systems, but driving-
induced heating can limit the time-scale on which these persist. We study heating in interacting
quantum many-body systems driven by random sequences with n�multipolar correlations, corre-
sponding to a polynomially suppressed low frequency spectrum. For n � 1, we find a prethermal
regime, the lifetime of which grows algebraically with the driving rate, with exponent 2n + 1. A sim-
ple theory based on Fermi’s golden rule accounts for this behaviour. The quasiperiodic Thue-Morse
sequence corresponds to the n ! 1 limit, and accordingly exhibits an exponentially long-lived
prethermal regime. Despite the absence of periodicity in the drive, and in spite of its eventual heat
death, the prethermal regime can host versatile non-equilibrium phases, which we illustrate with a
random multipolar discrete time crystal.

Introduction.– A closed quantum many-body sys-
tem with a time-independent (static) Hamiltonian, by
Noether’s theorem, exhibits energy conservation. In
thermodynamics, this underpins the notion of tempera-
ture, allowing for the distinction between high- and low-
temperature states, the former of which are typically dis-
ordered but the latter may display interesting correla-
tions from symmetry breaking or topological order.

By contrast, in systems with a time-dependent Hamil-
tonian, energy conservation is absent, as is the notion
of (high or low) temperatures. Equilibrium states of
driven systems are therefore entirely featureless [1–3],
often somewhat sloppily referred to as ‘infinite temper-
ature’ states. An initially ordered system, subject to a
drive, thus equilibrates by absorbing energy until such a
state with trivial correlations, i.e. described by a diago-
nal density matrix, is reached.

For periodically driven (‘Floquet’) systems, this heat
death can be avoided by leaving the realm of equilibrium
physics altogether: in disordered systems, a many-body
localised (MBL) state is a non-ergodic alternative [3, 4],
stable to generic perturbations. This may even host new
forms of non-equilibrium order [5] – such as spatiotempo-
ral time-crystalline one [6, 7], without any counterparts
in undriven systems.

The observation that even in a clean system, before
heating and equilibration take over, there may be a
long-lived but transient ‘prethermal’ regime has gener-
ated many interesting insights. For Floquet systems,
which retain a notion of discrete time-translation sym-
metry, the existence of a prethermal regime is by now
well-established. It is described by an e↵ective Hamilto-
nian [8–16] derived in a high-frequency (Magnus) expan-
sion, in which the driving period acts as a small param-
eter. Similar prethermal regimes have also been found
in static systems with only weakly broken conservation
laws [17–20].
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FIG. 1: Left: schematic diagram for di↵erent driving
protocols. Unitaries U± = exp(�iTH±) can form two
types of dipoles, U+U� or U�U+. A Floquet drive is
given by a perfect sequence of a single type of dipole
whereas a random succession of both dipole types cor-
responds to a random dipolar drive. Right: Sketch of
entanglement entropy dynamics. For a random drive
(n = 0) the system heats rapidly to infinite tempera-
ture (inverse temperature � = 0) but for n�multipolar
(n � 1) driving a prethermal plateau emerges. Quasiperi-
odic (n ! 1) drives have an exponentially long (in driv-

ing rate) prethermal regime.

A natural question then is whether prethermalization
can appear in driven systems even in the absence of the
perfect periodicity of a Floquet system. With contin-
uous quasiperiodic driving, such a possibility has been
shown to exist, albeit under somewhat restrictive re-
quirements on the analyticity of the drive [21–23]. With
discrete Fibonacci driving, a glassy relaxation has been
identified [24], but it cannot be captured by a prether-
mal Hamiltonian. For special integrable systems the slow
down (or absence) of heating has also been reported in
Ref. [25–33].

Here we demonstrate that also random drives can
lead to prethermal regimes described by e↵ective Hamil-
tonians for generic quantum many-body systems. To
this end, we introduce a family of aperiodic but corre-
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Figure 1: An example of a random multipolar drive (For more details, see reference.)

For this project we will consider two unitaries U± = exp(−iTH±) where

H± =
∑
j

Jxσ
x
j+1σ

x
j + Jzσ

z
j+1σ

z
j +Bzσ

z
j + (B0 ±Bx)σ

x
j , (1)

where σα
j denote the Pauli matrices, and the parameters are chosen as {Jz, Jx, Bx, Bz, B0} =

{1, 0.243, 0.809, 0.357, 0.21}. The project is based on the paper Random multipolar driving: tunably
slow heating through spectral engineering by Zhao et al., Phys. Rev. Lett. 126, 040601 (2021).
This project is numerical and makes use of QuSpin.

• Write down a QuSpin code which implements the RMD evolution using the above unitaries.
You may want to check this example.

• Reproduce the figure below (Fig. 2 from the paper) for the so-called Thue-Morse sequence.

• Investigate the lifetime of the prethermal plateau for different order n of the random multi-
polar drive; reproduce Fig 3a,b from the paper.

• Optional goal: Can you reverse-engineer properties of the prethermal plateau (such as its
lifetime) by playing with the properties of the noise spectrum (i.e. the Fourier transform of
the noise signal)?

1

https://arxiv.org/abs/2007.07301
https://quspin.github.io/QuSpin/examples/example22.html#example22-label


3

t(1/J)
<latexit sha1_base64="yS8GRylX0WCuvpEOpKiCUWqYoTc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02qoMeiF/FUwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzvEgKg7b9ba2srq1vbBa2its7u3v7pYPDlgljzXiThTLUHY8aLoXiTRQoeSfSnAae5G1vfJv57SeujQjVI04i7gZ0qIQvGMVUamPFOb8/K/ZLZbtqz0CWiZOTMuRo9EtfvUHI4oArZJIa03XsCN2EahRM8mmxFxseUTamQ95NqaIBN24yO3dKTlNlQPxQp6WQzNTfEwkNjJkEXtoZUByZRS8T//O6MfrXbiJUFCNXbL7IjyXBkGS/k4HQnKGcpIQyLdJbCRtRTRmmCWUhOIsvL5NWrepcVGsPl+X6TR5HAY7hBCrgwBXU4Q4a0AQGY3iGV3izIuvFerc+5q0rVj5zBH9gff4AUDyOPQ==</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>

H0
F<latexit sha1_base64="MPi686V1MHn23SNxY6D6WVR9AQk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FQXqs4LaFdi3ZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjONyqsrW9sbhW3Szu7e/sH5cOjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfDvz209MaR7LBzNJmB+RoeQhp8RYyWv07x6dfrniVJ058Cpxc1KBHM1++as3iGkaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5JWrepeVGv3l5X6TR5HEU7gFM7BhSuoQwOa4AEFDs/wCm9Iohf0jj4WrQWUzxzDH6DPHwcDjis=</latexit>

⌧S
<latexit sha1_base64="23qdq/tc6grnM2Amg2pAafiOqzM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFqp2UWa9u57pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fza6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J45WdCJSlyxeaLwlQSjMn0ddIXmjOUY0so08LeStiQasrQBlS0IXiLLy+TZrXinVeqdxfl2nUeRwGO4QTOwINLqMEt1KEBDB7hGV7hzYmdF+fd+Zi3rjj5zBH8gfP5A33TjxI=</latexit>

� = 0
<latexit sha1_base64="ft3BWmSYreFfaxJgLqYghmH2st4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+4bo8p</latexit>

hH
0 F
i t/

hH
0 F
i 0

<latexit sha1_base64="Q0Se4xo+GiOAg/G/LA8w+aQ7dog=">AAACFnicbVDLSgMxFM34rPU16tJNsAhurDNV0GVBkS4r2Ad0xiGTpm1oJjMkd4RS+hVu/BU3LhRxK+78G9N2Ftr2wIWTc+4l954wEVyD4/xYS8srq2vruY385tb2zq69t1/Xcaooq9FYxKoZEs0El6wGHARrJoqRKBSsEfavx37jkSnNY3kPg4T5EelK3uGUgJEC+9QTRHYFw5Xg9sHx1OQRwNlC2QnsglN0JsDzxM1IAWWoBva3145pGjEJVBCtW66TgD8kCjgVbJT3Us0SQvuky1qGShIx7Q8nZ43wsVHauBMrUxLwRP07MSSR1oMoNJ0RgZ6e9cbiIq+VQufKH3KZpMAknX7USQWGGI8zwm2uGAUxMIRQxc2umPaIIhRMknkTgjt78jypl4ruebF0d1Eo32Rx5NAhOkInyEWXqIwqqIpqiKIn9ILe0Lv1bL1aH9bntHXJymYO0D9YX7/IpJ6C</latexit>

S
L
/
(L

/
2
)

<latexit sha1_base64="uEHsnLVOOml4mr2k2mPYMsA1HGs=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZSEywgTs00ZJECwsKjPJh4EL2lj3YsLt32d0zIYRfYWOhMbb+HDv/jQtcoeBLJnl5byYz84KYM21c99tZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H11G8+UaVZJB/MKKa+wH3JQkawsdLjfbdaKlRL5bNuLu8W3RnQMvFSkocUtW7uq9OLSCKoNIRjrdueGxt/jJVhhNNJtpNoGmMyxH3atlRiQbU/nh08QadW6aEwUrakQTP198QYC61HIrCdApuBXvSm4n9eOzHhlT9mMk4MlWS+KEw4MhGafo96TFFi+MgSTBSztyIywAoTYzPK2hC8xZeXSaNc9M6L5buLfOUmjSMDx3ACBfDgEipwCzWoAwEBz/AKb45yXpx352PeuuKkM0fwB87nD6z5jwU=</latexit>

(c)
<latexit sha1_base64="umaC7xGr7wMcJYdnZRQjIMmSLkc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjQONUA==</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

⌧S
<latexit sha1_base64="23qdq/tc6grnM2Amg2pAafiOqzM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFqp2UWa9u57pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fza6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J45WdCJSlyxeaLwlQSjMn0ddIXmjOUY0so08LeStiQasrQBlS0IXiLLy+TZrXinVeqdxfl2nUeRwGO4QTOwINLqMEt1KEBDB7hGV7hzYmdF+fd+Zi3rjj5zBH8gfP5A33TjxI=</latexit>

⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>

1/T = 20
<latexit sha1_base64="tBfHT4LfsnHeV9jX/Pa5AoOEsa8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3H6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7L2OBA==</latexit>

1/T = 25
<latexit sha1_base64="u6yhopMeJFPhOTpywRh1QLkR7MI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W8rl71iyS27M6Bl4mWkBBlqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWSl75+XKw0WpepPFkYcjOIZT8OAKqnAPNWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/9FGOCQ==</latexit>

1/T = 30
<latexit sha1_base64="mQ5/R/kZZjIG+6R3gMgZrbFVEp4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3X6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7kKOBQ==</latexit>

1/T = 15
<latexit sha1_base64="GWX/chBCjxbo94ZOZCmqKN4UcPU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W+9y16x5JbdGdAy8TJSggy1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeG1nzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS983Ll4aJUvcniyMMRHMMpeHAFVbiHGjSAwCM8wyu8OdJ5cd6dj3lrzslmDuEPnM8f8syOCA==</latexit>

1.0
<latexit sha1_base64="ZnnQHfyVdNHp6+7RbzrrkzOMzaQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CkkV1FvBi8cK9gPaUDbbSbt0dxN2N0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTAQ31vO+nbX1jc2t7dJOeXdv/+CwcnTcMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS75rlfuV6qe681BVolfkCoUaPQrX71BzFKJyjJBjen6XmKDKdWWM4Gzci81mFA2pkPsZlRRiSaYzm+dkfNMGZAo1lkpS+bq74kplcZMZJh1SmpHZtnLxf+8bmqjm2DKVZJaVGyxKEoFsTHJHycDrpFZMckIZZpntxI2opoym8WTh+Avv7xKWjXXv3RrD1fV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AIa2jTY=</latexit>

0.0
<latexit sha1_base64="wyKffU56GNgYKiydj/5fSwrAHPY=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwV1F3BjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRByOOde7r0nTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXvJpXHlSq7psDrxK/IFUo0BxUvvrDmKaSKUsFMabne4kNMqItp4LNyv3UsITQCRmxnqOKSGaCbL7rDJ87ZYijWLunLJ6rvzsyIo2ZytBVSmLHZtnLxf+8XmqjmyDjKkktU3QxKEoFtjHOD8dDrhm1YuoIoZq7XTEdE02odfHkIfjLJ6+Sdr3mX9bqD1fVxm0RRwlO4QwuwIdraMA9NKEFFMbwDK/whiR6Qe/oY1G6hoqeE/gD9PkDhS+NNQ==</latexit>

0.5
<latexit sha1_base64="eUTLKjCFSCDRnzGRO4jPlwKFszI=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiRVUXcFNy4r2Ae0oUymk3boPMLMRCihv+DGhSJu/SF3/o1Jm4W2HrhwOOde7r0njDkz1vO+ndLa+sbmVnm7srO7t39QPTxqG5VoQltEcaW7ITaUM0lblllOu7GmWIScdsLJXe53nqg2TMlHO41pIPBIsogRbHPJc68qg2rNc7050CrxC1KDAs1B9as/VCQRVFrCsTE934ttkGJtGeF0VuknhsaYTPCI9jIqsaAmSOe3ztBZpgxRpHRW0qK5+nsixcKYqQizToHt2Cx7ufif10tsdBOkTMaJpZIsFkUJR1ah/HE0ZJoSy6cZwUSz7FZExlhjYrN48hD85ZdXSbvu+hdu/eGy1rgt4ijDCZzCOfhwDQ24hya0gMAYnuEV3hzhvDjvzseiteQUM8fwB87nD4zIjTo=</latexit>

0.0
<latexit sha1_base64="wyKffU56GNgYKiydj/5fSwrAHPY=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwV1F3BjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRByOOde7r0nTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXvJpXHlSq7psDrxK/IFUo0BxUvvrDmKaSKUsFMabne4kNMqItp4LNyv3UsITQCRmxnqOKSGaCbL7rDJ87ZYijWLunLJ6rvzsyIo2ZytBVSmLHZtnLxf+8XmqjmyDjKkktU3QxKEoFtjHOD8dDrhm1YuoIoZq7XTEdE02odfHkIfjLJ6+Sdr3mX9bqD1fVxm0RRwlO4QwuwIdraMA9NKEFFMbwDK/whiR6Qe/oY1G6hoqeE/gD9PkDhS+NNQ==</latexit>

0.5
<latexit sha1_base64="eUTLKjCFSCDRnzGRO4jPlwKFszI=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiRVUXcFNy4r2Ae0oUymk3boPMLMRCihv+DGhSJu/SF3/o1Jm4W2HrhwOOde7r0njDkz1vO+ndLa+sbmVnm7srO7t39QPTxqG5VoQltEcaW7ITaUM0lblllOu7GmWIScdsLJXe53nqg2TMlHO41pIPBIsogRbHPJc68qg2rNc7050CrxC1KDAs1B9as/VCQRVFrCsTE934ttkGJtGeF0VuknhsaYTPCI9jIqsaAmSOe3ztBZpgxRpHRW0qK5+nsixcKYqQizToHt2Cx7ufif10tsdBOkTMaJpZIsFkUJR1ah/HE0ZJoSy6cZwUSz7FZExlhjYrN48hD85ZdXSbvu+hdu/eGy1rgt4ijDCZzCOfhwDQ24hya0gMAYnuEV3hzhvDjvzseiteQUM8fwB87nD4zIjTo=</latexit>

100
<latexit sha1_base64="JJS/l6FwoX5AtJwqO+ewa0K/A2w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMf3WG15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwms/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHsX9cb9Za15U8RRhhM4hXPw4AqacActaAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8JT42M</latexit>

102
<latexit sha1_base64="hEUitJMspxsCr0cN/+FK13Zys4I=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5JUQb0VvHisYNpCG8tmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBYng2jjONyqtrW9sbpW3Kzu7e/sH1cOjto5TRZlHYxGrbkA0E1wyz3AjWDdRjESBYJ1gcpv7nSemNI/lg5kmzI/ISPKQU2Ks5LnOY6MyqNacujMHXiVuQWpQoDWofvWHMU0jJg0VROue6yTGz4gynAo2q/RTzRJCJ2TEepZKEjHtZ/NjZ/jMKkMcxsqWNHiu/p7ISKT1NApsZ0TMWC97ufif10tNeO1nXCapYZIuFoWpwCbG+ed4yBWjRkwtIVRxeyumY6IINTafPAR3+eVV0m7U3Yt64/6y1rwp4ijDCZzCObhwBU24gxZ4QIHDM7zCG5LoBb2jj0VrCRUzx/AH6PMHQVqNog==</latexit>

104
<latexit sha1_base64="XBuWyK1Ul7kvyi/xF7f58RHKepU=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5LUgnorePFYwdRCG8tmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBYng2jjONyqtrW9sbpW3Kzu7e/sH1cOjjo5TRZlHYxGrbkA0E1wyz3AjWDdRjESBYA/B5Cb3H56Y0jyW92aaMD8iI8lDTomxkuc6j83KoFpz6s4ceJW4BalBgfag+tUfxjSNmDRUEK17rpMYPyPKcCrYrNJPNUsInZAR61kqScS0n82PneEzqwxxGCtb0uC5+nsiI5HW0yiwnRExY73s5eJ/Xi814ZWfcZmkhkm6WBSmApsY55/jIVeMGjG1hFDF7a2Yjoki1Nh88hDc5ZdXSadRdy/qjbtmrXVdxFGGEziFc3DhElpwC23wgAKHZ3iFNyTRC3pHH4vWEipmjuEP0OcPRGSNpA==</latexit>

106
<latexit sha1_base64="eu7EqdDZNKFN2jCwWgoA61ZbSh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtRT0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPl4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz2UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEratap3Ua3d1yuNmzyOIpzAKZyDB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AFRyNmw==</latexit>

25
<latexit sha1_base64="da53+/CW0O1iKOmVkGfcbHW98zQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fjx4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/KMjPg=</latexit>

50
<latexit sha1_base64="TAh2oiNh10/z3o6cZKjBbTP4KiY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fjx4rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp4dLtlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB++HjPY=</latexit>

108
<latexit sha1_base64="7j+zBOabCJBd0Ug7R5tEbISoVvA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXusePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nyxa26C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJmz4KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedWtW7qtbu65XmTR5HEc7gHC7Bg2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8AF9eNnA==</latexit>

106
<latexit sha1_base64="eu7EqdDZNKFN2jCwWgoA61ZbSh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtRT0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPl4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz2UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEratap3Ua3d1yuNmzyOIpzAKZyDB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AFRyNmw==</latexit>

104
<latexit sha1_base64="XBuWyK1Ul7kvyi/xF7f58RHKepU=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5LUgnorePFYwdRCG8tmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBYng2jjONyqtrW9sbpW3Kzu7e/sH1cOjjo5TRZlHYxGrbkA0E1wyz3AjWDdRjESBYA/B5Cb3H56Y0jyW92aaMD8iI8lDTomxkuc6j83KoFpz6s4ceJW4BalBgfag+tUfxjSNmDRUEK17rpMYPyPKcCrYrNJPNUsInZAR61kqScS0n82PneEzqwxxGCtb0uC5+nsiI5HW0yiwnRExY73s5eJ/Xi814ZWfcZmkhkm6WBSmApsY55/jIVeMGjG1hFDF7a2Yjoki1Nh88hDc5ZdXSadRdy/qjbtmrXVdxFGGEziFc3DhElpwC23wgAKHZ3iFNyTRC3pHH4vWEipmjuEP0OcPRGSNpA==</latexit>

FIG. 2: Evolution of (a) mean energy and (b) en-
tanglement entropy with Thue-Morse driving as a
function of characteristic time T , using parameters
{Jz, Jx, Bx, Bz, B0} = {1, 0.243, 0.809, 0.357, 0.21}, L =
18. Prethermalization appears with an entanglement
plateau and a lack of energy absorption. (c) Exponential

scaling of the thermalization time versus 1/T .

time only involving a linearly increasing number of ma-
trix multiplications, i.e. | (2nT )i = Un | (0)i.

In Fig. 2 the dynamics of the mean energy density and
the entanglement entropy are shown for di↵erent driving
rates 1/T at stroboscopic time 2nT . The initial state is
taken with all spins pointing down. For su�ciently fast
driving 1/T � 20, the entanglement entropy SL first sat-
urates to a prethermal plateau, which is well captured by
the zeroth-order e↵ective Hamiltonian. Meanwhile, the
system heats only very slowly from the external drive,
hence, the mean energy remains constant over a large
time window. In between stroboscopic times, we also ver-
ify that the mean energy remains quasi-conserved. Only
after a large time scale ⌧S , the entropy SL rapidly grows
to the final plateau with S�=0

L = [L ln(2) � 1]/2 [39],
which confirms that the system has eventually thermal-
ized to the infinite temperature state. Correspondingly,
the mean energy drops to zero after the time scale ⌧E .

Next, we study the scaling of the thermalization times
as a function of frequency. ⌧E,S can be extracted by set-
ting certain thresholds, e.g. SL/(L/2) ⇠ 0.55 ± 0.05 or
hH0

F it/hH0
F i0 ⇠ 0.7 ± 0.1. In Fig. 2(c) we show that

both definitions of the thermalization have the same ex-
ponential growth with frequency. We have verified that
the scaling does not show qualitative dependence on the
initial states or precise values of the threshold values [37].

We verified that the prethermal regime also exists for
RMD with finite n and not only for the Thue-Morse limit.
The upper two panels of Fig. 3 depict the results for a
random quadrupolar drive. A similar prethermal plateau
can be identified from the entanglement entropy (Fig. 3
(b)) and the lack of energy absorption (Fig. 3 (a)). As be-
fore, we determine thermalization time by the thresholds
hH0

F it/hH0
F i0 ⇠ 0.96 ± 0.01.

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>

H0
F<latexit sha1_base64="MPi686V1MHn23SNxY6D6WVR9AQk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FQXqs4LaFdi3ZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjONyqsrW9sbhW3Szu7e/sH5cOjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfDvz209MaR7LBzNJmB+RoeQhp8RYyWv07x6dfrniVJ058Cpxc1KBHM1++as3iGkaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5JWrepeVGv3l5X6TR5HEU7gFM7BhSuoQwOa4AEFDs/wCm9Iohf0jj4WrQWUzxzDH6DPHwcDjis=</latexit>
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<latexit sha1_base64="uEHsnLVOOml4mr2k2mPYMsA1HGs=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZSEywgTs00ZJECwsKjPJh4EL2lj3YsLt32d0zIYRfYWOhMbb+HDv/jQtcoeBLJnl5byYz84KYM21c99tZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H11G8+UaVZJB/MKKa+wH3JQkawsdLjfbdaKlRL5bNuLu8W3RnQMvFSkocUtW7uq9OLSCKoNIRjrdueGxt/jJVhhNNJtpNoGmMyxH3atlRiQbU/nh08QadW6aEwUrakQTP198QYC61HIrCdApuBXvSm4n9eOzHhlT9mMk4MlWS+KEw4MhGafo96TFFi+MgSTBSztyIywAoTYzPK2hC8xZeXSaNc9M6L5buLfOUmjSMDx3ACBfDgEipwCzWoAwEBz/AKb45yXpx352PeuuKkM0fwB87nD6z5jwU=</latexit>
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<latexit sha1_base64="Q0Se4xo+GiOAg/G/LA8w+aQ7dog=">AAACFnicbVDLSgMxFM34rPU16tJNsAhurDNV0GVBkS4r2Ad0xiGTpm1oJjMkd4RS+hVu/BU3LhRxK+78G9N2Ftr2wIWTc+4l954wEVyD4/xYS8srq2vruY385tb2zq69t1/Xcaooq9FYxKoZEs0El6wGHARrJoqRKBSsEfavx37jkSnNY3kPg4T5EelK3uGUgJEC+9QTRHYFw5Xg9sHx1OQRwNlC2QnsglN0JsDzxM1IAWWoBva3145pGjEJVBCtW66TgD8kCjgVbJT3Us0SQvuky1qGShIx7Q8nZ43wsVHauBMrUxLwRP07MSSR1oMoNJ0RgZ6e9cbiIq+VQufKH3KZpMAknX7USQWGGI8zwm2uGAUxMIRQxc2umPaIIhRMknkTgjt78jypl4ruebF0d1Eo32Rx5NAhOkInyEWXqIwqqIpqiKIn9ILe0Lv1bL1aH9bntHXJymYO0D9YX7/IpJ6C</latexit>

1/T = 20
<latexit sha1_base64="tBfHT4LfsnHeV9jX/Pa5AoOEsa8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3H6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7L2OBA==</latexit>

1/T = 25
<latexit sha1_base64="u6yhopMeJFPhOTpywRh1QLkR7MI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W8rl71iyS27M6Bl4mWkBBlqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWSl75+XKw0WpepPFkYcjOIZT8OAKqnAPNWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/9FGOCQ==</latexit>

1/T = 30
<latexit sha1_base64="mQ5/R/kZZjIG+6R3gMgZrbFVEp4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3X6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7kKOBQ==</latexit>

t(1/J)
<latexit sha1_base64="yS8GRylX0WCuvpEOpKiCUWqYoTc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02qoMeiF/FUwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzvEgKg7b9ba2srq1vbBa2its7u3v7pYPDlgljzXiThTLUHY8aLoXiTRQoeSfSnAae5G1vfJv57SeujQjVI04i7gZ0qIQvGMVUamPFOb8/K/ZLZbtqz0CWiZOTMuRo9EtfvUHI4oArZJIa03XsCN2EahRM8mmxFxseUTamQ95NqaIBN24yO3dKTlNlQPxQp6WQzNTfEwkNjJkEXtoZUByZRS8T//O6MfrXbiJUFCNXbL7IjyXBkGS/k4HQnKGcpIQyLdJbCRtRTRmmCWUhOIsvL5NWrepcVGsPl+X6TR5HAY7hBCrgwBXU4Q4a0AQGY3iGV3izIuvFerc+5q0rVj5zBH9gff4AUDyOPQ==</latexit>

� = 0
<latexit sha1_base64="ft3BWmSYreFfaxJgLqYghmH2st4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+4bo8p</latexit>

102
<latexit sha1_base64="zYzusRWwae9xW1SGpdjGFIkl51M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0mnUfcu6o37y1rztoijDCdwCufgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz8Ppo2Z</latexit>

104
<latexit sha1_base64="9luTt0KoQGRSP03JnyQRFK5ZTTc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mthXos6MFjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1KreVbV2X680b/M4inAG53AJHjSgCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBEq6Nmw==</latexit>

⌧ E <latexit sha1_base64="XO/4tYUW7vE5wdB2KH4m6TfbcFc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhQwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoeuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2k1jwY=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

30
<latexit sha1_base64="DBxSnAn/x5oQQQK+8ewa10jiziI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FPXisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF93++WKW3XnIKvEy0kFcjT75a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vknat6tWrtbuLSuMmj6MIJ3AK5+DBJTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwDtZIz3</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

100
<latexit sha1_base64="QYLj9GXBpVT3BE7S4fNVMPcGA+M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMf3WG15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwms/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHsX9cb9Za15W8RRhhM4hXPw4AqacActaAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8Mno2X</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

⌧E ⇠ (1/T )2n+1
<latexit sha1_base64="JF3BkRotZFCDp5Mi2UKblTHIFi0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFqUgVdFkVwWaEvaGKYTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijm4nfeSRC0og31TgmbogGnAYUI6UlzzxwFEq8W0fSEFbss+bJQ1rjp3bmmWWrak0BF4mdkzLI0fDML6cf4SQkXGGGpOzZVqzcFAlFMSNZyUkkiREeoQHpacpRSKSbTh/I4LFW+jCIhC6u4FT9PZGiUMpx6OvOEKmhnPcm4n9eL1HBlZtSHieKcDxbFCQMqghO0oB9KghWbKwJwoLqWyEeIoGw0pmVdAj2/MuLpF2r2ufV2v1FuX6dx1EEh+AIVIANLkEd3IEGaAEMMvAMXsGb8WS8GO/Gx6y1YOQz++APjM8fZaWU+w==</latexit>

n = 3, ↵ = 6.89
<latexit sha1_base64="NOPtVmXQbTLB3KhXszqmqtCimjo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgEDxKSVrQeCkUvHivYD2hD2Ww37dLNJuxuhBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzDw/ZlQqx/k2cmvrG5tb+e3Czu7eftE8OGzJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x/fzvz2IxGSRvxBTWLihWjIaUAxUlrqm0Veq5z3EItHqHZpV6/7ZsmxnTmsVeJmpAQZGn3zqzeIcBISrjBDUnZdJ1ZeioSimJFpoZdIEiM8RkPS1ZSjkEgvnR8+tU61MrCCSOjiypqrvydSFEo5CX3dGSI1ksveTPzP6yYqqHop5XGiCMeLRUHCLBVZsxSsARUEKzbRBGFB9a0WHiGBsNJZFXQI7vLLq6RVtt2KXb6/KNVvsjjycAwncAYuXEEd7qABTcCQwDO8wpvxZLwY78bHojVnZDNH8AfG5w+fXpHD</latexit>

n = 2, ↵ = 5.10
<latexit sha1_base64="XMQds8t4r1qPAYhGCuWTdQsbJZ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg4SkKnopFL14rGA/oA1lst20SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Vd99taWV1b39gsbBW3d3b3Svb+QVPFqSS0QWIey3YAinImaEMzzWk7kRSigNNWMLqd+q1HKhWLxYMeJ9SPYCBYyAhoI/XskqhWzrrAkyFULx3P7dll13FnwMvEy0kZ5aj37K9uPyZpRIUmHJTqeG6i/QykZoTTSbGbKpoAGcGAdgwVEFHlZ7PDJ/jEKH0cxtKU0Him/p7IIFJqHAWmMwI9VIveVPzP66Q6vPYzJpJUU0Hmi8KUYx3jaQq4zyQlmo8NASKZuRWTIUgg2mRVNCF4iy8vk2bF8c6dyv1FuXaTx1FAR+gYnSIPXaEaukN11EAEpegZvaI368l6sd6tj3nripXPHKI/sD5/AIQAkbE=</latexit>

n = 1, ↵ = 3.12
<latexit sha1_base64="cbg7BQznRj8nOtLS3GAmUnmRPFY=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg4SkFfRSKHrxWMF+QBvKZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0q77re1tr6xubVd2Cnu7u0flOzDo5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g/HtzG8/UqlYLB70JKF+hIeChYxgbaS+XRI176KHeTLCtarjVfp22XXcOdAq8XJShhyNvv3VG8QkjajQhGOlup6baD/DUjPC6bTYSxVNMBnjIe0aKnBElZ/ND5+iM6MMUBhLU0Kjufp7IsORUpMoMJ0R1iO17M3E/7xuqsNrP2MiSTUVZLEoTDnSMZqlgAZMUqL5xBBMJDO3IjLCEhNtsiqaELzll1dJq+J4Vadyf1mu3+RxFOAETuEcPLiCOtxBA5pAIIVneIU368l6sd6tj0XrmpXPHMMfWJ8/gmqRsA==</latexit>

n = 0, ↵ = �0.03
<latexit sha1_base64="BkGkv/AKrnEP9VfFuBFlH3qr9B8=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8aElaQS+FohePFewHtKVMtpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GObx3gw7+/yYM6Vd99taW9/Y3NrO7eR39/YPDu2j44aKEklonUQ8ki0fFeVM0LpmmtNWLCmGPqdNf3Q/85tjKhWLxJOexLQb4kCwgBHURurZtqi4lx3k8RArV27RLffsgmlzOKvEy0gBMtR69lenH5EkpEITjkq1PTfW3RSlZoTTab6TKBojGeGAtg0VGFLVTeeXT51zo/SdIJKmhHbm6u+NFEOlJqFvJkPUQ7XszcT/vHaig9tuykScaCrI4qEg4Y6OnFkMTp9JSjSfGIJEMnOrQ4YokWgTVt6E4C1/eZU0SkWvXCw9Xheqd1kcOTiFM7gAD26gCg9QgzoQGMMzvMKblVov1rv1sRhds7KdE/gD6/MH6fGR4w==</latexit>

101
<latexit sha1_base64="lOgeLU+mrb8b2BXZ9cs7RPsIdJ0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPBS8eK9gPaGPZbDft0t1N2N0IJfQvePGgiFf/kDf/jZs0B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqb+d0nqjSL5IOZxdQXeCxZyAg2meS5j96wWnPrbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSadS9i3rj/rLWvCniKMMJnMI5eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPC7qNkA==</latexit>

103
<latexit sha1_base64="Hg5wSUUFvNkSSU3u39MRY9NmCvw=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe6SgBYWARvLCOYDkjPsbfaSJbt7x+6eEI78BRsLRWz9Q3b+G/eSKzTxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIskg9mFlNf4LFkISPYZJLnPtaH5YpbdRdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddGpVr16t3TcqzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+AA7CjZI=</latexit>

0.0
<latexit sha1_base64="JR0CKpTxNv18M7bDkBR79504lsE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+2OXx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1SNOEu5HdKhEKBhFKz24Vbdfrth/DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nl81Sk5s8qAhLG2TyGZq787MhoZM4kCWxlRHJllbyb+53VTDK/9TKgkRa7YYlCYSoIxmd1NBkJzhnJiCWVa2F0JG1FNGdp0SjYEb/nkVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorTg5D3H8AfO5w9ReI0k</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

1.0
<latexit sha1_base64="hY3F1w56pGFM+MvIST6PA8ivaMs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg++6/XKFc/15iCrxM9JBXLUe+Wvbj9hWcwVMkmN6fheisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3VKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMz+Jn2hOUM5toQyLeythA2ppgxtOiUbgr/88ippVl3/wq3eX1ZqN3kcRTiBUzgHH66gBndQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBUv6NJQ==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.0
<latexit sha1_base64="JR0CKpTxNv18M7bDkBR79504lsE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+2OXx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1SNOEu5HdKhEKBhFKz24Vbdfrth/DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nl81Sk5s8qAhLG2TyGZq787MhoZM4kCWxlRHJllbyb+53VTDK/9TKgkRa7YYlCYSoIxmd1NBkJzhnJiCWVa2F0JG1FNGdp0SjYEb/nkVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorTg5D3H8AfO5w9ReI0k</latexit>

1/T = 35
<latexit sha1_base64="ByPLkfMM6b1bCzt1A76sOx6JIoM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tFT0oFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oNUHA4/3ZpiZF8ScaeO6X05uZXVtfSO/Wdja3tndK+4ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8e3Mbz9SpZkUDTOJqR/hoWAhI9hYqeWdNW6qF/1iyS27c6C/xMtICTLU+8XP3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKTqwyQKFUtoRBc/XnRIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll/+SVqXsVcuV+/NS7TqLIw9HcAyn4MEl1OAO6tAEAg/wBC/w6kjn2Xlz3hetOSebOYRfcD6+Afa9jg0=</latexit>

FIG. 3: Evolution of (a) mean energy and (b) entangle-
ment entropy with quadrupolar random driving, with pa-
rameters {Jz, Jx, Bx, Bz, B0} = {1, 0.71, 3.2, 0.25, 0.21},
L = 16. Prethermal plateau of entanglement entropy
appears for 1/T � 20. Thermalization time dependence
on 1/T in log-log (c) and log scale (d) for n�multipolar
drivings which confirms the algebraic dependence (1/T )↵

with ↵ ⇡ 2n + 1 for n � 1

.

In Fig. 3 (c), we show the scaling of ⌧E on a double
log plot for di↵erent RMD structures with n = 0, 1, 2, 3.
In contrast to the exponential scaling observed for the
Thue-Morse driving, we identify an algebraic dependence

⌧E / (1/T )↵ with ↵ ⇡ 2n + 1, (6)

for n � 1. Interestingly, the fitted exponent strongly
depends on the multipolar correlations and is to a good
accuracy a simple function of n. We have verified that the
scaling exponent is robust to change of parameters. As
a comparison, we also plot the same result on a log scale
in Fig. 3 (d) which indicates a clear deviation from an
exponential fit towards larger 1/T , especially for n � 2.

The thermalization time of the purely random drive
n = 0 is short (⌧E < 1) and independent on the driving
rate, which demonstrates a qualitative improvement for
heating suppression by the multipolar structure. Note,
we also identify that random drives n = 0 may follow
Eq.6 with exponent ↵ = 1, see Supp. Mat. [37], but
the crucial di↵erence to the case of n > 0 is that such
scaling is only observed in the perturbative regime for

Figure 2: Heating dynamics of the Thue-Morse quasiperiodic sequence. (For more details, see reference.)
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t(1/J)
<latexit sha1_base64="yS8GRylX0WCuvpEOpKiCUWqYoTc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02qoMeiF/FUwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzvEgKg7b9ba2srq1vbBa2its7u3v7pYPDlgljzXiThTLUHY8aLoXiTRQoeSfSnAae5G1vfJv57SeujQjVI04i7gZ0qIQvGMVUamPFOb8/K/ZLZbtqz0CWiZOTMuRo9EtfvUHI4oArZJIa03XsCN2EahRM8mmxFxseUTamQ95NqaIBN24yO3dKTlNlQPxQp6WQzNTfEwkNjJkEXtoZUByZRS8T//O6MfrXbiJUFCNXbL7IjyXBkGS/k4HQnKGcpIQyLdJbCRtRTRmmCWUhOIsvL5NWrepcVGsPl+X6TR5HAY7hBCrgwBXU4Q4a0AQGY3iGV3izIuvFerc+5q0rVj5zBH9gff4AUDyOPQ==</latexit>

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>

H0
F<latexit sha1_base64="MPi686V1MHn23SNxY6D6WVR9AQk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FQXqs4LaFdi3ZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjONyqsrW9sbhW3Szu7e/sH5cOjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfDvz209MaR7LBzNJmB+RoeQhp8RYyWv07x6dfrniVJ058Cpxc1KBHM1++as3iGkaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5JWrepeVGv3l5X6TR5HEU7gFM7BhSuoQwOa4AEFDs/wCm9Iohf0jj4WrQWUzxzDH6DPHwcDjis=</latexit>

⌧S
<latexit sha1_base64="23qdq/tc6grnM2Amg2pAafiOqzM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFqp2UWa9u57pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fza6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J45WdCJSlyxeaLwlQSjMn0ddIXmjOUY0so08LeStiQasrQBlS0IXiLLy+TZrXinVeqdxfl2nUeRwGO4QTOwINLqMEt1KEBDB7hGV7hzYmdF+fd+Zi3rjj5zBH8gfP5A33TjxI=</latexit>

� = 0
<latexit sha1_base64="ft3BWmSYreFfaxJgLqYghmH2st4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+4bo8p</latexit>

hH
0 F
i t/

hH
0 F
i 0

<latexit sha1_base64="Q0Se4xo+GiOAg/G/LA8w+aQ7dog=">AAACFnicbVDLSgMxFM34rPU16tJNsAhurDNV0GVBkS4r2Ad0xiGTpm1oJjMkd4RS+hVu/BU3LhRxK+78G9N2Ftr2wIWTc+4l954wEVyD4/xYS8srq2vruY385tb2zq69t1/Xcaooq9FYxKoZEs0El6wGHARrJoqRKBSsEfavx37jkSnNY3kPg4T5EelK3uGUgJEC+9QTRHYFw5Xg9sHx1OQRwNlC2QnsglN0JsDzxM1IAWWoBva3145pGjEJVBCtW66TgD8kCjgVbJT3Us0SQvuky1qGShIx7Q8nZ43wsVHauBMrUxLwRP07MSSR1oMoNJ0RgZ6e9cbiIq+VQufKH3KZpMAknX7USQWGGI8zwm2uGAUxMIRQxc2umPaIIhRMknkTgjt78jypl4ruebF0d1Eo32Rx5NAhOkInyEWXqIwqqIpqiKIn9ILe0Lv1bL1aH9bntHXJymYO0D9YX7/IpJ6C</latexit>

S
L
/
(L

/
2
)

<latexit sha1_base64="uEHsnLVOOml4mr2k2mPYMsA1HGs=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZSEywgTs00ZJECwsKjPJh4EL2lj3YsLt32d0zIYRfYWOhMbb+HDv/jQtcoeBLJnl5byYz84KYM21c99tZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H11G8+UaVZJB/MKKa+wH3JQkawsdLjfbdaKlRL5bNuLu8W3RnQMvFSkocUtW7uq9OLSCKoNIRjrdueGxt/jJVhhNNJtpNoGmMyxH3atlRiQbU/nh08QadW6aEwUrakQTP198QYC61HIrCdApuBXvSm4n9eOzHhlT9mMk4MlWS+KEw4MhGafo96TFFi+MgSTBSztyIywAoTYzPK2hC8xZeXSaNc9M6L5buLfOUmjSMDx3ACBfDgEipwCzWoAwEBz/AKb45yXpx352PeuuKkM0fwB87nD6z5jwU=</latexit>

(c)
<latexit sha1_base64="umaC7xGr7wMcJYdnZRQjIMmSLkc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjQONUA==</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

⌧S
<latexit sha1_base64="23qdq/tc6grnM2Amg2pAafiOqzM=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM12067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXFtRKwecJxwP6IDJULBKFqp2UWa9u57pbJbcWcgy8TLSRly1Hulr24/ZmnEFTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWKpoxI2fza6dkFOr9EkYa1sKyUz9PZHRyJhxFNjOiOLQLHpT8T+vk2J45WdCJSlyxeaLwlQSjMn0ddIXmjOUY0so08LeStiQasrQBlS0IXiLLy+TZrXinVeqdxfl2nUeRwGO4QTOwINLqMEt1KEBDB7hGV7hzYmdF+fd+Zi3rjj5zBH8gfP5A33TjxI=</latexit>

⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>

1/T = 20
<latexit sha1_base64="tBfHT4LfsnHeV9jX/Pa5AoOEsa8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3H6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7L2OBA==</latexit>

1/T = 25
<latexit sha1_base64="u6yhopMeJFPhOTpywRh1QLkR7MI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W8rl71iyS27M6Bl4mWkBBlqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWSl75+XKw0WpepPFkYcjOIZT8OAKqnAPNWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/9FGOCQ==</latexit>

1/T = 30
<latexit sha1_base64="mQ5/R/kZZjIG+6R3gMgZrbFVEp4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3X6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7kKOBQ==</latexit>

1/T = 15
<latexit sha1_base64="GWX/chBCjxbo94ZOZCmqKN4UcPU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W+9y16x5JbdGdAy8TJSggy1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeG1nzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrJS983Ll4aJUvcniyMMRHMMpeHAFVbiHGjSAwCM8wyu8OdJ5cd6dj3lrzslmDuEPnM8f8syOCA==</latexit>

1.0
<latexit sha1_base64="ZnnQHfyVdNHp6+7RbzrrkzOMzaQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4CkkV1FvBi8cK9gPaUDbbSbt0dxN2N0Ip/QtePCji1T/kzX9j0uagrQ8GHu/NMDMvTAQ31vO+nbX1jc2t7dJOeXdv/+CwcnTcMnGqGTZZLGLdCalBwRU2LbcCO4lGKkOB7XB8l/vtJ9SGx+rRThIMJB0qHnFGbS75rlfuV6qe681BVolfkCoUaPQrX71BzFKJyjJBjen6XmKDKdWWM4Gzci81mFA2pkPsZlRRiSaYzm+dkfNMGZAo1lkpS+bq74kplcZMZJh1SmpHZtnLxf+8bmqjm2DKVZJaVGyxKEoFsTHJHycDrpFZMckIZZpntxI2opoym8WTh+Avv7xKWjXXv3RrD1fV+m0RRwlO4QwuwIdrqMM9NKAJDEbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AIa2jTY=</latexit>

0.0
<latexit sha1_base64="wyKffU56GNgYKiydj/5fSwrAHPY=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwV1F3BjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRByOOde7r0nTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXvJpXHlSq7psDrxK/IFUo0BxUvvrDmKaSKUsFMabne4kNMqItp4LNyv3UsITQCRmxnqOKSGaCbL7rDJ87ZYijWLunLJ6rvzsyIo2ZytBVSmLHZtnLxf+8XmqjmyDjKkktU3QxKEoFtjHOD8dDrhm1YuoIoZq7XTEdE02odfHkIfjLJ6+Sdr3mX9bqD1fVxm0RRwlO4QwuwIdraMA9NKEFFMbwDK/whiR6Qe/oY1G6hoqeE/gD9PkDhS+NNQ==</latexit>

0.5
<latexit sha1_base64="eUTLKjCFSCDRnzGRO4jPlwKFszI=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiRVUXcFNy4r2Ae0oUymk3boPMLMRCihv+DGhSJu/SF3/o1Jm4W2HrhwOOde7r0njDkz1vO+ndLa+sbmVnm7srO7t39QPTxqG5VoQltEcaW7ITaUM0lblllOu7GmWIScdsLJXe53nqg2TMlHO41pIPBIsogRbHPJc68qg2rNc7050CrxC1KDAs1B9as/VCQRVFrCsTE934ttkGJtGeF0VuknhsaYTPCI9jIqsaAmSOe3ztBZpgxRpHRW0qK5+nsixcKYqQizToHt2Cx7ufif10tsdBOkTMaJpZIsFkUJR1ah/HE0ZJoSy6cZwUSz7FZExlhjYrN48hD85ZdXSbvu+hdu/eGy1rgt4ijDCZzCOfhwDQ24hya0gMAYnuEV3hzhvDjvzseiteQUM8fwB87nD4zIjTo=</latexit>

0.0
<latexit sha1_base64="wyKffU56GNgYKiydj/5fSwrAHPY=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykwV1F3BjcsK9gHtUDJppg1NMkOSEcrQX3DjQhG3/pA7/8ZMOwttPRByOOde7r0nTAQ31vO+0dr6xubWdmmnvLu3f3BYOTpumzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNO7nK/88S04bF6tNOEBZKMFI84JTaXvJpXHlSq7psDrxK/IFUo0BxUvvrDmKaSKUsFMabne4kNMqItp4LNyv3UsITQCRmxnqOKSGaCbL7rDJ87ZYijWLunLJ6rvzsyIo2ZytBVSmLHZtnLxf+8XmqjmyDjKkktU3QxKEoFtjHOD8dDrhm1YuoIoZq7XTEdE02odfHkIfjLJ6+Sdr3mX9bqD1fVxm0RRwlO4QwuwIdraMA9NKEFFMbwDK/whiR6Qe/oY1G6hoqeE/gD9PkDhS+NNQ==</latexit>

0.5
<latexit sha1_base64="eUTLKjCFSCDRnzGRO4jPlwKFszI=">AAAB63icbVDLSsNAFL2pr1pfVZduBovgKiRVUXcFNy4r2Ae0oUymk3boPMLMRCihv+DGhSJu/SF3/o1Jm4W2HrhwOOde7r0njDkz1vO+ndLa+sbmVnm7srO7t39QPTxqG5VoQltEcaW7ITaUM0lblllOu7GmWIScdsLJXe53nqg2TMlHO41pIPBIsogRbHPJc68qg2rNc7050CrxC1KDAs1B9as/VCQRVFrCsTE934ttkGJtGeF0VuknhsaYTPCI9jIqsaAmSOe3ztBZpgxRpHRW0qK5+nsixcKYqQizToHt2Cx7ufif10tsdBOkTMaJpZIsFkUJR1ah/HE0ZJoSy6cZwUSz7FZExlhjYrN48hD85ZdXSbvu+hdu/eGy1rgt4ijDCZzCOfhwDQ24hya0gMAYnuEV3hzhvDjvzseiteQUM8fwB87nD4zIjTo=</latexit>

100
<latexit sha1_base64="JJS/l6FwoX5AtJwqO+ewa0K/A2w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoN4KXjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMf3WG15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwms/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHsX9cb9Za15U8RRhhM4hXPw4AqacActaAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8JT42M</latexit>

102
<latexit sha1_base64="hEUitJMspxsCr0cN/+FK13Zys4I=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5JUQb0VvHisYNpCG8tmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBYng2jjONyqtrW9sbpW3Kzu7e/sH1cOjto5TRZlHYxGrbkA0E1wyz3AjWDdRjESBYJ1gcpv7nSemNI/lg5kmzI/ISPKQU2Ks5LnOY6MyqNacujMHXiVuQWpQoDWofvWHMU0jJg0VROue6yTGz4gynAo2q/RTzRJCJ2TEepZKEjHtZ/NjZ/jMKkMcxsqWNHiu/p7ISKT1NApsZ0TMWC97ufif10tNeO1nXCapYZIuFoWpwCbG+ed4yBWjRkwtIVRxeyumY6IINTafPAR3+eVV0m7U3Yt64/6y1rwp4ijDCZzCObhwBU24gxZ4QIHDM7zCG5LoBb2jj0VrCRUzx/AH6PMHQVqNog==</latexit>

104
<latexit sha1_base64="XBuWyK1Ul7kvyi/xF7f58RHKepU=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5LUgnorePFYwdRCG8tmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBYng2jjONyqtrW9sbpW3Kzu7e/sH1cOjjo5TRZlHYxGrbkA0E1wyz3AjWDdRjESBYA/B5Cb3H56Y0jyW92aaMD8iI8lDTomxkuc6j83KoFpz6s4ceJW4BalBgfag+tUfxjSNmDRUEK17rpMYPyPKcCrYrNJPNUsInZAR61kqScS0n82PneEzqwxxGCtb0uC5+nsiI5HW0yiwnRExY73s5eJ/Xi814ZWfcZmkhkm6WBSmApsY55/jIVeMGjG1hFDF7a2Yjoki1Nh88hDc5ZdXSadRdy/qjbtmrXVdxFGGEziFc3DhElpwC23wgAKHZ3iFNyTRC3pHH4vWEipmjuEP0OcPRGSNpA==</latexit>

106
<latexit sha1_base64="eu7EqdDZNKFN2jCwWgoA61ZbSh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtRT0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPl4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz2UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEratap3Ua3d1yuNmzyOIpzAKZyDB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AFRyNmw==</latexit>

25
<latexit sha1_base64="da53+/CW0O1iKOmVkGfcbHW98zQ=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fjx4rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9VC97pbJbcWcgy8TLSRly1Hulr24/ZmmE0jBBte54bmL8jCrDmcBJsZtqTCgb0QF2LJU0Qu1ns0sn5NQqfRLGypY0ZKb+nshopPU4CmxnRM1QL3pT8T+vk5rw2s+4TFKDks0XhakgJibTt0mfK2RGjC2hTHF7K2FDqigzNpyiDcFbfHmZNKsV77xSvb8o127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nD/KMjPg=</latexit>

50
<latexit sha1_base64="TAh2oiNh10/z3o6cZKjBbTP4KiY=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KklV9Fjx4rGK/YA2lM120y7dbMLuRCih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecZxwP6IDJULBKFrp4dLtlcpuxZ2BLBMvJ2XIUe+Vvrr9mKURV8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y6miETd+Nrt0Qk6t0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhtZ8JlaTIFZsvClNJMCbTt0lfaM5Qji2hTAt7K2FDqilDG07RhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzB++HjPY=</latexit>

108
<latexit sha1_base64="7j+zBOabCJBd0Ug7R5tEbISoVvA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtBXusePFYwX5Au5Zsmm1Dk+ySZIWy9C948aCIV/+QN/+N2XYP2vpg4PHeDDPzgpgzbVz32ylsbG5t7xR3S3v7B4dH5eOTjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Dbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nyxa26C6B14uWkAjlaw/LXYBSRRFBpCMda9z03Nn6KlWGE03lpkGgaYzLFY9q3VGJBtZ8ubp2jC6uMUBgpW9Kghfp7IsVC65kIbKfAZqJXvUz8z+snJmz4KZNxYqgky0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2RD8FZfXiedWtW7qtbu65XmTR5HEc7gHC7Bg2towh20oA0EJvAMr/DmCOfFeXc+lq0FJ585hT9wPn8AF9eNnA==</latexit>

106
<latexit sha1_base64="eu7EqdDZNKFN2jCwWgoA61ZbSh0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mtRT0WvXisYD+gXUs2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpv5nSeqNIvkg5nG1Bd4JFnICDaZ5LmPl4Nyxa26c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrz2UybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEratap3Ua3d1yuNmzyOIpzAKZyDB1fQgDtoQgsIjOEZXuHNEc6L8+58LFoLTj5zDH/gfP4AFRyNmw==</latexit>

104
<latexit sha1_base64="XBuWyK1Ul7kvyi/xF7f58RHKepU=">AAAB7HicbVBNS8NAEJ2tX7V+VT16WSyCp5LUgnorePFYwdRCG8tmu2mXbjZhdyOU0N/gxYMiXv1B3vw3btoctPXBwOO9GWbmBYng2jjONyqtrW9sbpW3Kzu7e/sH1cOjjo5TRZlHYxGrbkA0E1wyz3AjWDdRjESBYA/B5Cb3H56Y0jyW92aaMD8iI8lDTomxkuc6j83KoFpz6s4ceJW4BalBgfag+tUfxjSNmDRUEK17rpMYPyPKcCrYrNJPNUsInZAR61kqScS0n82PneEzqwxxGCtb0uC5+nsiI5HW0yiwnRExY73s5eJ/Xi814ZWfcZmkhkm6WBSmApsY55/jIVeMGjG1hFDF7a2Yjoki1Nh88hDc5ZdXSadRdy/qjbtmrXVdxFGGEziFc3DhElpwC23wgAKHZ3iFNyTRC3pHH4vWEipmjuEP0OcPRGSNpA==</latexit>

FIG. 2: Evolution of (a) mean energy and (b) en-
tanglement entropy with Thue-Morse driving as a
function of characteristic time T , using parameters
{Jz, Jx, Bx, Bz, B0} = {1, 0.243, 0.809, 0.357, 0.21}, L =
18. Prethermalization appears with an entanglement
plateau and a lack of energy absorption. (c) Exponential

scaling of the thermalization time versus 1/T .

time only involving a linearly increasing number of ma-
trix multiplications, i.e. | (2nT )i = Un | (0)i.

In Fig. 2 the dynamics of the mean energy density and
the entanglement entropy are shown for di↵erent driving
rates 1/T at stroboscopic time 2nT . The initial state is
taken with all spins pointing down. For su�ciently fast
driving 1/T � 20, the entanglement entropy SL first sat-
urates to a prethermal plateau, which is well captured by
the zeroth-order e↵ective Hamiltonian. Meanwhile, the
system heats only very slowly from the external drive,
hence, the mean energy remains constant over a large
time window. In between stroboscopic times, we also ver-
ify that the mean energy remains quasi-conserved. Only
after a large time scale ⌧S , the entropy SL rapidly grows
to the final plateau with S�=0

L = [L ln(2) � 1]/2 [39],
which confirms that the system has eventually thermal-
ized to the infinite temperature state. Correspondingly,
the mean energy drops to zero after the time scale ⌧E .

Next, we study the scaling of the thermalization times
as a function of frequency. ⌧E,S can be extracted by set-
ting certain thresholds, e.g. SL/(L/2) ⇠ 0.55 ± 0.05 or
hH0

F it/hH0
F i0 ⇠ 0.7 ± 0.1. In Fig. 2(c) we show that

both definitions of the thermalization have the same ex-
ponential growth with frequency. We have verified that
the scaling does not show qualitative dependence on the
initial states or precise values of the threshold values [37].

We verified that the prethermal regime also exists for
RMD with finite n and not only for the Thue-Morse limit.
The upper two panels of Fig. 3 depict the results for a
random quadrupolar drive. A similar prethermal plateau
can be identified from the entanglement entropy (Fig. 3
(b)) and the lack of energy absorption (Fig. 3 (a)). As be-
fore, we determine thermalization time by the thresholds
hH0

F it/hH0
F i0 ⇠ 0.96 ± 0.01.

(a)
<latexit sha1_base64="sOjZUoNK33Nc8nqmGB8ygq4L+xA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7qFTvL0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AifmNTg==</latexit>

(b)
<latexit sha1_base64="7tVg+AhPeiaMnY5qvG8kDXGmdb0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ai36NTw==</latexit>

⌧E
<latexit sha1_base64="VTx/4PunO8C/Oe30/9mgH4UoAIg=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8HoZuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Ua9d5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2ibjwQ=</latexit>

H0
F<latexit sha1_base64="MPi686V1MHn23SNxY6D6WVR9AQk=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqexWQY9FQXqs4LaFdi3ZNNuGZrNLkhXK0t/gxYMiXv1B3vw3pu0etPXBwOO9GWbmBYng2jjONyqsrW9sbhW3Szu7e/sH5cOjlo5TRZlHYxGrTkA0E1wyz3AjWCdRjESBYO1gfDvz209MaR7LBzNJmB+RoeQhp8RYyWv07x6dfrniVJ058Cpxc1KBHM1++as3iGkaMWmoIFp3XScxfkaU4VSwaamXapYQOiZD1rVUkohpP5sfO8VnVhngMFa2pMFz9fdERiKtJ1FgOyNiRnrZm4n/ed3UhNd+xmWSGibpYlGYCmxiPPscD7hi1IiJJYQqbm/FdEQUocbmU7IhuMsvr5JWrepeVGv3l5X6TR5HEU7gFM7BhSuoQwOa4AEFDs/wCm9Iohf0jj4WrQWUzxzDH6DPHwcDjis=</latexit>

S
L
/
(L

/
2
)

<latexit sha1_base64="uEHsnLVOOml4mr2k2mPYMsA1HGs=">AAAB8HicbVA9TwJBEJ3zE/ELtbTZSEywgTs00ZJECwsKjPJh4EL2lj3YsLt32d0zIYRfYWOhMbb+HDv/jQtcoeBLJnl5byYz84KYM21c99tZWV1b39jMbGW3d3b39nMHhw0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+H11G8+UaVZJB/MKKa+wH3JQkawsdLjfbdaKlRL5bNuLu8W3RnQMvFSkocUtW7uq9OLSCKoNIRjrdueGxt/jJVhhNNJtpNoGmMyxH3atlRiQbU/nh08QadW6aEwUrakQTP198QYC61HIrCdApuBXvSm4n9eOzHhlT9mMk4MlWS+KEw4MhGafo96TFFi+MgSTBSztyIywAoTYzPK2hC8xZeXSaNc9M6L5buLfOUmjSMDx3ACBfDgEipwCzWoAwEBz/AKb45yXpx352PeuuKkM0fwB87nD6z5jwU=</latexit>

hH
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<latexit sha1_base64="Q0Se4xo+GiOAg/G/LA8w+aQ7dog=">AAACFnicbVDLSgMxFM34rPU16tJNsAhurDNV0GVBkS4r2Ad0xiGTpm1oJjMkd4RS+hVu/BU3LhRxK+78G9N2Ftr2wIWTc+4l954wEVyD4/xYS8srq2vruY385tb2zq69t1/Xcaooq9FYxKoZEs0El6wGHARrJoqRKBSsEfavx37jkSnNY3kPg4T5EelK3uGUgJEC+9QTRHYFw5Xg9sHx1OQRwNlC2QnsglN0JsDzxM1IAWWoBva3145pGjEJVBCtW66TgD8kCjgVbJT3Us0SQvuky1qGShIx7Q8nZ43wsVHauBMrUxLwRP07MSSR1oMoNJ0RgZ6e9cbiIq+VQufKH3KZpMAknX7USQWGGI8zwm2uGAUxMIRQxc2umPaIIhRMknkTgjt78jypl4ruebF0d1Eo32Rx5NAhOkInyEWXqIwqqIpqiKIn9ILe0Lv1bL1aH9bntHXJymYO0D9YX7/IpJ6C</latexit>

1/T = 20
<latexit sha1_base64="tBfHT4LfsnHeV9jX/Pa5AoOEsa8=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3H6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7L2OBA==</latexit>

1/T = 25
<latexit sha1_base64="u6yhopMeJFPhOTpywRh1QLkR7MI=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU92tinoQCl48VugXtEvJptk2NpssSVYoS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0d3Ubz1RpZkUdTOOqR/hgWAhI9hYqemd1W8rl71iyS27M6Bl4mWkBBlqveJXty9JElFhCMdadzw3Nn6KlWGE00mhm2gaYzLCA9qxVOCIaj+dXTtBJ1bpo1AqW8Kgmfp7IsWR1uMosJ0RNkO96E3F/7xOYsJrP2UiTgwVZL4oTDgyEk1fR32mKDF8bAkmitlbERlihYmxARVsCN7iy8ukWSl75+XKw0WpepPFkYcjOIZT8OAKqnAPNWgAgUd4hld4c6Tz4rw7H/PWnJPNHMIfOJ8/9FGOCQ==</latexit>

1/T = 30
<latexit sha1_base64="mQ5/R/kZZjIG+6R3gMgZrbFVEp4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tBfUgFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oK0PBh7vzTAzL4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8ammZKEKbRHKpOgHWlDNBm4YZTjuxojgKOG0H47uZ336iSjMpGmYSUz/CQ8FCRrCxUsu7aNxW3X6x5JbdOdAq8TJSggz1fvGrN5AkiagwhGOtu54bGz/FyjDC6bTQSzSNMRnjIe1aKnBEtZ/Or52iM6sMUCiVLWHQXP09keJI60kU2M4Im5Fe9mbif143MeG1nzIRJ4YKslgUJhwZiWavowFTlBg+sQQTxeytiIywwsTYgAo2BG/55VXSqpS9arnycFmq3WRx5OEETuEcPLiCGtxDHZpA4BGe4RXeHOm8OO/Ox6I152Qzx/AHzucP7kKOBQ==</latexit>

t(1/J)
<latexit sha1_base64="yS8GRylX0WCuvpEOpKiCUWqYoTc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSLUS02qoMeiF/FUwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3Jm0O2vpg4PHeDDPzvEgKg7b9ba2srq1vbBa2its7u3v7pYPDlgljzXiThTLUHY8aLoXiTRQoeSfSnAae5G1vfJv57SeujQjVI04i7gZ0qIQvGMVUamPFOb8/K/ZLZbtqz0CWiZOTMuRo9EtfvUHI4oArZJIa03XsCN2EahRM8mmxFxseUTamQ95NqaIBN24yO3dKTlNlQPxQp6WQzNTfEwkNjJkEXtoZUByZRS8T//O6MfrXbiJUFCNXbL7IjyXBkGS/k4HQnKGcpIQyLdJbCRtRTRmmCWUhOIsvL5NWrepcVGsPl+X6TR5HAY7hBCrgwBXU4Q4a0AQGY3iGV3izIuvFerc+5q0rVj5zBH9gff4AUDyOPQ==</latexit>

� = 0
<latexit sha1_base64="ft3BWmSYreFfaxJgLqYghmH2st4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh6MVjBfsBbSib7aRdutmE3Y1QQn+EFw+KePX3ePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvpv57SdUmsfy0UwS9CM6lDzkjBortXsBGnrj9ssVt+rOQVaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+bnTsmZVQYkjJUtachc/T2R0UjrSRTYzoiakV72ZuJ/Xjc14bWfcZmkBiVbLApTQUxMZr+TAVfIjJhYQpni9lbCRlRRZmxCJRuCt/zyKmnVqt5FtfZwWanf5nEU4QRO4Rw8uII63EMDmsBgDM/wCm9O4rw4787HorXg5DPH8AfO5w+4bo8p</latexit>

102
<latexit sha1_base64="zYzusRWwae9xW1SGpdjGFIkl51M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMfG8Nqza27OdAq8QpSgwKtYfVrMIpIIqg0hGOt+54bGz/FyjDC6bwySDSNMZniMe1bKrGg2k/zW+fozCojFEbKljQoV39PpFhoPROB7RTYTPSyl4n/ef3EhNd+ymScGCrJYlGYcGQilD2ORkxRYvjMEkwUs7ciMsEKE2PjqdgQvOWXV0mnUfcu6o37y1rztoijDCdwCufgwRU04Q5a0AYCE3iGV3hzhPPivDsfi9aSU8wcwx84nz8Ppo2Z</latexit>

104
<latexit sha1_base64="9luTt0KoQGRSP03JnyQRFK5ZTTc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU9mthXos6MFjBfsB7VqyabYNTbJLkhXK0r/gxYMiXv1D3vw3Zts9aOuDgcd7M8zMC2LOtHHdb6ewsbm1vVPcLe3tHxwelY9POjpKFKFtEvFI9QKsKWeStg0znPZiRbEIOO0G05vM7z5RpVkkH8wspr7AY8lCRrDJJM99rA/LFbfqLoDWiZeTCuRoDctfg1FEEkGlIRxr3ffc2PgpVoYRTuelQaJpjMkUj2nfUokF1X66uHWOLqwyQmGkbEmDFurviRQLrWcisJ0Cm4le9TLxP6+fmPDaT5mME0MlWS4KE45MhLLH0YgpSgyfWYKJYvZWRCZYYWJsPCUbgrf68jrp1KreVbV2X680b/M4inAG53AJHjSgCXfQgjYQmMAzvMKbI5wX5935WLYWnHzmFP7A+fwBEq6Nmw==</latexit>

⌧ E <latexit sha1_base64="XO/4tYUW7vE5wdB2KH4m6TfbcFc=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FhQwWMF+wFtKJvtpl27yYbdiVBC/4MXD4p49f9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ2V1bX1js7BV3N7Z3dsvHRw2jUo14w2mpNLtgBouRcwbKFDydqI5jQLJW8Hoeuq3nrg2QsUPOE64H9FBLELBKFqp2UWa9m57pbJbcWcgy8TLSRly1Hulr25fsTTiMTJJjel4boJ+RjUKJvmk2E0NTygb0QHvWBrTiBs/m107IadW6ZNQaVsxkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys9EnKTIYzZfFKaSoCLT10lfaM5Qji2hTAt7K2FDqilDG1DRhuAtvrxMmtWKd16p3l+Uazd5HAU4hhM4Aw8uoQZ3UIcGMHiEZ3iFN0c5L8678zFvXXHymSP4A+fzB2k1jwY=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

30
<latexit sha1_base64="DBxSnAn/x5oQQQK+8ewa10jiziI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY8FPXisYmuhDWWz3bRLN5uwOxFK6D/w4kERr/4jb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFR28SpZrzFYhnrTkANl0LxFgqUvJNoTqNA8sdgfD3zH5+4NiJWDzhJuB/RoRKhYBStdF93++WKW3XnIKvEy0kFcjT75a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn80vnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieOVnQiUpcsUWi8JUEozJ7G0yEJozlBNLKNPC3krYiGrK0IZTsiF4yy+vknat6tWrtbuLSuMmj6MIJ3AK5+DBJTTgFprQAgYhPMMrvDlj58V5dz4WrQUnnzmGP3A+fwDtZIz3</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

100
<latexit sha1_base64="QYLj9GXBpVT3BE7S4fNVMPcGA+M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsB/QxrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9Cbzu09UaRbJBzOLqS/wWLKQEWwyyXMf3WG15tbdHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9iZRjhdF4ZJJrGmEzxmPYtlVhQ7af5rXN0ZpURCiNlSxqUq78nUiy0nonAdgpsJnrZy8T/vH5iwms/ZTJODJVksShMODIRyh5HI6YoMXxmCSaK2VsRmWCFibHxVGwI3vLLq6TTqHsX9cb9Za15W8RRhhM4hXPw4AqacActaAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8Mno2X</latexit>

20
<latexit sha1_base64="6FEqFnjMLBh8OsZV1RGP1pdc4Ns=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCHjxWsR/QhrLZbtqlm03YnQgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoZeJUM95ksYx1J6CGS6F4EwVK3kk0p1EgeTsY38z89hPXRsTqEScJ9yM6VCIUjKKVHmpuv1xxq+4cZJV4OalAjka//NUbxCyNuEImqTFdz03Qz6hGwSSflnqp4QllYzrkXUsVjbjxs/mlU3JmlQEJY21LIZmrvycyGhkziQLbGVEcmWVvJv7ndVMMr/1MqCRFrthiUZhKgjGZvU0GQnOGcmIJZVrYWwkbUU0Z2nBKNgRv+eVV0qpVvYtq7f6yUr/N4yjCCZzCOXhwBXW4gwY0gUEIz/AKb87YeXHenY9Fa8HJZ47hD5zPH+vfjPY=</latexit>

40
<latexit sha1_base64="lLRr9A3WK589/rmPoFuW+QG6Hao=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LGgB49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++4lrI2L1iJOE+xEdKhEKRtFKDzW3Xyq7FXcOskq8nJQhR6Nf+uoNYpZGXCGT1Jiu5yboZ1SjYJJPi73U8ISyMR3yrqWKRtz42fzSKTm3yoCEsbalkMzV3xMZjYyZRIHtjCiOzLI3E//zuimG134mVJIiV2yxKEwlwZjM3iYDoTlDObGEMi3srYSNqKYMbThFG4K3/PIqaVUr3mWlel8r12/zOApwCmdwAR5cQR3uoAFNYBDCM7zCmzN2Xpx352PRuubkMyfwB87nD+7pjPg=</latexit>

60
<latexit sha1_base64="eQrTSuELW9Kdq/RrvwXmCvHdyiI=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9VjQg8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6xHHC/YgOlAgFo2ilh0u3Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3nmlen9Rrt3mcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPH/HzjPo=</latexit>

1/T
<latexit sha1_base64="m0CoD3daabI3Q0F2dAvU/s9f8k8=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4qkkV9FjQg8cK/YI2lM120y7d3YTdiVBK/4IXD4p49Q9589+YtDlo64OBx3szzMwLYiksuu63s7a+sbm1Xdgp7u7tHxyWjo5bNkoM400Wych0Amq5FJo3UaDkndhwqgLJ28H4LvPbT9xYEekGTmLuKzrUIhSMYiZ5l41iv1R2K+4cZJV4OSlDjnq/9NUbRCxRXCOT1Nqu58boT6lBwSSfFXuJ5TFlYzrk3ZRqqrj1p/NbZ+Q8VQYkjExaGslc/T0xpcraiQrSTkVxZJe9TPzP6yYY3vpToeMEuWaLRWEiCUYke5wMhOEM5SQllBmR3krYiBrKMI0nC8FbfnmVtKoV76pSfbwu1+7zOApwCmdwAR7cQA0eoA5NYDCCZ3iFN0c5L86787FoXXPymRP4A+fzB8I/jWY=</latexit>

⌧E ⇠ (1/T )2n+1
<latexit sha1_base64="JF3BkRotZFCDp5Mi2UKblTHIFi0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUBFqUgVdFkVwWaEvaGKYTCft0MkkzEyEErLxV9y4UMStn+HOv3HaZqGtBy4czrmXe+/xY0alsqxvo7C0vLK6VlwvbWxube+Yu3ttGSUCkxaOWCS6PpKEUU5aiipGurEgKPQZ6fijm4nfeSRC0og31TgmbogGnAYUI6UlzzxwFEq8W0fSEFbss+bJQ1rjp3bmmWWrak0BF4mdkzLI0fDML6cf4SQkXGGGpOzZVqzcFAlFMSNZyUkkiREeoQHpacpRSKSbTh/I4LFW+jCIhC6u4FT9PZGiUMpx6OvOEKmhnPcm4n9eL1HBlZtSHieKcDxbFCQMqghO0oB9KghWbKwJwoLqWyEeIoGw0pmVdAj2/MuLpF2r2ufV2v1FuX6dx1EEh+AIVIANLkEd3IEGaAEMMvAMXsGb8WS8GO/Gx6y1YOQz++APjM8fZaWU+w==</latexit>

n = 3, ↵ = 6.89
<latexit sha1_base64="NOPtVmXQbTLB3KhXszqmqtCimjo=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoJVgEDxKSVrQeCkUvHivYD2hD2Ww37dLNJuxuhBr6S7x4UMSrP8Wb/8Ztm4O2Phh4vDfDzDw/ZlQqx/k2cmvrG5tb+e3Czu7eftE8OGzJKBGYNHHEItHxkSSMctJUVDHSiQVBoc9I2x/fzvz2IxGSRvxBTWLihWjIaUAxUlrqm0Veq5z3EItHqHZpV6/7ZsmxnTmsVeJmpAQZGn3zqzeIcBISrjBDUnZdJ1ZeioSimJFpoZdIEiM8RkPS1ZSjkEgvnR8+tU61MrCCSOjiypqrvydSFEo5CX3dGSI1ksveTPzP6yYqqHop5XGiCMeLRUHCLBVZsxSsARUEKzbRBGFB9a0WHiGBsNJZFXQI7vLLq6RVtt2KXb6/KNVvsjjycAwncAYuXEEd7qABTcCQwDO8wpvxZLwY78bHojVnZDNH8AfG5w+fXpHD</latexit>

n = 2, ↵ = 5.10
<latexit sha1_base64="XMQds8t4r1qPAYhGCuWTdQsbJZ8=">AAAB+HicbVBNS8NAEN34WetHox69LBbBg4SkKnopFL14rGA/oA1lst20SzebsLsRaugv8eJBEa/+FG/+G7dtDtr6YODx3gwz84KEM6Vd99taWV1b39gsbBW3d3b3Svb+QVPFqSS0QWIey3YAinImaEMzzWk7kRSigNNWMLqd+q1HKhWLxYMeJ9SPYCBYyAhoI/XskqhWzrrAkyFULx3P7dll13FnwMvEy0kZ5aj37K9uPyZpRIUmHJTqeG6i/QykZoTTSbGbKpoAGcGAdgwVEFHlZ7PDJ/jEKH0cxtKU0Him/p7IIFJqHAWmMwI9VIveVPzP66Q6vPYzJpJUU0Hmi8KUYx3jaQq4zyQlmo8NASKZuRWTIUgg2mRVNCF4iy8vk2bF8c6dyv1FuXaTx1FAR+gYnSIPXaEaukN11EAEpegZvaI368l6sd6tj3nripXPHKI/sD5/AIQAkbE=</latexit>

n = 1, ↵ = 3.12
<latexit sha1_base64="cbg7BQznRj8nOtLS3GAmUnmRPFY=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg4SkFfRSKHrxWMF+QBvKZrtpl242YXcj1NBf4sWDIl79Kd78N27bHLT1wcDjvRlm5gUJZ0q77re1tr6xubVd2Cnu7u0flOzDo5aKU0lok8Q8lp0AK8qZoE3NNKedRFIcBZy2g/HtzG8/UqlYLB70JKF+hIeChYxgbaS+XRI176KHeTLCtarjVfp22XXcOdAq8XJShhyNvv3VG8QkjajQhGOlup6baD/DUjPC6bTYSxVNMBnjIe0aKnBElZ/ND5+iM6MMUBhLU0Kjufp7IsORUpMoMJ0R1iO17M3E/7xuqsNrP2MiSTUVZLEoTDnSMZqlgAZMUqL5xBBMJDO3IjLCEhNtsiqaELzll1dJq+J4Vadyf1mu3+RxFOAETuEcPLiCOtxBA5pAIIVneIU368l6sd6tj0XrmpXPHMMfWJ8/gmqRsA==</latexit>

n = 0, ↵ = �0.03
<latexit sha1_base64="BkGkv/AKrnEP9VfFuBFlH3qr9B8=">AAAB+XicbVBNS8NAEJ34WetX1KOXYBE8aElaQS+FohePFewHtKVMtpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GObx3gw7+/yYM6Vd99taW9/Y3NrO7eR39/YPDu2j44aKEklonUQ8ki0fFeVM0LpmmtNWLCmGPqdNf3Q/85tjKhWLxJOexLQb4kCwgBHURurZtqi4lx3k8RArV27RLffsgmlzOKvEy0gBMtR69lenH5EkpEITjkq1PTfW3RSlZoTTab6TKBojGeGAtg0VGFLVTeeXT51zo/SdIJKmhHbm6u+NFEOlJqFvJkPUQ7XszcT/vHaig9tuykScaCrI4qEg4Y6OnFkMTp9JSjSfGIJEMnOrQ4YokWgTVt6E4C1/eZU0SkWvXCw9Xheqd1kcOTiFM7gAD26gCg9QgzoQGMMzvMKblVov1rv1sRhds7KdE/gD6/MH6fGR4w==</latexit>

101
<latexit sha1_base64="lOgeLU+mrb8b2BXZ9cs7RPsIdJ0=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoAcPBS8eK9gPaGPZbDft0t1N2N0IJfQvePGgiFf/kDf/jZs0B219MPB4b4aZeUHMmTau++2U1tY3NrfK25Wd3b39g+rhUUdHiSK0TSIeqV6ANeVM0rZhhtNerCgWAafdYHqb+d0nqjSL5IOZxdQXeCxZyAg2meS5j96wWnPrbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSadS9i3rj/rLWvCniKMMJnMI5eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPC7qNkA==</latexit>

103
<latexit sha1_base64="Hg5wSUUFvNkSSU3u39MRY9NmCvw=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe6SgBYWARvLCOYDkjPsbfaSJbt7x+6eEI78BRsLRWz9Q3b+G/eSKzTxwcDjvRlm5gUxZ9q47rdT2Njc2t4p7pb29g8Oj8rHJx0dJYrQNol4pHoB1pQzSduGGU57saJYBJx2g+lt5nefqNIskg9mFlNf4LFkISPYZJLnPtaH5YpbdRdA68TLSQVytIblr8EoIomg0hCOte57bmz8FCvDCKfz0iDRNMZkise0b6nEgmo/Xdw6RxdWGaEwUrakQQv190SKhdYzEdhOgc1Er3qZ+J/XT0x47adMxomhkiwXhQlHJkLZ42jEFCWGzyzBRDF7KyITrDAxNp6SDcFbfXmddGpVr16t3TcqzZs8jiKcwTlcggdX0IQ7aEEbCEzgGV7hzRHOi/PufCxbC04+cwp/4Hz+AA7CjZI=</latexit>

0.0
<latexit sha1_base64="JR0CKpTxNv18M7bDkBR79504lsE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+2OXx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1SNOEu5HdKhEKBhFKz24Vbdfrth/DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nl81Sk5s8qAhLG2TyGZq787MhoZM4kCWxlRHJllbyb+53VTDK/9TKgkRa7YYlCYSoIxmd1NBkJzhnJiCWVa2F0JG1FNGdp0SjYEb/nkVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorTg5D3H8AfO5w9ReI0k</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

1.0
<latexit sha1_base64="hY3F1w56pGFM+MvIST6PA8ivaMs=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgddxFQQuLgI1lRPMByRH2NnvJkr29Y3dOCCE/wcZCEVt/kZ3/xk1yhSY+GHi8N8PMvDCVwqDnfTuFtfWNza3idmlnd2//oHx41DRJphlvsEQmuh1Sw6VQvIECJW+nmtM4lLwVjm5nfuuJayMS9YjjlAcxHSgRCUbRSg++6/XKFc/15iCrxM9JBXLUe+Wvbj9hWcwVMkmN6fheisGEahRM8mmpmxmeUjaiA96xVNGYm2AyP3VKzqzSJ1GibSkkc/X3xITGxozj0HbGFIdm2ZuJ/3mdDKPrYCJUmiFXbLEoyiTBhMz+Jn2hOUM5toQyLeythA2ppgxtOiUbgr/88ippVl3/wq3eX1ZqN3kcRTiBUzgHH66gBndQhwYwGMAzvMKbI50X5935WLQWnHzmGP7A+fwBUv6NJQ==</latexit>

0.5
<latexit sha1_base64="GxO6czVCUteRAb6J5X2LNo9fm/Y=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCsjruoaGERsLGMaD4gOcLeZi5Zsrd37O4JIeQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZF6aCa+N5387K6tr6xmZhq7i9s7u3Xzo4bOgkUwzrLBGJaoVUo+AS64Ybga1UIY1Dgc1weDv1m0+oNE/koxmlGMS0L3nEGTVWevDcy26p7LneDGSZ+DkpQ45at/TV6SUsi1EaJqjWbd9LTTCmynAmcFLsZBpTyoa0j21LJY1RB+PZqRNyapUeiRJlSxoyU39PjGms9SgObWdMzUAvelPxP6+dmeg6GHOZZgYlmy+KMkFMQqZ/kx5XyIwYWUKZ4vZWwgZUUWZsOkUbgr/48jJpVFz/3K3cX5SrN3kcBTiGEzgDH66gCndQgzow6MMzvMKbI5wX5935mLeuOPnMEfyB8/kDWQyNKQ==</latexit>

0.0
<latexit sha1_base64="JR0CKpTxNv18M7bDkBR79504lsE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVFwMYyovmA5Ah7m71kyd7esTsnhCM/wcZCEVt/kZ3/xk1yhSY+2OXx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d+e0nro2I1SNOEu5HdKhEKBhFKz24Vbdfrth/DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6GdUo2CST0u91PCEsjEd8q6likbc+Nl81Sk5s8qAhLG2TyGZq787MhoZM4kCWxlRHJllbyb+53VTDK/9TKgkRa7YYlCYSoIxmd1NBkJzhnJiCWVa2F0JG1FNGdp0SjYEb/nkVdKqVb2Lau3+slK/yeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorTg5D3H8AfO5w9ReI0k</latexit>

1/T = 35
<latexit sha1_base64="ByPLkfMM6b1bCzt1A76sOx6JIoM=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU91tFT0oFLx4rNAvaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/MW33oNUHA4/3ZpiZF8ScaeO6X05uZXVtfSO/Wdja3tndK+4ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8e3Mbz9SpZkUDTOJqR/hoWAhI9hYqeWdNW6qF/1iyS27c6C/xMtICTLU+8XP3kCSJKLCEI617npubPwUK8MIp9NCL9E0xmSMh7RrqcAR1X46v3aKTqwyQKFUtoRBc/XnRIojrSdRYDsjbEZ62ZuJ/3ndxIRXfspEnBgqyGJRmHBkJJq9jgZMUWL4xBJMFLO3IjLCChNjAyrYELzll/+SVqXsVcuV+/NS7TqLIw9HcAyn4MEl1OAO6tAEAg/wBC/w6kjn2Xlz3hetOSebOYRfcD6+Afa9jg0=</latexit>

FIG. 3: Evolution of (a) mean energy and (b) entangle-
ment entropy with quadrupolar random driving, with pa-
rameters {Jz, Jx, Bx, Bz, B0} = {1, 0.71, 3.2, 0.25, 0.21},
L = 16. Prethermal plateau of entanglement entropy
appears for 1/T � 20. Thermalization time dependence
on 1/T in log-log (c) and log scale (d) for n�multipolar
drivings which confirms the algebraic dependence (1/T )↵

with ↵ ⇡ 2n + 1 for n � 1
.

In Fig. 3 (c), we show the scaling of ⌧E on a double
log plot for di↵erent RMD structures with n = 0, 1, 2, 3.
In contrast to the exponential scaling observed for the
Thue-Morse driving, we identify an algebraic dependence

⌧E / (1/T )↵ with ↵ ⇡ 2n + 1, (6)

for n � 1. Interestingly, the fitted exponent strongly
depends on the multipolar correlations and is to a good
accuracy a simple function of n. We have verified that the
scaling exponent is robust to change of parameters. As
a comparison, we also plot the same result on a log scale
in Fig. 3 (d) which indicates a clear deviation from an
exponential fit towards larger 1/T , especially for n � 2.

The thermalization time of the purely random drive
n = 0 is short (⌧E < 1) and independent on the driving
rate, which demonstrates a qualitative improvement for
heating suppression by the multipolar structure. Note,
we also identify that random drives n = 0 may follow
Eq.6 with exponent ↵ = 1, see Supp. Mat. [37], but
the crucial di↵erence to the case of n > 0 is that such
scaling is only observed in the perturbative regime for

Figure 3: Scaling of the lifetime of the prethermal plateau as a function of the order n of the RMD. (For
more details, see reference.)
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