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1 Introduction

Since many decades nanoporous materials, for example zeolites, play an eminently im-
portant role in the catalysis of oil refining and petrochemistry. On the other hand,
molecular sieve materials began also to attract some attention as optical material in
last years. It was realized that their nanometer size pores allow to host guest molecules
giving so substance to a new class of optical material with properties which neither the
host, nor the guest alone could ever possess. In this way new pigments and luminophores
were realized as well as novel optically nonlinear and switching materials. The various
actually realized materials are reviewed in this book in chapter Nanoporous compound
materials for optical applications — Material design and properties.

A closer look at the approach of arranging molecules in an ordered framework of
pores reveals a series of aspects of fundamental interest: For example, the stereometric
restrictions which the pore framework imposes on the motional degrees of freedom of
the enclosed molecules reduces their diffusion to one dimensional diffusion in channel
pores [1]. Or, as with the concentration also the average distance between two guest
molecules is controlled, their dipolar near field interaction can so be adjusted. In opti-
mal circumstances optical excitation energy can then be transferred nonradiatively over
distances of several micrometers [2]. That are just two examples of new phenomena in
molecular sieves, which at this moment are still studied to achieve full understanding,

and which will soon find their way into applications in science and technology.

In this chapter we will be concerned with another new optical application of nano-
porous compound materials, namely microlasers in which light is generated by organic
dyes embedded in wavelength size resonators of molecular sieve material. In these laser
devices the dye molecules are enclosed in nanometer size channel pores of the molecular
sieve, whereas the crystalline sieve material itself which forms the resonator has exterior
dimensions on the order of a few micrometers. Figure 1 illustrates the arrangement
of the molecular dye dipoles which are aligned in the pores of a hexagonally shaped
AIPO4-5 molecular sieve host. In this example of molecular sieve material the channel
pores point to the direction of the crystal c-axis. If the enclosed species of dye molecules
have an elongated shape and exhibit a transition dipole moment along their elongation
axis, then the dipoles end up oriented parallel to the host c-axis as well.

A dipole can not emit in direction of its axis. Therefore the emission of the dipoles

shown in Fig. 1 occurs in a plane normal to the host crystal c-axis. Once the light



Figure 1: Schematic picture of the arrangement of the molecular dye dipoles in the chan-
nel pores of the hexagonal molecular sieve host crystal AIPO4-5. The spatial
cosine-square emission efficiency of a dipole is represented as doughnut shaped

surface around the dipole axes.

emitted by the dipoles arrives at the boundary of the molecular sieve crystal, part of it
is reflected back into the material. In fact, given the hexagonal geometry there is even
a bundle of directions for which total internal reflection occurs. Figure 2 illustrates how
optical rays of this bundle loop around the crystal, and, reflected by the hexagonal sides,
form a whispering gallery mode. In that way regularly shaped crystals of molecular sieve
hosts form microresonator environments for the light emission of inclosed dye molecule

guests, and if the molecules provide sufficient optical gain, laser oscillations will build
up [3].

Light emission in a microcavity environment, however, is in many respect different
from the familiar emission into free space, such as fluorescence. In fact, this difference
can be striking. For example, to achieve laser action in a conventional millimeter size
(or larger) laser resonator the pump must overcome a certain threshold. In a microlaser
in which the resonator is of the size of a few wavelengths, however, lasing can occur
without threshold. That means that every absorbed pump quantum is transformed into
a laser photon. Therefore, in order to appreciate the significance of light generation in
molecular sieve based microlasers, we need to understand the differences between the
emission processes of a molecule in a free space environment as opposed to emission in

a microcavity environment.

In the following we will review spontaneous as well as stimulated light emission of
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Figure 2: Light which is confined by total internal reflection at the hexagonal boundaries

can circulate inside the molecular sieve crystal as whispering gallery mode.

molecules, and we will show that the respective emission rate is not an inherent molecular
property, but is a function of its environment, or more precisely, of the mode density
of the electromagnetic field. This becomes apparent when in the distance of a half to a
few wavelengths of the molecule mirrors exist. But this is indeed exactly the situation
of here discussed dye molecules which are enclosed in a molecular sieve microresonator.

On the other hand, we know that emission and absorption of radiation is accompanied
by a transition of the molecule from a state with energy F; to a state with energy Fs.
The frequency of the emitted or absorbed light is then w = |F; — Fs|/h, where A is
Planck’s constant. The presence of h clearly shows that emission and absorption of light
is intrinsically a quantum mechanical process. Therefore our discussion will have to
involve the quantum aspects of the interaction of the dye molecules with the light field,
as well as the quantum nature of the light field itself.

The situation is even more peculiar because the resonators of the molecular sieve
microlasers have a hexagonal outline. For a hexagonal resonator one can not find an
orthogonal coordinate system in which the wave equation can be solved by the usual
method of separation of variables. Thus we will have to discuss the properties of mi-

croresonators in view of this impediment.

In consideration of these facts we have organized the discussion in the following way:

In the first section we introduce the concept of modes of the electromagnetic field as its



countable degrees of freedom, and based on this, we introduce the quantized optical field.
In the next section fluorescence, i.e. spontaneous emission in a free space environment
is discussed, and the frame is set for the treatment of cavity effects in the next section,
in which spontaneous emission in a resonator environment is examined. Then the effect
of a resonator on stimulated emission and laser action are surveyed. After this we
characterize the peculiarities of microresonators, and finally we present the most recent

achievements and realizations of molecular sieve microlasers.

10



2 The concept of modes of the electromagnetic field

and its quantization

In optics in general, and particularly when lasers are involved, the notion of modes is
ubiquitous. As this term is used in many different and disparate circumstances it is
necessary to define the term for further usage. In this section we give a short tutorial
introduction of the concept of modes of the electromagnetic field, and we show the im-
portant role the mode concept plays in the procedure of the canonical quantization of the
field. An account of the mode structure of resonators and particularly microresonators

is then presented in section 6.

2.1 The dynamics of the classical field

A convenient way to introduce the mode concept is to consider a simple realization of
the electromagnetic field, for example a source-free field. We can think of it as the field
that subsists after a source located far away has stopped to emit. After the emission
stopped, the classical field evolution is governed by Maxwell’s equation in the following

form (cgs-units):

V. =0 Gxp- L0B

c Ot

Lo . - 10E
V-B=0 VxB= -2~ 1
% c Ot (1)

2.2 Discretizing fields — Random fields

Most practical light sources, such as incandescent lamps or light emitting diodes LEDs
(though not lasers), emit a nondeterministic, chaotic field, i.e. a field whose spatio-
temporal evolution can only be described in statistical terms. In communication engi-
neering terms such a field is referred to as a noise field. We like to point out that we can
understand important features of those fields in classical terms. It is thus not necessary
to enter the quantum world in order to encounter nondeterministic fields. In order to
keep the mathematics simple, it is convenient to deal with a field occupying a discrete,
instead of a continuous number of degrees of freedom.

The trick usually used to achieve discretization consists in confining the field into a

finite volume V. At the end, the limit V' — oo can be carried out, if necessary. Con-
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finement to a finite volume V' allows us to represent the spatial component of the field
as a series (superposition) of a discrete number of functions. As (1) is a system of linear
equations of the fields E and B we can always represent a solution as a linear superposi-
tion of field functions. Of course it is convenient to choose a complete and orthonormal
set of functions {¢;(7)}, that also fulfill eventually given boundary conditions. These
functions are called (spatial) modes. Thus a mode of the classical electromagnetic field

is characterized by the following properties:

e {p;(7)} orthonormal:

/V o (P)pn(F)AV = b 2)

o {©;(r)} complete:

B = 3 CapPe™t + 3 Cipi(fe 0

Ey(rt) = EP + B (4)

o {;(T)} satisfies the spatial boundary conditions given by the shape of volume V.

Obviously ES) = (Eg(;+))* (with * we denote complex conjugation). The sets {C;},,.-
are discrete, and they now represent the complete information about the field. In a
deterministic field the individual {C;},, . are fixed complex numbers. For a nondeter-
ministic field, however, the {C;},, . represent random variables. Thus for a stationary

field they are defined in terms of probability functions:

p({Ci}) =p(C1, C2,C5, .. (5)

If we consider a function F' that depends on the random field, say E, or E), then
we can only express F' in statistical terms, that means we can only assign expectation

values:
(F(EW)) = /V p({C}) FIED ] TT e (6)

In contrast to a thermodynamic situation in which the expectation values are sharply
peaked, an experimental realization of F' in optics can significantly differ from the ex-

pectation value ( F').

12



2.3 The classical Hamiltonian of the source-free field

For a source-free field the classical Hamiltonian H can be interpreted as the total energy
of the field. As we have constrained the field to the Volume V| the total energy is given
by [4]:

1 =0, 1 =,

H= - [ [eoE*(T,t) + —B~(r,t)] dV . (7)

2 Jv Ho
In the following we will show that the Hamiltonian (7) can be represented as a sum of
terms that are analogous to a harmonic oscillator (The thoughtful reader anticipates the

reason...). For that purpose we express the fields E and B in terms of their potential.

2.3.1 The potential of the free field

We recall that Maxwell’s equations of a source free field are gauge invariant. In the
case we discuss here we choose the Coulomb gauge, and as a result we obtain a purely
transverse field potential A:

- —

V-A=0 . (8)
The electric and magnetic fields are related to the potential according to:
— a — — — —
E(7,t) = —QA(F, t) ., B(rt)=V x A(r\t) . 9)
Inserting this into (1) we obtain the wave equation
o 1 0% o
A- S ——A=0 . 10
v c? Ot? (10)

2.3.2 Discretization procedure for the potential A

We follow the thread outlined in section 2.2, and to keep things simple, we consider a
cube shaped volume V with an edge length of L. With this conditions the discretization

of A acquires the form of a Fourier series (plane wave expansion):

A7 t) = ﬁ ; Az (t) exp(ik - 7) (11)

where the wave vector k has the components

k1:27T7’L1/L s nq :0, :l:l, :|:2
kg = 271'712/[/ s To = O, :t]_, :t2 ‘e (]_2)
k3:27rn3/L s 7’L3:O, :l:l, :t2

13



and ) extends over the modes indexed by ni,7n2,n3. The chosen normalizing factor

will soon prove to be useful. Evaluation of the gauge relation (8) results in
i g d =d
k

for all 7. This is only possible when
ko Axt) = 0. (14)

thus ISJ_/T,; (i.e. transversal field). As the potential A(F,¢) assumes real values, the

coefficients Aj observe

A () = A1) . (15)

k

In addition, wave equation (10) must be satisfied, resulting in

02 -

(@ + w,§> A-(t) =0, (16)
with wy = ck. The general solution of this ordinary differential equation is represented
as

Ap(t) = G704 et (17)

As (14) fixes the transversal character of each plane wave mode, only two components
(the polarization components) of the vector /f,;(t) are at free disposition. In order to
simplify the notation let us agree to let index  point to n1,n2, ng (see (12)), as well as
to the polarization components 51, 52 To remember this, we will from now on refer to

the corresponding index as .. With this notation we can write for the potential

- 1 —jw * iw ik
A7 t) = W Z[ckse kel 4 S kgt]ek ’ (18)
ke
and with
i (1) = ar ! (19
we get
1= 1 ik —ik-7
A(rt) = Nk Z[ng(t)ek + g (1), (20)
ke
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By inserting (20) in (9), we can express the electric and magnetic field as a sum of

mode functions

—c.c.] (21)

V(& x E)eFT — c.c] (22)

where with 5 we represent the polarization unit-vector. We note that the total informa-

tion on the (classical) field is now contained in the functions u,(t) (19).

Note: To avoid confusion, we have to point to a minor inconsistency in the notation:
As is typical for expressions of the magnetic field, the vector product in (22) reshuffles
spatial and polarization indices so that the correct expression in fact consists of two sums
containing the polarization vector. The resulting expression looks bulky, and requires
some consideration. For this tutorial we prefer to emphasize the basic mathematical
structure. So we choose this visually intuitive representation although the indices are
not correctly rendered. To obtain the correct result one may work out the procedure in

the component notation of (20) and (9).

2.3.3 The mode density

Let us return for a moment to the volume L? we considered for deriving the mode expan-
sion (11), which was a cube with edges oriented along the coordinate axes (z1, 9, x3).
According to (11) we can expand the field in this cube in a 3-dimensional set of run-
ning modes {k1}, {ka}, {ks} [cf. (12)]. Along the zi-axis we have the modes labeled by
ki = 2mny/L; (ny = £1,42,...); because we consider only running modes (travelling
waves), we omit ny = 0. In the interval between k; and k; + dk; we find dn; modes,
where dn; = dk; L/27. The analogous applies for the other directions. According to
Fig. 3 we can specify the number of modes in the interval between |k| and |k +dk| simply
by counting the dots in the volume of the corresponding spherical shell, which amounts
to 4rk? dk - 2 (factor 2 because there are two independent polarization states associated
with each ) Considering the scaling of the axes in Fig. 3 we can use this to express
the number of modes in Volume V = L? as

3
Number of modes in V = 2 - 47k*dk <2£) . (23)
s

15



Figure 3: Mode distribution in /Z—space scaled by multiplication with i Each dot
corresponds to a wavevector % which represents two independent, orthogonally

polarized waves.

The mode density p(k)dk, that is the number of modes in interval |d7<:| per Volume
V = L3, is then given by

_ #ofmodesin V. k*dk

k)dk
p(k) v -

(24)

With k£ = % we obtain

w2

p(w)dw = = dw . (25)

This is known as the free space mode density. Note that p(w) represents the volume

normalized density of modes, i.e. the units of p(w) are number of modes / (frequency x
volume).

Let us now consider a linear function ¢ of the field, which thus can be represented

as a sum over the field modes & as
C= > (k). (26)

For a large cube, L — oo, the sum over the discrete set of modes has to be transformed

into an integral, which has to sum over a measure that is a density

% > (k) — (27103 / Pk (k) . (27)

k1,k2,ks

16



Switching to spherical coordinates d*k = k2dk sinfdf d¢, where ¢ denotes the az-
imuthal and @ the polar angle of l;, and transforming this equation to frequency space

w we obtain observing k = w/c

1 - 1 P 2 ,
E > k) — e /dwc—3 /O do 81119/0 do (k) (28)

In this representation we take into account that ¢ can depend on the polarization,
which can be expressed as ( = (¢, 0, k). Also, ¢ allows us to introduce E—space structure
functions into the mode counting sum, so that the mode density can be calculated for
arbitrary boundary conditions. Note that the procedure relies on certain properties of the
field, one of which is (7). This equation expresses energy conservation, thus the above
calculated mode density refers to undamped modes. The situation with microlasers,
where sources of the field are present and the modes are damped, is more intricate and

is discussed in section 6.

2.3.4 The classical Hamiltonian of the source free field

Let us insert the electric field (21) and the magnetic field (22) into the energy (7) (note

that [, el(E=R)7 g3y = [3 dz), then we obtain the Hamiltonian

H=2> w|u(t)?. (29)

The energy appears here as the sum of the energy of each mode. This is intuitive, and
at this point we could stop satisfied with the result. However, there is one thing that
experience revealed: As elegant it might be, expression (29) does not lend itself to an
idea that opens a viable way for the quantization of the electromagnetic field.
Although at this time it looks utterly artificial, but the following substitution proved

to be a wonderfully prolific device:

Ie(t) = [ (1) + g, (1)} (30)
Pre(t) = —iwi[us (1) — u (1)) (31)

At this time this expressions can be regarded as the definition for the functions ¢ and
p that, as can be shown, satisfy the relations ¢, = pk, and pyx, = —w2qk§. Thus the

functions ¢ and p evolve in analogy to the canonical position and momentum variables of

17



the harmonic oscillator: In fact, inserting (30) and (31) in (29), we obtain the expression
1
H=3 > Ik (1) + wi gk (D] (32)
ke
which has the same form as the Hamiltonian of a series of independent (not coupled)
harmonic oscillators.

What do we have achieved so far?

1. By restricting the fields to a finite Volume V', the potential of the electromagnetic

field was decomposed in a discrete, although infinite, series of spatial modes.
2. Each spatial mode was associated with a harmonic oscillator.

3. That this is a sound result can be seen by verifying the canonical equations of
motion, which indeed show that 0H/0px, = i, and OH/Oqx, = —Pu,-

To be complete we write the fields expressed in terms of ¢ and p :

At = g 3ok 0) i ()] e (33)
ke

Brt) = g 3 ot (1) Hme(0)] e (34)

Brt) = g > {|akelt) om0 (Fx €65 — e } (35)

Note: As in (22) the same inconsistency arises here with (35). See the note on p. 15.

Thinking about quantization of the electromagnetic field? Well, quantizing a har-

monic oscillator - we know how to do this, don’t we?

2.4 Canonical quantization of the electromagnetic field

We assume that the reader is familiar with the postulates of quantum mechanics in
general, and with the quantum mechanics of the harmonic oscillator in particular (see for
example [5]). In anticipation of the following procedures, we have already put together
the main constituents we need to apply the correspondence principle [5, p. 337ff] for
quantizing the field. As first step we associate with each of the classical dynamic variables

a Hilbert-space operator. At this time we choose operators in the Heisenberg picture.

18



In this way the correspondence to the classical formulas is more obvious. As always in
quantum mechanics we also have to carefully consider commutation of the operators.
According to the correspondence principle intent [6, 7], we associate the following

operators with the classical canonical variables (30) and (31):

Gk (t) — ai () and (36)
Pre(t) — P (t) (37)

The operators q and p of the same mode represent noncompatible operators. We use
that the commutator of a canonically conjugated pair of operators amounts to ih. On
the other hand, equation (32) indicates that the modes (oscillators) are uncoupled.
Therefore the associated Hilbert-space operators of different modes will commute. Thus

we obtain the following commutation relations:

@k () Prg ()] = iR (38)
A (1) a ()] = 0 (39)
[P (1), Pie ()] = O, (40)

and accordingly, the following uncertainty relation:

([ )| (41)

5{;&1(,5 : (42)

Agx, Apkg >
>

NSt N

The state of a quantum mechanical system — here the electromagnetic field — is
characterized by a state vector, say the ket ). The measurement of the observable
O will produce a value coinciding with an eigenvalue of the Hilbert space operator O
associated with the observable O. However, only when the state of the field |1) happens
to be an eigenstate of the operator O, we can precisely predict the outcome of the
measurement of O. If the state of the system does not coincide with an eigenstate of O,
then it is only possible to predict the probability to obtain a certain eigenvalue. Thus
the outcome of the measurement of O is predicted by the probability distribution given
through the scalar product (¥|0]v).

At this point the profit we gained by reinterpreting the classical Hamiltonian (29) in
the form of (32) becomes apparent. By identifying the classical observables in (32) with

19



the operators (37) and (37), we obtain a Hamiltonian operator that exhibits required

quantum properties. Thus

H=3 > Pk (1) + wieaie, (1)] - (43)

ke
Note that with the transposition of the classical problem into Hilbert space, the variable
space was transposed as well: The new dynamic variables now are the operators qy ) (1),
Pi, (1), as well as the field operators A(7,1), E(7,t), B(7,t), etc.. The classical variables

7 and t are now relegated to play the role of mere parameters.

In the following we try to find out why the analogous transposition of the classical
Hamiltonian (29) fails to produce a Hamiltonian operator that is consistent with the
quantum mechanical postulates. We will start to seek the quantum mechanical equiv-
alent of mode functions uy,(t) appearing in (30) and (31). Obviously these must be

operators.

2.5 Creation and annihilation operators

The operators that play the analogous role to the functions wuy (t) in (30) and (31)
are called annihilation operator aLE (t) and creation operator ay,(t)". They can be ex-
pressed in terms of the Hermitian operators qy (¢) and py,(¢) as the following pair (the

normalization will be justified later):

A (t) = —g—[wi Qi (1) +ipi ()] (44)

a (1) = [Wiee Qi () — P ()] (45)

The comparison with (30) and (31) also shows that these operators exhibit the the time
dependence
a (t) — g (0)e et (46)
al (1) = al (0)e" " (47)

Similarly as the classically equivalent functions in (30) and (31) are complex conju-

gates, the annihilation and creation operators are Hermitian adjoints, which is expressed

! Although they play an analogous role, they do not correspond to the classical mode functions in the

sense of the correspondence principle, as we will soon discover.
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by the symbol T. Since aLE (t) # ak,(t), they are not themselves Hermitian but Hermitian
adjoints, and thus can not qualify as physical observables. Like qy, (t) and Pice (t) they

are not compatible (do not commute). From (38) and (40) we obtain the commutation

relations
(1) 2, (0] = G (48)
ax (1), 2 ()] = 0 (49)
2k ()2, (1)] = 0 (50)

However the dynamic variables qy,(¢) and py,(¢) are Hermitian, and can consequently

be associated with observables

Q) = [zl (t) +al (0] (51)
pe(t) = i/ mefal (1) —an (1)) (52)

After comparison of these two equations with (30) and (31), we are confident that
ay, (t) and aLg (t) play an analogous role as the classical mode functions u(¢) and uj ().
Therefore, it is the set of operators {ay(¢)} that in the quantum analogy carries the
total information about the field. As the information of each quantized field mode is
now expressed in terms of an operator, instead of simple c-numbers, we must expect a
correspondingly richer structure of the quantized field richness in the sense that in the
quantum description, non classical field configurations arise that do not have a classical

equivalent.

We can now express the Hamiltonian operator in terms of annihilation and creation

operators. We insert (51) and (52) into (43) and obtain

H= 03 hufaw, (1l (1) + al, (1o (1) (53)

ke
In this equation the annihilation and the creation operators appear in a symmetric
way. From its visual appearance (53) can be considered to closely resemble the classical
Hamiltonian (29). An the other side we have to consider that annihilation and creation
operators do not commute, and the apparent symmetry may only be a typographical
one. There is no doubt that the Hamiltonian operator per se is Hermitian and thus

represents an observable, the energy of the field. The energy of an optical field is usually
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measured by absorbing the light in a photo detector, say for example a photo diode. As
will become obvious below [c.f. (58)-(60)] for the description of absorption processes it is
practical to have the Hamiltonian operator in a form in which the annihilation operators
stand to the right of the creation operators. This normal ordering form is achieved by

successive application of the commutation relations (48)-(50). As a result we obtain

H=" " hufaf (Haw (1) + 3] - (54)

Obviously the operator product a};5 (t)ak(t) is Hermitian, and represents the number

operator Ny,
Ni = al,_(t)aw(t) . (55)

As its name indicates, Ny, counts the number of photons in each mode k¢. Note that
because of (46) and (47) the number operator Ny, is constant in time — a mandatory
property for a conserved quantity of the field, like H (54). The eigenvalues of the
Hamiltonian operator (54) are fuwy, X (1, +%), with n, =0,1,2,3,..., 00. It is evident
that ny, represents the photon occupation number of mode k¢. In (54) the contribution
of %hwk£ to each mode represents the vacuum fluctuations of the field. Clearly, this term
is not present in the classical Hamiltonian (29).

At this point we should have discussed the eigenfunctions of the annihilation and
creation operators. We postpone the discussion to the following section. in which
we introduce the coherent states, and were we are able to better illustrate the special

meaning of those eigenstates.

Summarizing we can now reconstruct the reasons why the direct application of the
correspondence principle to the classical Hamiltonian expression (29) fails, but works on
(32):

e The correspondence principle refers to physical observables. On the other side,
from the perspective of classical physics, the concept of observables is not well
defined, and therefore it is not possible to anticipate that the operators a and af
associated with the classical mode functions wuy,(t) and uy, (¢) are not Hermitian

and thus do not represent observables.

e In the representations of the classical Hamiltonian the mode functions uy,(¢) and

ul*(g (t) enter in a symmetric way. The normal ordering procedure of the operators a
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and a' in the Hamiltonian operator shows, however, that the equivalent operators
do not contribute equally to the Hamiltonian. In (54) the factor %hwkE representing
the vacuum fluctuations is a result of this asymmetry. Since vacuum fluctuations

do not exist in the classical picture, the term could not be anticipated.

2.6 States of the optical field

In classical physics the information of the electrodynamic field is contained in the electric
and magnetic fields, or their associated potential functions. In the quantum description,
however, the information is contained in a state vector (wave function). In the following
we discuss two important states of the field, the Fock states (or number states, states of
fixed photon number), and the coherent states (harmonically oscillating fields).

A practical way to represent a state vector is in terms of a series of eigenstates of a

suitable operator, and this is what we are going to do as next.

2.6.1 The Fock states (number states) |ny,)

The Fock states are defined as states with a fixed photon number. Thus they can be
represented as eigenstates of the number operator (55). Considering the mode k¢, we

have the following eigenvalue equation

Nic. miee) = @l ()an (£)niee) = muee|muee) (56)

in which ny, represents the number of photons in mode k¢. The Fock states are stationary
because of (46) and (47). In fact, we can see that a ground state |0) (vacuum state) is

associated to each mode by
ak€|0) =0 . (57)

The following relations motivate the names of the annihilation operator a and creation

operator a :

akglnkg) = ,/TLk?5 \nk§—1> (58)
a ) =\l + 1 |+ 1) (59)

a;rcfakg|nk§> = Nk |nk5> (60)
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We can construct an arbitrary Fock state \nkg) by an ny,-fold application of the creation

operator to the ground state,

) = \/iTg(aﬂg)"kﬂO) : (61)
The Fock states are orthogonal, and with the factor introduced in (44) and (45) they

are normalized,

<nk§ ’mk§> = 5nm ) (62)

and complete

> ) (e | =1 (63)

Tl/kg

They therefore form a complete system of base vectors. The Fock state base is often
used to describe fields with few photons of high energy, for example y-radiation. Optical
fields of visible radiation, like fields emitted by a laser, are more suitably described by

coherent states.

2.6.2 Coherent states |a)

The coherent state represents the quantum mechanical analogue of a classical, harmon-
ically oscillating field. To reduce clutter in the following discussion we will pick out
one spatial mode of the field: |a)x, — [a). In the following we adhere to Glauber’s
“classical” presentation [8]. The coherent state |a) of a mode is defined as eigenstate of

the annihilation operator a:

ala) = ala) (64)
with the complex eigenvalue a (remember, a is not Hermitian)

a=|a| o4 (65)

a being not Hermitian, it is not surprising that the associated eigenstates, the coherent
states |a), are not orthogonal. Thus they can not provide a universally suitable base
system. Although coherent states can therefore not be used to expand an arbitrary

electromagnetic field in the conventional way (see below), they represent an important
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class of fields, namely harmonically oscillating fields, like radio frequency fields, or fields

emitted by well stabilized lasers, and for this reason are interesting to characterize.

Fock states as eigenstates of the number operator have an intuitive meaning, and
therefore we will seek a representation of the coherent states as a superposition of Fock
states. As the coherent state is the quantum analogue of a harmonically oscillating field,
we shall determine the corresponding electric field operator E as well.

Formally we find the expansion of the coherent state in the Fock base with the usual

trick of inserting the unit operator (63):
= In)(nla) (66)
)

The scalar product (n|a) therefore represents the expansion coefficients. Their evalua-

tion is performed with (64), and after we multiply from left with (n| we obtain
(nlala) = a(n|a) (67)
Inserting the Hermite adjoint of (59) gives
Vi + 1{n+ 1]a) = aln|a) . (68)

The expansion coefficients are then obtained by the analogous application of the recur-
sion (61) as

an

(nfa) =

(Oler) . (69)

&

After inserting this into (66), we obtain the representation

a) = (0la) jm ny | (70)

which now is to be normalized. Normalization delivers the value of (0]|a):

1 = (a]a) = [(0|a) Z‘Od

|2n

1(0])|? el*™ | thus (71)
(0]a) = eale® (72)
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As a result we obtain the coherent states in the Fock base expansion as
la) = emalol Z o In) (73)
— v/n!

(ol = et Y O g @)

At this point we are able to calculate the expectation value for finding the considered
mode in a state |o) with n photons:

2n
plon) = [{njay)? = DTt (75)

where |a|? denotes the average photon number 7 of the mode,
n = |a|* = (ala'ala) . (76)

The expression (75) represents a Poisson distribution with mean value n = |a|? and

variance (An)? = |a]? = n.

Equations (73)—(75) show that the the coherent state |a) associated with the eigen-
value a = 0 coincides with Fock state |0), i.e. a state with vanishing photon number
expectation, thus called vacuum state.

We derived the coherent states as eigenvectors of a nonhermitian operator. According
to the postulates of quantum mechanics we can therefore not expect that they span a
base of the Hilbert space. In fact, their scalar product does not define an orthogonal

relation
() = 3 V" - baf bR ara-far sl (77)
n:

(Note: Although the coherent states are not orthogonal this does not automatically
imply that it is impossible to expand an arbitrary state in a series of coherent states

[8].) The absolute value of the scalar product is
(a8 = el (78)

Loosly speaking, the coherent states |a) and |3) become increasingly more orthogonal
the more they are apart. This is due to the overlap of the state vectors, which is given

by the zero point fluctuations. In fact, the coherent states can also be represented as a

26



displaced vacuum state. Intuitively this corresponds to a classical field amplitude with

added zero point fluctuations. In operator notation:
@) = D(a)[0) (79)
where the displacement operator D(«) is represented as [8]:

D(a) = exp (aa' —a*a) . (80)

2.6.3 The operator of the electric field E

According to the correspondence principle we construct the electric field operator E
corresponding to (34) by replacing the classical canonical variables ¢ and p with the

operators (51) and (52). For the mode we consider this leads to

E(t) = \/1_L [p(0) cos(k - 7 — wt) — wq(0) sin(k - 7 — wt)] (81)

and when we insert (44) and (45)
E(t) = iy /525 [a(t)eF™ — al(t)e 7] | (82)

2¢0 L3

| hw
E = -
p 2€0L3 (83)

is often called electric field per photon. Expression (81) particularly illustrates the fol-

where in the literature the factor

lowing points:

e The field consists of two components oscillating in quadrature.

e The operators q(t = 0) and p(t = 0) associated with the quadratures are Hermitian

and constant in time.

e However, q(t = 0) and p(t = 0) are not compatible. That means the quadratures
are not simultaneously measurable quantities, a result that from a classical point

of view can not be anticipated.

e The quantum properties of the field, including its fluctuations, are determined at
one time, for example ¢t = 0, and do not change at later times (provided the field

is not further manipulated).

e As the two field quadrature operators are not compatible, we should not be sur-
prised that it is not possible to construct a Hermitian operator for the phase of
the field.
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2.6.4 The uncertainties of the coherent state

Remember that the coherent states are defined as eigenstates of the annihilation operator
and not of the quadrature operators q and p. Therefore, the expectation value of latter
observables can not be exactly defined, but will exhibit an amount of uncertainty. In
addition, we have seen that the quadrature operators are incompatible, thus, they obey
the uncertainty relation (42). Let us now determine the uncertainty product AgAp for
a coherent state. (Note that (AA)2 = (A — (A)1)%) = (A*) — (A)2)

We calculate the expectation value of the observables ¢ and p for a coherent state
|a) by inserting (51) and (52). Referring to (64), we obtain

(@const. = (ala(0)]a) = Vh/2w o+ o] (84)
(Pleonst. = (alp(0)]a) = Whw/2[-a+a’] (85)

After application of the commutation relations (38)-(40) and (51) we find for the

operator g2

> = £ [a®+al’ +aal +ald (86)
— L +a”+2afat1], and (87)
(0% conse. = (a]@®a) = & [0 +a*? + 20" a + 1] . (88)

The width of Ag for a coherent state |a) is then given by

h

Ag)? R TR N
( q)coh.st. <q > <q> 2w (89)
Analogously we obtain for the conjugated observable p
hw
(AP)onst. = (PF) = (R)* = = (90)
and for their product
h
(Aq)coh.st.(Ap)coh.st. = 5 (91)

This results shows that this uncertainty product assumes the minimum value allowed by
Heisenberg’s famous relation; cf. (42). Thus, the coherent state is a minimum uncertainty
state, and can be considered to be as close to the equivalent classical state as quantum

mechanics permits.
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Figure 4: Quadrature representation of a coherent state |a) according to equations (95)—
(98). Note that the quadrature operators are not compatible, and therefore,
can not be simultaneously determined. Thus, the uncertainty circle in this
picture should not be interpreted as the contour of a classical joint probability

distribution of observables X and Y, but as Wigner distribution function.

To conclude this section we use (84) and (85) to visualize the nature of the coherent
state. For that purpose we write the expectation values of the quadratures in their time
dependent form. In (81) we can see that already the operators exhibit a purely scalar

time dependence (c-number). Thus

(q(t))const. = (ala(t)|a) = +/2h/w |a]coswt (92)
(P(t))const. = (alp(t)]|a) = —V2hw || sinwt . (93)

The expectation values for the quadrature observables ¢ and p of the coherent state thus

evolve in the way of a classical, harmonic field. With operators normalized to the photon

[ w 1

and for the expectation values respectively

energy we get

Keonsr. = Ja] cosiwt (95)
(Y)eonst. = |a|sinwt (96)
(AX)const. = 3 (97)
(A ), = L (98)
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We picture these equations in Fig. 4 (the quadratures are represented in units of the
photon energy hw). The uncertainty is equal to the vacuum fluctuation energy %hw of
the considered field mode, and the amplitude |a] is characterized by the average photon
number. In summary, Fig. 4 illustrates that the coherent state can be interpreted as a
classical, harmonic field (amplitude |a|) with added vacuum fluctuations (uncertainty

circle).

We said that the coherent state represents the quantum mechanical analogue of a
classical, harmonically oscillating field. Most people connect this with images of same
sort of antenna and radio frequency fields. In fact, we are used to modern electronic
devices which process radio frequency cycle times of up to some tens of ps (10719s).
For optical frequencies, however, electrons would have to respond on the 1071° s-scale.
Circuits with such fast responses are not available yet. The standard way to receive
optical signals is therefore not with an antenna, but with a photo detector, such as a
photodiode or a photomultiplier. In a photo detector an incident photon liberates an
electron. The generated photoelectrons may then be processed with available electronic
devices. For the ideal detector (photon to electron conversion efficiency, or quantum
efficiency, 7 = 1) we can thus regard the electron current at the detector output as an
exact image of the photon current at the input.

In practice we are thus faced with the following question: how does the field state
translates into practically observable features of the photo current? This question can
only be answered in statistical terms. If we assume that the optical field consists of one
mode in a coherent state, then (75) contains the answer. The probability to find the

detector output releasing n electrons is therefore given by the same Poisson distribution

,’7L2TL 7ﬁ2
p(n) = Fe . (99)

The Poisson distribution characterizes a point process (here the process of outputting
photons, or electrons respectively), that means that the quanta are emitted indepen-
dently and therefore only exhibit delta function like correlations. Loosely speaking, the
Poisson distribution is the distribution with the “most random” properties — most ran-
dom also in the sense that the underlying process can be realized in the greatest number
of different ways. It is interesting to realize that the state that reveals the most random
distribution if we detect its quanta, reveals a perfectly determined oscillatory evolution

in case we choose to detect its electric field. Anyway, from the properties of the photo
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electron distribution (99) and the underlying Poisson (or point) process we can deduce
the statistical measures we are interested in, like photo electron current average over an
interval 7 (which is 7iT), its standard deviation (which is v/7iT), or its spectrum (which
for a point process is the Fourier transform of delta function).

Let us now consider a field, which was emitted by a single mode laser, say 1 mW
at 500 nm wavelength. Because the laser is well stabilized this field corresponds to a
coherent state. According to above discussion the number of emitted photons per second
n/7 corresponding to 1 mW amounts to 2.5 - 10 photons per second, and the standard
deviation (RMS shot noise) of the current is 5 - 107 photons per second. (After photo
detection the photons appear as electrons.) In this quantum detection picture, what
makes us saying that the coherent state represents the quantum mechanical analogue
of a classical, harmonically oscillating field? The quantum mechanical aspect of the

coherent state is its noise, here 5 - 107 s71,

The classical aspect of the coherent state
becomes visible if we imagine adding or removing one photon to the coherent state. In
principle we disturb the quantum state by such a manipulation. But already for coherent
states with few photons 7, this perturbation is smaller than the RMS shot noise level.
In above example the perturbation is in the order of 107 of the average current, which
fluctuates naturally by a factor of 107¢. Clearly such a perturbation is very hard, if ever,
to detect. The classical property of the coherent state therefore is its insensitivity for
disturbances on the level of a few quanta. This quasi classical behavior of the coherent
state forms the basis on which the semiclassical approach for describing the interaction
of atoms or molecules (quantum objects) with the optical field (classical object) is built.

For that purpose we keep only the terms that are significant for a field with a large

1

number of photons (limit 7 — 0. That is, we cut off the factor 5 in the Hamiltonian

(54), resulting in the semiclassical Hamiltonian
H=" " hw -al (ta(t) - (100)
ke

Another interesting property is the following: A coherent state can be generated by
a point process. If we attenuate the field with another point process, the result is still
a coherent state, although one with a reduced n. Most practical attenuators, like grey
glass, or semi transparent mirrors, are such attenuators. This is certainly a property
we are used to expect for a classical, harmonically oscillating field, but which is not

automatically true for an arbitrary realization of a quantum state.
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Where do we stand now? When we started this discussion we assumed a source
free field. As we have stated at the beginning, we have to imagine this as the field
that subsists after a source located far away has stopped to emit. This assumption
allowed us to learn about some essential features of the basic quantum properties of the
electromagnetic field. For example, (81) illustrates that if the source were harmonic,
the state of the radiated field consists of a coherent state, and the spectrum an observer
records shows a single sharp line at frequency w. From a practical point of view such
fields are not very useful. Who ever wants to wait until some charges in a distant galaxy
stopped to wiggle so that we can receive their coherent field in our laboratory to start
the important spectroscopic investigation we plan to? No, we need fields we can turn
on and off in the way we need them. That means, we need the sources in our hands,
in our laboratory. The sources we are particularly interested in are molecular sieve
microcrystals that contain fluorescent dye molecules, and under favorable conditions
these molecular-sieve-dye compounds can emit laser radiation.

So let us proceed the discussion with the simplest source of an optical field, a single,
flourescent molecule. This is not an unrealistic situation. It is the very simplicity of
this arrangement that makes a single molecule an important device for exploring the

spectroscopic properties of various chemical and biological environments (9, 10].
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Figure 5: Energy levels of a quantum system with two energy states ‘lo> and ‘up> sep-
arated by the energy hwgy. The energy of the states ‘lo> and |up> is evaluated

relative to the reference energy Ej.

3 Fluorescence in free space

With fluorescence we designate the spontaneous emission of photons by atoms or mole-
cules. The photon is emitted into a mode of the electromagnetic field, so augmenting its
photon number. Simultaneously the atom or molecule transits from an electronic state
of energy F, to one of lower energy FE;. The frequency of the emitted photon then is
w = (B3 — Ey)/h. The presence of Planck’s constant A in the description of this process
indicates that it is a quantum mechanical process. However, real atoms, even more real
molecules, are complicated systems, which even in their most simple realization, namely
hydrogen, exhibit a non-trivial structure of states. We therefore are forced to simplify
the reality. For the purpose of this discussion we will restrict ourselves to the simplest
model of an atom or molecule, the two-level atom or molecule [11]. In the following we

use the term “system” to spare using bulky “atom or molecule”.

3.1 Two-level system and its variables

As mentioned above we consider a quantum system with two energy states ‘lo> and
}up> separated by the energy hwy as shown in Fig. 5. According to the postulates of

quantum mechanics the states ‘lo> and |up> are then eigenstates of the (non-interacting)
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Hamiltonian H4 with eigenvalues Ej + %hwo:

Hllo) = (Eo + 2hwo) |lo)

(101)
Halup) = (Eo — 3hwo)|up)
The states ‘lo> and ‘up> form an orthonormal and complete set:
AIN) =dw . A XN =1(lo), 2(up) (102)

SN =1 . (103)

In the last section in which we discussed the quantized field, we introduced the non-
Hermitian operators a and af, which lowered, respectively raised the excitation of the field
mode by one quantum (photon) hw. Similarly we now introduce the atomic operators b
and b" which lower and raise the energy of the atom (molecule) by hwg. Unlike the field,
the energy of the two-level system is restricted, i.e. has a lower bound E;, = Fy — %hwo
and an upper bound Ey; = Ey+ %hwo. Therefore, the effect of b on state ’lo>. as well as
of b" on }up> must vanish:

b‘up> = ‘lo> bT‘up> =0

b|lo) =0 le10> = |up) . (104)
Repeated application has the following effects

bbT|up> =0 bTb‘up> = ‘up>

bb'|lo) = |lo) b'bllo) =0 . (105)
We can see that bb" and b'b have the effect of number operators with eigenvalues 0, 1 for

the lower and upper states respectively, whereas the repeated application of the same

operator always vanishes:
b>=0=b" . (106)
Those properties can be summarized in the following anti-commutation rules:
{b,b} ={b',b'} =0,
{b.b"} =1 .
where for the anti-commutator of A and B we used the notation {A,B} = AB + BA.

(107)

These anti-commutator relations are characteristic for fermions, and are analogous to
the commutator relations (48)—(50) of a single mode of the electromagnetic field (photon
field), which is a boson field.
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3.1.1 Analogy to spin-; system

All quantum systems characterized by only two possible states are mathematically equiv-
alent. The prototype of such a system is the spin—% particle in a magnetic field. We
thus can borrow from this formalism [12, 13|. Be aware that unfortunately many tech-
nical terms keep their original names, although here they refer to a completely different
physical system.

To describe physical observables of the two-level system at hand, we need Hermitian
operators. Borrowing from the mentioned theory we define the following set of three

traceless Pauli spin operators®

Ro=1-1
Rl—%(bT+b)

1 (108)
R, =—(b"—b
2= 5 )

R; = (b'b — bb')

In the original case of a spin—% particle in a magnetic field these four operators describe
the dynamics of the spin-system. In the case of the two-level system discussed here,
however, they are not related to any spin. But because they form a linearly indepen-
dent, complete set of Hermitian observables, they can fully cover the dynamics in the
two-dimensional Hilbert space of two-level atoms or molecules. Therefore, any system

operator O can be represented as a series of Pauli spin operators

0= gRa . (109)

where the coefficients g, are determined by O. The operators (108) satisfy the following

commutation and anti-commutation rules®

[Rl, Rm] - iElman

(110)
{Rh Rm} = %5lm ) (lamvn = 17 27 3) )

20ften the following spin operators are defined that are not traceless: o, = bT, o_=Db, o0, =Rs.
3€lmn is the fully antisymmetric Kronecker symbol whose only nonvanishing values are eja3 = €337 =

€312 = —€132 = —€321 = —€z13 = 1 [14, p. 209].
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as well as the relations

3 (111)

In short the following relations will be useful

b.R] = —Rs
b, Ry] = iRy (112)
b.Rs] = b

We now construct the representation of the operators in terms of the two states ‘lo>
and |up> of the two-level system. The procedure consists in multiplying the operator
with the unit operator (103) from the left side and from the right side, and observing
relations (104) and (105). At the end we obtain

b = [lo) (up|
bf = |up><lo’ (113)
bb" = |1o)(lo|
b'b = |up><up| ,
and similarly
Rs|up) = 3[up) (114)

Rs[lo) = —1lo) .
Inspecting (114) we see that the states |lo> and ’up> are eigenstates of the Hermitian
operator R3 that can thus be regarded to measure the amount of inversion in the 2-level
system.

3.1.2 System energy and dipole moments

The energy of the two-level system is represented by the Hamiltonian Hy (101) which

by above procedure can be written as

Ha = Ey + 3hwo (Jup)(up| — [lo){lo]) , (115)
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and after using (113) and (108) we obtain

If, like in our figure (cf. Fig. 5) the lower state is the system ground state, then Ey = hwy,
and Hy = hwo(Rs + 1) = hwgb'b.

In the following we will elucidate the physical significance of the other Hermitian
variables R; and Ry,. Those operators are closely related to the dipole moment p. For

atoms, ions or molecules the dipole moment can be defined as
® = Z er; , (117)

where r; is the position operator for the i-th charge e in the system. To express the

dipole operator in terms of b, b'-operators we apply the unit operator trick

p = (Jup){up| + [lo){lo|) ([ up){up| + [lo)(lo])
— Jizob'b + ji11bb! + fi1ob + fioib' . (118)

The coeflicients fi;; stand for the matrix elements (i|p|j) (7,7 = 1(lo),2(up)). We
therefore note that ji;; and f[iss represent expectation values for the dipole moment
in the lower and upper system state, respectively. However, we know that the dipole
moment has an odd parity, and therefore those coefficients must vanish. Because the

dipole moment is a Hermitian operator we thus obtain
p = b + iibt (119)

If the system transition from the upper state ‘up> to the lower state ‘lo> is characterized
by Am = 0 in the real system, then ji12 is a real valued vector. On the other hand, for

a Am = +£1-transition (e.g. induced by polarized light), fi12 is a complex valued vector.

Example: Hydrogen atom; let us assume the following correspondence for

a Am = 0 transition:

two-level system hydrogen atom
o) — In=1,l=0,m=0) (s state)
lup) — In=2,l=1,m=0) (p state)
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If we take the z-axis as the quantization axis and evaluate the specified

hydrogen wave functions, we find [11]:

eape; , (120)

where qg is the Bohr radius and €, €y, €, are unit vectors in direction of
the axes. We can see here that ji;o has the properties of a 3-dimensional
Euclidean vector. With (119) and (108) we obtain

However, if the transition involves Am = 1, as in the correspondence

two-level system hydrogen atom
o) — [n=1,l=0,m=0) (s state)
‘up> — In=21=1,m=1) (p state),

then fi5 is complex:
- 128 S
firz = (lo|p|up) = = eag(€, + i€, . (122)
243
In the case of a complex [i;o we can always rewrite (119) in the following

form

p = fi12(Ry —iRg) + fij5(Ry +iRy)
= 2Re(/l’12)R1 + QIm(ﬁlg)RQ . (123)

In this example we have illustrated how the operators R, Ry are related to

the dipole moment operator p.

As next we will derive an expression for the rate of change of the dipole moment
operator . (In above example of the hydrogen atom the rate of change of p would
correspond to the electron velocity v multiplied by e.) In general, the rate of change
of an observable is determined by Heisenberg’s equation of motion, which in this case

reads as

dp 1
— = —|u,H 124
B M. (124)

38



and which with (116), (119), and the commutation relations (110) or (112) results in

d[l/ 1 - — %
At E[(Mlzb + fib") , (AwoRs + Ey)]

= —iwo(flrzb — fij5b") . (125)

The operators b and b’ are transformed into the interaction picture according to the

usual rule
b(t) = exp [%HA(t—to)] b(ty) exp [—%HA(t—to)] L > 1. (126)

Inserting (116), and observing the operator expansion theorem, as well as commutation
rules (112), we find

b(t) = b(t) e wolt—to)
(t) = b(to) | (127)
bT(t) _ bT(to) elwo(t—to) 7
and for the dipole operator in the interaction picture
p(t) = 2Re(fir2)Ri(t) + 2Im(fi12)Ra(t) (128)

= f12b(to) e7 0t =10) i bl () eleoli=to)

3.1.3 Bloch-representation of the state

We have seen [c.f. (102) and (103)] that the states [lo) and |up) form an orthogonal and
complete set within the two level model. Hence, any pure state of the two-level system

can be represented as the linear combination
) = c1|lo) + co|up) (129)
with
lei? 4+ > =1. (130)

When the system state is not pure and has to be specified in statistical terms, it is

represented by the atomic (or molecular) density operator p(4):

o™ = puaflo)(o] + plup) (2] + puaflo)(up| + pasfup) (o], (131
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Y
fully
excited +1

partly
excited

igure 6: Bloch-vector representation of the state of a two-level quantum system. ure
states are characteri ed by vectors of unit length. ully excited refers to

system occupying pure state ‘up>, whereas fully unexcited to ‘lo>.

where the coe cients p stand for the ensemble average
p =({cc)y, , =12, (132)

which represents a two-dimensional, Hermitian, covariance matrix. Bloch [13] presented

a simple, intuitive, geometrical interpretation of the state in terms of a real three-

dimensional vector ~ with components 1, , 3. In the chrodinger picture they are
given by
1= 2Re(p1 )
= 2Im(p )
3=pP — P, (133)

where often a forth component is added:
o=p +pu=1.

The correspondence between the Bloch vector and the density matrix is a consequence of

the properties of the respective symmetry groups, namely the correspondence between

the real orthogonal group 3 and the special unitary group 2. ote, that also the

to es vector that is often used to represent the polari ation state of light (see e.g. [15])
has 3 symmetry.

In the three-dimensional Bloch-vector representation s etched in ig. 6 pure states

are characteri ed by their unit length. or example the pure state ‘lo> corresponds to the
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down pointing vector ~= (0,0, —1), whereas |up> to the up pointing vector ~= (0,0, 1).

ure intermediate states point in various directions, in particular, states with an equal
mixture of upper and lower states (p = p11) lie in the hori ontal z, y-plane.

As mentioned, a pure state is represented by Bloch vectors of unit length, while for

mixed or impure states the length is less than unity:

=1+ + 3=4[p| +(p —pu)
=1=4(p pu—lps|)- (134)

rom the chwar inequality follows
popu—lpr [ =(le | )lel ) = [{erc”)] =0, (135)

where equality is reali ed when the ensemble contracts to a single reali ation, thus a

pure state. Therefore
1+ o+ 5 <1, (136)

with equality only for a pure state. n the other side the Bloch vector vanishes when
the ensemble consists of an equally weighted mixture of upper and lower states with

random phases.

With (109) we mentioned that the spin operators R form a complete set, so allowing
to represent any observables in the two-dimensional Hilbert space of the two-level system.

Thus in this base the density operator p() has the expansion

3
-3 R (137)
0

where the coe cients  are time dependent, whereas the operators R are time-inde-

pendent. Evaluating ( |[p™| ), (, = lo, up) with (133) we can identify the coe cients
as = , and therefore
3
P =" R . (138)
0

This result shows that the Bloch-vector components can be interpreted as weights in the

chrodinger-picture expansion of the density operator in the spin operator base.
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The symmetry of the Bloch-vector representation (cf. ig. 6) suggests a represen-
tation of ~in polar coordinates ( , , ) rather than artesian coordinates ( 1, , 3).
rom (134) and (133) we deduce

pu=11— 5) =11~ cos )
p =11+ 3)=11+ cos ) (139)
pr =3 1+i )=1 sin € |
resulting in
cos = pP_—Pu , and
. Im(p; ) (140)
n = .
Re(p1 )
3.1. pin operator e pectation al es

In (138) we have illustrated the relation between the spin operators R and the Bloch-
vectors components . In the following we calculate the expectation values of the spin
operators for the system in an arbitrary quantum state which is characteri ed by the

density operator p(4:
R)=Tr[p®™R ], ( =0,...,3). (141)

Inserting (138) for the density operator in the chrodinger picture we obtain

3

(R)=>) Tr( RR). (142)

0

The product of two di erent operators R gives either Ry, R, or Rz, which all have
vanishing trace. The sum therefore only gets a contribution from term = . ince the

trace of a two-dimensional unit vector is 2, we find with (111)
R)Y=Tx(* )=2% , =0,...,3. (143)

The components of the Bloch vector can thus also be interpreted in terms of the expec-
tation values of the spin operators.

We can now calculate the expectation of the energy (116) as

<HA> = EO + lhu}o 3 . (144)
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In the same way the expectation value of the dipole moment (123) is given by

(w) =Re(dr ) 1 +Im(ir ) . (145)

rom this equations we can see that the z-component of the Bloch vector is associated
with the energy of the two-level system, whereas the z- and y-components are related
to its dipole moment. or a two-level system without a permanent dipole moment the
expectation value of the operator g must vanish in the lower, as well as in the upper
state. In those states the operator wu is not well defined and its value uctuates. rom
(119) or (123) we can see that

po=li| - (146)

As a consequence, the variance of the dipole moment in the lower state }lo> and in the

upper state ‘up> is given by

(lo|(Ap) [lo) = [fir | = (up|(Ap) [up), (147)

and is maximum in those states. Therefore, even if the expectation value of the dipole
moment of a two-level system vanishes in the ground and upper state, the system can
interact with an electromagnetic field through the nonvanishing uctuations of . In

the following we will now discuss these interactions.

et us assume that the classical electromagnetic field is described by its electric field E ,
and that the two-level system is located at a fixed point in space and its dipole moment
is characteri ed by the operator p. Also, the typical wavelength of the field is much
larger than the length of the dipoles. The interaction energy H is then given by the
usual expression for the potential energy of a dipole in an electric field. With (123) we

can write

H =—n()- E= —2[Re(fi; )Ry +Im(g;, )R |- E (148)
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The interaction of a charge with an electromagnetic field of moderate power can also

be described by the interaction energy

H=— (@) (01)- (149)

e
m
or the canonical momentum operator we can set mpu e. and with (125) we obtain

— —

H = —u(t) - (1) = ol b(t) — @ bT(1)] - (1) . (150)

We have given two interaction Hamiltonians, (148) and (150).  epending on the problem
at hand one can choose the more appropriate one, although in most cases they lead to

similar results. The total energy of the system in the field consists of the sum
H=H,+H . (151)

where H, is diagonal in the states ‘lo> and ‘up>, whereas H is o -diagonal.
In the chrodinger picture the time dependence of the density operator is given by

the equation

DU M) o) (152)

3. .1 Bloch e ations

As next we consider (152) in matrix element notation. After inserting the unity operator
(102) between H and p(¢) in the commutator relation on the rhs of (152), we obtain

the following chrodinger picture equations

P11 = %KIO‘H (t)‘up>p 1 — c.c

1
p =~ [(lo[H (B)[up)p 1 — cc]
i (153)
1
pr=1r [hwop 1+ (2[H (¢)[10) (o1 — p )] -
eldp er el terei e ere ultip t i teracti d i ate t at ter i a d

i erca e e lected
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sing (133) we can express (153) in terms of the Bloch vector and the result is often

referred to as  och e at on [13]:

2
1= 7—:LIm <lo|H |up>) 3 — W
2

= hRe (1IH |up)) 5+ wo 1 154)

g = —%Im (1|H }up>) 1+ %Im (1[H ‘UP>)

We can see that 3 is constant, when there is no external field.  ultiplying the first
equation with ; the second with  and the third with 3, we find
d
dt

Thus, in the presence of a classical field the length of the Bloch vector remains constant.

That means a pure state stays pure, and a mixed state remains mixed. The structure
of 154) led eynman et a [16] to propose an interesting geometric interpretation. or

that they introduce a vector — with following components
2
1= ﬁRe (lo|H |up))
2
= ﬁlm (lo|H |up)) 156)
3 = Wwp -

With this vector the Bloch equations 154) are equivalent to

4
dt

In analogy to the mechanics of rigid bodies this equation shows that the Bloch vector

= X . 157)

precesses around the vector  with a frequency that is given by the magnitude of
When  itself varies with time, the precession motion may become complicated. We
may evaluate the matrix element <10‘H |up>) using 148) or 150). or example, with
148) we obtain

(lo|H Jup) = —py E't). 158)

et us assume an electric field with frequency w; that is nearly resonant with the two-

level system, so that |w; — wy| < wp. Then we can write

Et)y= &te“+cc.
=2|€ t)]| {Re )cosjwit— t)]+1Im )sinjwnt— )]}, 159)
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where £ t) = |€ t)|e' ) is a slowly varying, complex amplitude, and is a unit polar-

1 ation vector. With this we obtain
(lo|H |up) = —[€ t)| 1 - [ e7'¥ '™ ® +ecel. 160)

This matrix element can now be substituted in the Bloch equations 154).

3. . he rotatin a e appro i ation

As an example to illustrate the rotat ng a e a 1o  at on, let us compare now tran-

sitions with Am = 1 and Am = 0. In the case Am =1 the vector y; has the form

T ey 1 |, es, e, are unit vectors) . 161)

V2

In addition, assume an external field that is circularly polari ed and propagating in the

z-direction, thus

ey + e,

= . 162
NG )
Then we obtain for the scalar products
pp - =0, and proo = | 163)
The Bloch equations 154) then become
1= — t) 3Sin[w1t — t)] — W
= t) 3 COS[wlt — t)] + wo 1 164)
3=— t)sinfwit— t)]— t) cosfwit— )],
where we have introduced the parameter
2 *
t) = 7 £ 1)), 165)
which is nown as the ac a fre enc . The Rabi frequency in this context is a

measure for the coupling strength of the two-level system with the external field. or

the components of the -vector 156) we obtain

1=— t)cosjwit— )]
= — t)sinfwit — 1] 166)
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n the other hand, for a Am = 0 transition p; is a real vector, and if the incident
light is linearly polari ed, then is also real. In this case the Bloch equations 154) read

as

1= —Wo
=2 1) zcoswit — )] +wo 1 167)
3=—2 t) coslwt— t)],

and following 157) we obtain for the corresponding -vector

1=—2 t)cosjwit — t)]
=0 168)

3= Wwp .

0o ing at the two cases of the field interaction, the first with a Am = 1-system, the
second with a Am = 0-system, 164) and 166) seem to be rather di erent from 167)
and 168). However, Allen and Eberley [11, sect. 2.4] have shown that they only di er by
some anti-resonant terms. omparing the expressions for ~ we can see that 168) can be
decomposed into a sum of two vectors, of which the first vector is 166), and the second,
auxiliary vector consists of components — ) cos[wit — t)], + t)sinfwit— t)], 0).
This auxiliary vector rotates around the z-axis with frequency wy — t), whereas the
Bloch vector rotates in the opposite direction with frequency wy. Their relative rotation
frequency thus amounts to wp+w;—  t). Thus, when integrating the equations of motion
over a characteristic time interval, say At 1 wq, the contributions of the fast precessing
auxiliary vector  are small. To a good approximation we can therefore neglect the
auxiliary vector . If we drop the auxiliary , then the Am = 0 interaction with linearly
polari ed light is described by the same set of equations as the Am = 1 interaction with

circularly polari ed light. This is nown as the rotat ng a ea ro  at on.

3. .3 Bloch e ationsin arotatin fra e

et us go bac to 164). This set of equations describes a rotation around the z-axis
at an optical frequency. We will now introduce a rotating reference frame, in which the
motion of the Bloch vector is slower. At first sight, Eq. 164) seems to ustify the
atomic or system) frequency wy as a suitable choice. But after we consider that the

atomic frequency in a spectroscopic sample varies from atom to atom, we reali e that the
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frequency of the applied field w; is better suited if we want to refer the time evolution

of all the di ering atoms to the same reference frame. The transformation from the

stationary frame = ;. , 3) to the rotating frame = . , ;) is given by
= , 169)
where  is the 3 x 3 orthonormal rotation matrix
coswit  sinwit 0
= | —sinw;t coswit O 170)

0 0 1

et us now transform Bloch equations 164) to the rotating primed) frame. or that

we rewrite 164) in matrix form as

= , 171)
where  is the 3 x 3 coe cient matrix. Inserting 169) we obtain
d _ +
dc
= '+ ! 172)
_ —1+ —l)

After we insert the elements of  from 164) and 170) we get the Bloch equations in

the rotating frame

1= w) —wy) + sin g

= Wp—wy) + cos 4 173)
q=— sin 45— COS ,
which with = — cos , sin , wyp— w;) can be expressed as
d
— = X 174
dt )
We can see that the Bloch vector  precesses around with the frequency depending
on| + w; —wp) |! and the orientation of . If the initial direction of the Bloch
vector  is approximately parallel to , then  precesses around on a cone with
small angle, and this cone tends to follow slow variations of the direction of . This is

called @ a at ¢ fo o ng, and can be used to prepare the quantum states of atoms.
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3. . he a i sol tion

In the following we discuss the interaction with a sinusoidal exciting field well stabili ed
laser), so that in 159) the complex amplitude £ is constant and the phase can be made
ero by a proper choice of the time origin. Historically the solution of the interaction
of a two-level system with such a field was given by Rabi [12] when he studied a spin
1 gystem in a magnetic field. or our discussion here, let us assume that at ¢ = 0 the
system starts in the lower state [lo), then 3 0) = —1 and ; 0) = 0) = 0, and the

Bloch equations in the rotating frame are given by

__Wo—w) — cos wo —wi) |1
1) = T wo — ) {1 [+ wo—wi) | t}
t) = T w—o) | sinf + wp—wy) | t 175)
3t):_w0—w1) +  cos| + wop—wi) 't

+ wo—wl)

These equations characteri e an intricate motion. In 133) we have seen that the
component of the Bloch vector is related to the population inversion of the two-level
system. Eq. 175) reveals an oscillation of population characteri ed by 4 t) around
wo—wi) |+ wo—wp) ] with frequency [  + wy—wi) ]! and amplitude +
wp —wi) . This phenomenon is nown as a o ¢ atonor o tca n tat on, and can
be observed in systems, which are well isolated from disturbances, li e in a low pressure
gas [17, 18], that means in systems, in which damping time constants are longer than

the time scale of system motion.

According to the postulates of quantum mechanics, a two-level system initially in its
excited state |up> will stay there for all times in the absence of an interaction. Experience
shows, however, that normally the system will return to its ground state ‘lo> after a
certain time. In the last sections we discussed how the interaction with a classical field
can change the occupation of states. n the other hand, spontaneous emission is a
quantum mechanical process, and its description requires the quanti ation of both, the
atoms and the field. A result of this theory is that the rate of spontaneous emission is
proportional to the mode density of the surrounding environment.

To illustrate this theory we start with the interaction of a two-level system with
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a single mode of the electromagnetic field. The total Hamiltonian thus consists of a
component describing the two-level system H,4, the component of the electromagnetic

field H , and the interaction Hamiltonian H
H =Hs+H +H | 176)

where the two-level system Hamiltonian H, is given by 115), and where for the purpose
of this short overview we insert the field Hamiltonian H in its semiclassical form 100)
restricted to one mode . The interaction is described by a Hamiltonian analogous to

148), in which the field is expressed as Hilbert space operator
H=—pn . 177)

Thus, the quantum properties of the field enter at two places, first through H  100),
and second through H . In H

H = -T 1) 1 178)

the field is represented as the product of annihilation and creation operators. Even
though in this semiclassical Hamiltonian the ero point energy term 1hw of the fully
quantum field Hamiltonian 54) is missing, a part of the quantum reality is still repre-
sented in the noncommutativity of ' and cf. 48). n the other hand, in 177) the
quantum aspect is introduced by the electric field, which appears as the Hilbert space

operator 82)

=1 w [ - T, 179)

In this notation describes a tra e ng a e mode , and is the polari ation vector.
In the rotating wave approximation the interaction Hamiltonian 177) can be written as

[cf. 113)]

h
H=" ’lo><up‘ + h.c.)
h2 180)
—— T hbh+he
— T b+he),
epe di te e etry ftepr le a deca e re uita le 1 e

crre p di perat ri te ie vy N — i +

20



where the coupling coe cient  represents the vacuum Rabi frequency 165), which in
general depends on the location of the two-level system. The total Hamiltonian thus

is given by

H =FEy+hwRs+hw -1 +% " b+he). 181)

In 180) we have represented the interaction Hamiltonian in a form which permits

an intuitive interpretation: the two-level system can
e absorb a photon from the field and ma e a transition from state }lo> to ‘up>, or

e emit a photon to the field and ma e a transition from ‘up> to ‘lo>.

A state ‘ > of the combined quantum system consisting of the two-level system in state
} > and the field say in a number state ‘n> can be represented symbolically as ‘ > =
} ,n>. Within the framewor of the model described by 181) a state { > = ‘up7 n> can
only couple with state ‘ > = !10, n—+ 1>. onsequently, we are allowd to consider the
interaction for each manifold of levels |up, n>, ‘lo, n+ 1> independently.  bviously, in
each manifold the number of excitations amounts to n+ 1 and is conserved. Technically,
this means that for each manifold the problem is reduced to solving a two-level problem.
The full dynamics is then obtained by summing over the dynamics within the appropriate

manifold.

To illustrate the basic concept of spontaneous emission, let us assume that the two-
level system is initially in its excited state ’up> and interacts with only one field mode

which is in the vacuum state |O>,
| t=0))=|up,0). 182)

As stated above, the two-level-field system remains in the one-quantum excitation man-
ifold for all time given the validity of 181)), and its state at time ¢ is given by a

superposition of ‘up, O> and |lo, 1>. At resonance wy = w , the state is described by

| 1)) =cos (%) lup, 0) — isin (g) |lo, 1) . 183)

The probability to find the two-level system in its ground state ‘lo> after time ¢ is

= |(lo,1] t))| =sin (g) : 184)
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This result shows, that the initially unoccupied ground state ‘lo> spontaneously becomes
occupied, even though the field initially was in a vacuum state. This is due to the e ects
of the quantum nature of the field, which we pointed out at the beginning of this section
3.3. ote, however, that if the two-level system is initially in its ground state }lo> and
the field in vacuum state }O>, then the two-level system will remain there for all times.

n the other hand, above result for exhibits an oscillatory behavior at Rabi
frequency , which is in contrast to experience where the decay is irreversible. In the
simple model described by 181) the two-level system interacts with only one field mode,
which also is undamped. Therefore the two-level system can reabsorb the photon from
the field, so returning to its initial state. ater on we will discuss how recent experimental
progress has allowed to observe this oscillatory regime. But for the moment, we will
discuss how spontaneous emission becomes irreversible, when the photon is emitted into

a multimode vacuum field.

A realistic model of a two-level system in free space involves the interaction with a
multimode field. Instead of 181) we therefore consider a Hamiltonian of the following

form

h
H =FEo+hwRs+ > hw - T +ZT "b+he), 185)

where the last term describing the interaction is the multimode interaction Hamiltonian
H cf. the single mode Hamiltonian 180).

imilar as above in the single mode case we assume that all the modes of the field
are initially in their vacuum state and that the two-level system is in its excited state,

so that we can write

| t=0)) = |up,{0}), 186)

where |{0}) labels the multimode vacuum, and for each mode ~ we have  [{0}) = 0.
The state of the combined system can then formally be described by the superposition

of states

| )= e up.0y+> e Jup.l ), 187)
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where the coe cients at t = 0 are set to fulfill the initial conditions, thus ¢ = 0) =
1, t =0) =0. or convenience we have extracted the fast time dependence, and we
have reset the origin of the two-level system energy so that hw = 0 and hw = hwy.
The field state ’1 > can be represented by

1 )= " o0). 188)
The equations of motion for the coe cients t) and ¢) are readily obtained as

d t) o _iz efi(w —wo)t t) 189)

dt 2
d 0 i
_ o o Lw —wo)t t 1
pp 5 e ) 90)

If we restrict ourselves to times ¢ close enough to ¢t = 0 so that the initial coe cients do
not change significantly, we can approximate ¢)in 190) by its initial value ¢t=10) =1
this approximation is often named first order perturbation theory). With this we can

readily integrate 190) and we obtain
|| sin [fw —w)t]

t)] = X
| ) 4 Lw —w)

191)

The probability to find the two-level system in its excited state after time ¢ is then given
by

=1->1 1. 192)

where the sum collects the contributions of every mode which the two-level system can
couple with. Here we can see for the first time, how the structure of the mode space
a ects the spontaneous emission: As the sum only gets positive contributions it clearly
increases when the number of participating modes increases, so reducing the probability
ince the frequency bandwidth over which the dipole moment couples with the
field is limited, so actually the number of modes per frequency interval is the significant
parameter governing the si e of the sum. And this parameter depends on the geometry
of the space in which the uorescent system can radiate into. This is the observation
on which attempts to modify the spontaneous emission rate will hoo on. We will come
bac to this in a moment.
When the two-level system radiates into a space which is densely populated with

modes, such as free space for example, then it couples to a whole continuum of modes

23



over which we have to extend the summation. athematically this means replacing the
sum in 192) over the modes by an integral. We discussed this problem in part 2.3,
where we obtained the transformation rule 28). If we equate in 28) with 191) where
we insert 165) for the vacuum Rabi frequency with 83) as electric field, we can wor
out the integrals and we obtain

sin [ w —wpt]

1
=1 - — d 3 . 193
6 o h/ aO R R T a— )

ow, as time ¢ moves on, the term with sin [ w —wo)t] [ w —wp)] will be

significantly over ero only for modes with frequency w =~ wy. This term therefore

secures energy conservation in the interaction in fact mathematically

sin [2w  —wo)t]

[fw —w)]

tlim =2t w —uw). 194)

Inserting this we find for the decay rate of the excited state in a free space vacuum
environment which is also nown as the n ten coe cent)
3
=— = =— —. 195
dt &3 on 3R )
This is an example of a special case of ermi’s golden rule, which predicts that for

d _wp | 1 |
3

times large enough that energy conservation holds, but short enough that first-order
perturbation theory applies, the excited upper state irreversibly decays according to
195). In summary, when all the approximations described above are considered the

ermi golden rule for a general transition can be expressed as

ermi golden rule: = %ZK H|) w-w), 196)

where characteri es the decay rate from the initial state ‘ > to the final state | >

et us go bac to the initial first-order perturbation theory assumptions, in which
we agreed to restrict ourselves to short times ¢ so that for the coe cients and we can
write t=0) =1, t=0)=0. fcourse, when this holds, then the upper state is
still nearly fully excited, and ~ 1. Thus we still stay within the limits of our initial

assumptions when we write
d
At
which of course corresponds to an exponential decay with decay rate

~ 7 197)

In the next paragraph we will show that this is true even for longer times than we

have considered here.
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An other approach to solve the dynamical equations for the coe cients and 89),
90) was introduced by Weiss opf and Wigner [ 0]. They start by formally integrating
90), and inserting this result in ~ 89), which will produce

d t) | b i@ —wo)(i—t)

As above and for the same reason we replace the sum over the modes by an integral,

which results to

49 __ /dw w? |y | /tdte_i(“’ —wolE=t) 99)
dt 6o he LA '

The construction of the dependent superposition of states  87) was such that compared

with all other time dependent functions the variation in and is slow, and therefore
we assume that the variation of ¢) in  99) is much slower than in the exponential as
well, and can thus be pulled out of the time integration. At the end we may chec , if

this assumption is consistent with the result. Because of

t . .
lim / dt 71w —wo)l=t) _ w —wy) —P [;] ; 00)
¢ 0 w

for larger times we have a similar situation as in ~ 94), where here now the exponential
assures energy conservation. eglecting the frequency shift due to the principal value

term which is analogous to the amb shift) we find

d ¢t
- ¢ 0
dt )7 )
or
d
W ’ 0)

which is the same as we guessed in ~ 97).

In the last two paragraphs we have seen how the irreversibility of spontaneous emission
emerged when the source was coupled with a quanti ed field, more exactly, its vacuum
modes. otwithstanding, the Hamiltonians are perfectly energy conserving, so the ap-

parent nonreversible dynamics of the system comes somewhat surprising and its physical
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reason is rather obscure. With the reservoir theory approach we will discuss as next,
we will be able to gain a more intuitive understanding of the physical processes which
lead to the nonreversible decay of the excited level of a two-level system | , p. 374 |.
In reservoir theory we shift the perspective from the particular two-level system coupled
with the field to a more general situation, which is ¢ «a tle co e toa arge

te . We characteri e the small system by its Hamiltonian H , the large system by
H , and their coupling by the interaction Hamiltonian . Thus: H=H +H + . or
our particular case the small system can be identified with the two-level system and the
large system with the continuum of modes of the field. In addition we assume that the
large system always stays in thermal equilibrium at some temperature . This means it
acts as a ther a re er or. A thermal reservoir is usually described by an equilibrium

i.e. time independent) density operator of the form
p =—exp —H ) 03)

where with we denote Bolt man’s constant, and the artt on f nct on  is given by

the trace over the reservoir Tr
=Tr [exp —H )] - 04)

ow, we are interested in the dynamics of the small system only. In that case we

can find the dynamics in the evolution of the re ce en t o erator p

p:Tr(p), 05)

where p is the density operator associated with the full system, i.e. small system an

reservoir. Thus the reduced density operator p 1is the trace over the reservoir of the
total density operator. If we now the reduced density operator at any time ¢ we can
calculate the expectation value of any system operator. The equation of motion for p

is called a a ter e at on, and this is what we will derive in the following. In order
to focus directly to the relevant dynamic time scale of the system, we switch to the
interaction picture, where all the free evolution is eliminated. The interaction between
the small system and the reservoir is described by the chrodinger picture interaction
Hamiltonian , for which the interaction picture representation ¢ —ty) is obtained by

the unitary transformation

t—ty) =expliHy t —ty) h] exp|[—iHy t —ty) A, 06)
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and where we have set Hp = H +H . imilarly we can relate the full system density
operator in the interaction picture to the chrodinger picture density operator p

by the unitary transformation

p t)=-exp|—iHg t —ty) A exp [iHy t —ty) Al . 07)
bserving the chrodinger picture rule p = —1[H, p] we obtain the following time deriva-
tive
p 1 . .
—t = i_i exXp [—IHO t— to) h} [Ho, t)] + —t exXp [IHO t— to) h] s 08)

in which the motion of the density operator in the chrodinger picture is related to its
motion in the interaction picture. rom this we obtain the interaction picture equation

of motion
— == t—ty), ). 09)

We may assume that at ¢ = £, the small system and the reservoir do not exhibit
any correlations. We can therefore approximately solve this equation to second order in
perturbation theory, and obtain

i

t) = to)—ﬁ/dt[ t—to), to)] —

to

_h_ todt/to dt [ t_tO)a[ t _t0)7 tO)]]+"‘

We trace out the reservoir and obtain the reduced density operator in the interaction

picture p ¢) =Tr [ t)] for which we can write
pt)=exp[iH t—ty) hlp exp[—iH t—1ty) A )

When the time interval =t —{; is long compared to the relaxation time memory
time) of the reservoir , but short compared to times in which the small system variables
show significant changes for example ! in spontaneous emission), we can define a

coar e gra ne equation of motion time derivative) by

pt)_pt_)‘ )

pt)~
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Applying this to 0) we obtain after some algebra
i
pt):—h—/d Tr{ ) 0} -
0
——/d/dﬂH ) ) ) — ) 1) )} +ad..
h 0 0

It can be shown that with the properties of the reservoir given here the first term on
the rhs of  3) vanishes, and that the second term is composed of a sum of two-time
correlation functions of reservoir operators only [ , p. 380]. In fact, with the dipole

coupling Hamiltonian  85) and ta ing into account the transform  06) we have
t)=hb" t)+ad., 4)

where the operator
t) _ Z _ ei(wo—w )t 5)

acts only in the reservoir Hilbert space. As is better visible from their ourier trans-
formed form, such operators are usually associated with noise sources and are thus called

no e o erator . The trace over the reservoir involves first order correlation functions of
the forms ( t) t)), (T¢) T ), ( ¢t)T¢t)),(Tt) t) . orexample,

() Ty =Y —

*

] > eiwo(t —t )ei(w t—w t) 7 6)

where (...) denotes the average over the reservoir. As we have
( HY=n+) 7)

where n denotes the average number of thermal photons in mode n = 0 at ero

temperature), the correlation function  6) reduces to
Cotey =X ELa e, 9

or the other correlation functions appearing in  3) analogous expressions can be ob-

tained. As we assumed a reservoir in thermal equilibrium, thus with stationary statistical
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properties, the reservoir correlations depend only on the time di erence At =1t — ¢ ,

and we obtain for an example term appearing in  3)

/Od/0d< ) )):/Od/odAtZ%nJr)ei(“’o_“’)t. 9)

The time dependence of  9) is governed by the first order correlations existing in the
reservoir, for which 8) is an example. iven the reservoir properties introduced in
the discussion of ) reservoir correlation time much shorter than characteristic small
system time constants) we can extend the upper integration limit in  9) to infinity,

and we obtain

[a fa o m=a faagba e

_ d 3 dti(u)g—w)t 0
g A | om0 [ardemr )

where we have replaced the sum over the modes by an integral in the same way as we
discussed in paragraph 3.4 and 3.5.  bviously this equation has a similar structure as

99). After some algebra, as inserting the delta function representation  00) and ignor-
ing the associated principal part frequency shifts, combining the di erent contributions
of  0), and explicitly focusing on the two-level system as the small system, we obtain

the interaction picture master equation

pa=——mn+ )[b'bp, t) —bp, t)bl] -

——n [p, t)bb" —bp, t)b] +ad .

In contrast to  99) of the Weiss opf-Wigner theory,  0) gives us some insight into the
processes leading to the decay of the excited state. Together with ), 0) relates the
decay with properties of the reservoir expressed as first order correlation functions. The
approximation of these correlation functions with delta functions is nown as the ar ov
approximation. The decay appears thus as a result of the delta function li e memory
time of the reservoir which instantaneously looses trac of the interaction with the two
level system. o the way of the excitation bac to the two level system is forgotten, so
to spea . ombining the ar ov approximation with second-order perturbation theory
to derive the master equation is usually labeled Born- ar ov approximation.

The master equation ) describes the decay of a two-level system which is coupled

to an electromagnetic field characteri ed as a reservoir at temperature . In this equation
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n represents the number of thermal quanta of the reservoir at the two-level transition
energy hwg. or a reservoir at ero temperature, the population of the excited state

of the two-level system is given by

t):Tl"HUPXUpWA t)]:rﬁ[ Rs+-)py t)} 5 )

and exhibits the equation of motion

d #)
at

= Tr[ [up)(up| ps )] = — t), 3)

which is the Weiss opf-Wigner result 0 ).

et us loo again at the master equation of the two-level system ). In the
chrodinger picture and at temperature = 0 this equation has the form
i
pat)= —ﬁ[HAaPA] — —[b'bpy 1) + py t)b'b— bp, 1)bT], 4)

where Hy denotes the two-level system Hamiltonian — 5). If we formally define a non-

Hermitian e ective Hamiltonian H as
H =H,—ih—b'b, 5)
then introducing this in ~ 4) leads to

i
pat)= —ﬁ[H pat)—py H' |+ bp, )b'. 6)

oing bac to 87) we define the nonnormali ed excited two-level system state as

| )= t)|up). 7)

With this the master equation  4) can be replaced by the following e ect e chro nger

e aton

L d
ih — t)y=H | ). 8)

bviously such an equation is technically easier to deal with than the corresponding
master equation, because here state vectors ta e over the role of density operators.
Recently similar e ective chrodinger equations were introduced to develop onte arlo

wave function simulation techniques [ , 3.
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3. .1 ar onic oscillator co ple to a reser oir

In section .4 we have shown, that one mode of the electromagnetic field is mathemat-
ically equivalent to a harmonic oscillator to which in the semiclassical approximation
we can associate the Hamiltonian H = Aiw ' ¢f.  00)), where the wavenumber

labels the particular mode. The advantage of reservoir theory is that the particular
structure of the reservoir does not a ect the result, as long as the reservoir stays in ther-
mal equilibrium at all times, and that perturbations of its state decorrelate immediately
in a ar ovian sense. We can therefore imagine the reservoir as a large collection of
harmonic oscillators which are in thermal equilibrium at temperature . or this situ-
ation, namely the harmonic oscillator associated with the field mode, which is coupled
to a reservoir of harmonic oscillators, we can wor out the calculations in analogy to

section 3.6, and we obtain the following master equation

9)

where n represents the number of thermal excitations of the harmonic oscillator at
frequency w . This equation shows that the decay of the mean number of quanta { T )
of the harmonic oscillator occurs with the rate at ero temperature, whereas the
expectation value of the annihilation operator  which is proportional to the positive

frequency part of the electric field mode) decays with a rate of



4 Spontaneous emission in an optical resonator

p to now we have shown that spontaneous emission is a consequence of the coupling
of the atomic or molecular system to its surrounding electromagnetic field which in the
last section we assumed to be the universe composed of a continuum of plane wave
modes. Thus, spontaneous emission is not a generic property of the atom or molecule,
but depends on the mode structure of the surrounding environment. urcell [ 4] found
out that the spontaneous emission rate can be enhanced by placing an atom into a res-
onator in which a mode is tuned to the atomic transition frequency, and leppner | 5]
described the opposite case, inhibition of spontaneous emission. pontaneous emission
needs not be irreversible. Irreversibility is a consequence of the coupling with a  ar o-
vian Reservoir, i.e. a reservoir with a very short memory. or vacuum modes which can
not be approximated in this way, spontaneous emission can exhibit considerable di erent
properties, as in the case of long memory times, where the excitation can be periodically
exchanged between the atom or molecule and the field [ 6, 7].

In the microstructures discussed in section 7 the atoms or molecules are coupled to
one, or a few, resonator modes. However, in section 6 we show that in wavelength si e
microresonators it is inevitable that the resonator modes couple with the continuum of
modes of the external world as well. This, if the resonator cavity is not completely closed
around the atom or molecule), it can couple to the continuum of vacuum modes. In
an optical resonator we therefore have to consider at least tree coupling coe cients: )
The Rabi frequency 65) which characteri es the atom or molecule) coupling with
the resonator modes, ) the decay rate of the resonator mode, and 3) the rate
of spontaneous emission into the vacuum modes to which the system couples with. In
wavelength scale resonators  di ers from the spontaneous emission rate into free space

because of the reduced mode density in the resonator. If the system couples with
more than one field mode or when more than two levels are involved, then we have to

consider the associated coe cients as well.

To illustrate this concept we consider a linear resonator build with two ideal mirrors
spaced by the distance abry- erot interferometer). The space between the mirrors
defines the resonator. If we neglect di raction losses at the mirrors, the modes of the
electromagnetic field in this resonator of volume  consist of a discrete set of standing
waves with frequency w =c¢ = c¢ n , where n is an integer. In section 6 we will

show that also transversal modes exist, which we neglect in this example. If the cavity is
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igure 7:  abry- erot resonator with a standing wave mode of frequency w which is
excited by the two-level system with dipole moment p; . The coupling of the
two-level system to the resonator mode w is characteri ed by the coe cient

x) which depends on the position of p; with respect to the standing wave

field distribution. The coupling coe cient  describes the spontaneous emis-

sion rate into exterior vacuum modes because of the mirrors, the solid angle

which determines the coupling to exterior modes di ers from the free space

case), and  describes the decay rate of the field mode due to di raction losses,

mirror absorption and transmission.

small enough the mode frequencies are well separated, so that only one of them couples
with the transition of the two level system. We label this mode frequency with w and
with wy we denote the frequency of the two-level transition nearly resonant mode).
In reality the mirrors are not perfect and the field is di racted, so that the mode is
damped. We characteri e the damping by the damping rate . amping of the field
mode is tantamount to widening the mode frequency to a width proportional to . In
analogy to the free space mode density 5) we can associate an e ect e o0 e en t

p with the damped mode situation in which the two-level system now radiates into. If
we assume that the mode width is less than the separation of the mode frequency, the

e ective mode density can be approximated by a orent ian as

w) = : . 30
p w) O+ —w )

sually a resonator is characteri ed by its a t factor [ 8, p. 430] which is propor-

tional to the number of resonator round trips of a photon, and which is related to the
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damping rate by
w
=—. 3)
We can calculate the spontaneous emission rate in the resonator in a similar way as
before in sections 3.4, 3.5, or 3.6, except that we have to replace the free space mode
density 5) by  30) which represents the resonator geometry. or a resonator tuned

near the atomic transition wy we obtain

o

Q
X

n resonance:

3)

It is interesting to observe what happens, when the resonator is tuned out of the reso-
nance. ote that the radiating dipole is still in the resonator, and not in free space, only
the oscillating dipole has no mode to radiate into. It can be shown that for coupling to

the o -resonance mode the decay rate can be approximated by

|
—
|

Q
X

O -resonance:

33)

Although the situation is not utterly realistic, these equations illustrate the e ect of en-
hanced or inhibited spontaneous emission. The equations are very crude approximations
in which we have neglected a number of things, for example that the two-level system
interacts with free modes associated with the open sides of the resonator volume. In the

following we will fix some of the approximations.

As above we assume a two-level system in a resonator which exhibits su ciently small
dimensions so that the mode frequency separation c is large compared to the charac-

teristic coupling parameters of the two-level system 1 L. In this way the two level

5
system interacts only with one resonator mode. et us also assume that this resonator
mode is tuned to near resonance with the two-level transition: w = wqy. In analogy to
section 3.6 we now identify the small system with the two-level system combined with
the resonator mode it couples to. orresponding to this definition of the small system

we define the small system Hamiltonian H as

H=H;+H +H 34)
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which corresponds to H  of  76). The suitable mode set for describing the field in a

resonator are the standing waves modes. or standing waves the coupling constant

becomes a function of the position z inside the resonator, z) = cos ) cf. ig. 7),
where =w cand
hw
= - M1 - ) ) 35)
0

with  denoting a unit vector in the direction of the electric field polari ation cf.  65)
and footnote on p. 50. Transforming into a reference frame which rotates with the

resonator mode frequency w the Hamiltonian becomes

H=-hRs+H , 36)
with
H=" % (thypt) 37)
and where = w — wy denotes the detuning.

As we have mentioned before, and illustrated in ig. 7, the small system two-level-
system-cavity-mode is sub ect to two dissipative processes. The first one consists in
the coupling with a cone of free space modes through the open sides of the resonator
structure. The second dissipative process is the loss of the standing wave resonator
mode through the mirrors to the exterior world, which is characteri ed by the mode
decay rate . Those two mechanisms are statistically independent and can therefore
be combined by a simple addition, which in a reservoir theoretical approach loo s as
follows: The small system consisting of the two-level system and the single resonator
mode is coupled to two thermal reservoirs that represent the cone of electromagnetic
modes at the open resonator sides, and the mirror losses. The thermal reservoirs are
both modeled as a continuum set of harmonic oscillators. In accordance with the Born-

ar ov approximation the coupling of the small system to the two reservoirs is described
by a master equation in which the dissipative non-Hermitian) part consists of the sum
of ) and  9), where we now have to ta e into account that the two-level system
only interacts with free space modes contained in a cone defined by the openings in the
resonator walls. As a consequence we replace the free space spontaneous emission rate
in ) by the smaller rate . We then can derive the small system master equation,

which is similar to  6), and which at ero temperature loo s 1i e

p t):—%[H p—pH ]+ p T+ bpbl. 38)
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where
H =H +H | 39)

and
H =—-ih—bb—in— T . 40)

As in section 3.3 [c¢f. 8 )] we assume that initially at ¢ = 0 the state of the system

is characteri ed by an excited two-level system and an empty resonator mode

‘ 0)>:‘up,0>. 1)

As next we have to identify the possible states the system can occupy. The energy
conserving part of the small system evolution consists in the exchange of quanta between
the two-level system and the resonator mode. As we found out in section 3.3, the total
number of quanta in the energy conserving process is constant in this case here the total
number is one quantum, or excitation respectively. n the other hand, the dissipative
processes  that are the coupling-to-the-reservoir processes are characteri ed by the
irreversible loss of the small system excitation. In summary we therefore distinguish
three relevant states: two states corresponding to full excitation one quantum states),
‘up, 0> and ‘lo, >, and the state corresponding to the total loss of excitation |10, O>

ero quantum state). The evolution of the total quantum system ta es place in the
fully excited state subspace and in the ero quantum state subspace. In analogy to
the way we derived  7) and  8) we can define the following nnor a e single

excitation state
| 0)=c tle |up,0)+c t)e |lo, ) 4)

where = w — wp denotes the detuning. rom 38) we can derive the e ective
chrodinger equation describing the system evolution
in L t))y=H | 1)), 43)
dt
where H is given by  39). Inserting 4 ) we obtain the equations of motion for the

coe cients ¢ t)and c )

de t) .
g - ¢ t)y—i—c t) 44)
dcdtt) i e f—ie D), 45)

66



which obviously is a system of coupled first order di erential equations.
In the following we will discuss two important limit cases: the a ca t tor ea
co ngreg e where | , and the goo ca 1 t or trong co ng reg e,

where

In the last section we have derived the evolution of the system, which was described in
43) with  44) and  45). Eq.  45) can be formally integrated:

t
c t)= —i—/dt ¢ t)e =t 46)
0
or partially open resonators the wea coupling regime is characteri ed by
Inspecting  44) we can see that ¢ t) is slowly changing if and  are smaller than
| |+ 1] | , what corresponds to wea coupling. In this case we can thus pull ¢ ) in

front of the integral, which for ¢t > gives

—i

c l)y=——c¢c 1). 47
L )
ubstituting this in  44) we obtain
de t) —i
=—|-4—— — t). 48
dt L) L )
bviously this di erential equation is solved by an exponential ansat , and the occupa-
tion probability for the excited level decays as
=lc t)] xe ', 49)
with
= 4+ o, 50)
and
= 5
0 n ) )
where again = w — wy denotes the detuning. The decay rate is thus composed of

a sum of terms of which the first can be attributed to the contribution of the vacuum
field, and the second to a resonator contribution. In the limit where the resonator is
completely open free space) — oo, and as a result ~— . Thus the decay rate

reduces to the Weiss opf-Wigner coe cient
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1 nhance spontaneo s e ission

et us imagine a completely closed resonator that surrounds the two-level system. Then
the loss mechanism which in ig. 7 is characteri ed by the coe cient is absent, thus

= 0. et us also assume resonance between the two-level system and the field mode,

so that the detuning = 0, and still assume wea coupling . Then the decay
coe cient ( becomes maximal, o= . With 95), 3 ), 35),and o= ¢ wp
we obtain
3 3
N U 5)
4
We can see that has the same wavelength dependence as the approximate result

3 ). By ta ing into account the coupling of the dipole moment with the field polari a-
tion  35) we now also obtained the correct geometrical dependence. We can see that for
resonators of good quality ~ with si es approaching =~ 3 a substantial enhance ent

of the free space spontaneous emission rate is expected.

nhi ite spontaneo s e ission

et us consider the same two-level system in the same resonator which, however, now
is tuned far o the two-level system resonance wq so that the detuning can be set to
| | =wp. ora good resonator with > 5 ) then becomes
30

TS )

Q

The spontaneous emission of a two-level system in a one-mode-resonator with a large

quality factor  can therefore be nearly completely suppressed by detuning.

We now have derived three di erent rates, 95), 5 ), and 53), by which an ex-
cited two-level system can decay. ne might as , how the two-level system decides which
one to choose [ 9, 30]. bviously the choice depends on the electromagnetic boundary
conditions defining the mode structure which surrounds the two-level system, and the
question therefore is, how does the two-level system explore its mode environment. To
answer this question we have to consider the very initial processes of the decay, which
thus involve time scales short compared to the inverse decay rate. nfortunately this is
a range, which is not consistent with some approximations we have made in our previ-

ous discussion, especially it is not consistent with the assumptions for using the coarse
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grained derivative ). Thus, to answer this question we need a more precise theory.

evertheless, let us try a qualitative argument: et us assume the two-level system
spontaneously starts to emit, radiating a wave pac et into the mode. If the emission
occurs into a free space mode, nothing comes bac . However, if the emission occurs into
a high- resonator mode, then the emitted pac et is re ected at the resonator boundary
and returns to the emitting dipole, i.e. the two-level system, where it is pic ed up by
the dipole. oded in its phase, the re ected pac et carries the information about the
geometry of the mode, as well as the state of the emitting two-level system at earlier
times. Thus, the question now is, so to spea , what the phase is of the re ection arriving
at the generator driving the dipole. If the re ection is received with a phase opposite to
the actual emitting phase, then further emission is inhibited, whereas in-phase reception
enhances the emission. We can see that a valid theory for the early emission stages must
involve the phases of the quantum systems involved. n the other side the phase is not
a Hermitian observable, therefore we must accept that the early stages of the emission

are hard to divulge.

trong coupling of the two-level system with the resonator mode is observed when the
photon which is emitted by the two-level system into the resonator mode lives long
enough so that it can be reabsorbed by the two-level system. In this case we have to
consider the exact solution of the system of coupled di erential equations 44)  45).
The general solution of a system of two linear, first order di erential equations is given

by the exponential ansat
c t)=c e "+c e ', 54)

where the constants ¢ 1, ¢ are chosen to fit the initial conditions, for example ¢t =

0) = , and the exponential are given by
1 == (—+—+i)i— (—+—+i) — ] . 55)
or strong coupling we have > , , ,and then the exponents reduce to

N (—+—+i):|:i—. 56)
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In this expression the imaginary part is larger than the real part, so that the time
evolution of the upper level probability is characteri ed by oscillations at the vacuum
Rabi frequency , which are slowly damped. The emission spectrum of course is no
longer a simple orent ian, but a doublet of orent ian lines, each with a width of

+ ) 4, split by the vacuum Rabi frequency  [3 |.

3.1 resse states

We can generali e the situation if we merge the small system consisting of the two-level
system and the resonator mode into a single quantum system. As we have done before,
we associate the Hamiltonian ~ 76) to this system. As we have discussed before, this
Hamiltonian H conserves the total number of small system excitations, more explicit,
H only couples state ‘11p,n> with ‘lo,n+ > Thus in a system characteri ed by H
transitions only occur inside the n + )-quanta manifold {‘up./n>, |lo,n + >} It is

therefore possible to decompose H into the sum
H=>H 57)

where H only acts in the n + )-quanta subspace. In this subspace the states !up, n>
and ‘lo,n + > form a basis in which H can be represented by a x matrix. The

eigenvalues of H are obtained by diagonali ation as

E =h(n+%w —h

58)
B, =h(n+Y)w +h
where with we denote the n-photon Rabi frequency
=v + n+)
59)
=V w—w) + n+ ),
and where the eigenstates are given as
| n) =—sin |up,n)+cos |lon+ ) 60)
| n> = cos ’up,n>+sin ‘lo,n—{— >,
in which
tan = L . 6 )

t e literaturet e a it ia 1 i fte referredt a
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igure 8: Eigenenergy of two manifolds of dressed states dots) and the corresponding
bare states lines) as a function of the two-level system transition frequency

wp. The anticrossings occur at resonance wy = w .

The states  60) are called the re e tate of the two-level system, which refers to
the picture of a two-level state dressed by the strongly coupled resonator mode. In
this terminology the states ‘up,n> and |lo,n + > are called are tate . ote that the
ero-quantum manifold has a single eigenstate ‘up, O> with eigenvalue Fjy = 0.

The dressed state energy spectrum given by  58) and  59), and the corresponding
bare state eigenenergies are shown in ig. 8 as a function of the resonator detuning.
The energy of the bare states |up,n> and |lo,n + > cross at resonance. However, for
the dressed state eigenenergy this degeneracy is removed by the the interaction of the
two-level system with the field, causing dressed states of the same manifold to repel each
other, an e ect that is often called ant cro ng.

pontaneous emission of the two-level system occurs in the one-quantum manifold,

where two transitions are allowed, } ,()> — !lo, O> and ,O> — ‘lo, 0>, corresponding to
the frequencies —  + jand — — . At resonance = 0 the separation becomes

equal to the vacuum Rabi frequency  cf. ig. .
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igure 9:  pectrum of the spontaneous emission doublet in the one-quantum manifold.



5 Stimulated emission in an optical resonator and

thresholdless lasing

In section 4. we discussed the modification of the two-level system decay when a sur-
rounding resonator reduces the density of field states. Equation 5 ) was derived for
a two-level system that interacts either with an empty, or with a one photon, damped
resonator mode. As a consequence, three system states had to be considered: ‘up, O>,
}10, >, and ’10,0>. In 5 ) we distinguished two contributions, the first is attributed
to the mode density, and the second, which was characteri ed by the vacuum Rabi fre-
quency , to the field. ¢ ate e on occurs when the excited two-level system
interacts with a mode which contains several photons. In analogy to section 4. , and
observing the approximations for the ermi golden rule, ¢f. 96), we can derive the fol-
lowing result for the decay rate of a two-level system in a damped resonator, interacting

with an n-photon field

pr— . ; 6
+ ) )
where with  we denote the n-photon Rabi frequency =/ + n+ ) cf. 59).
We can see that for a resonator tuned to resonance = 0) the stimulated emission decay

rate scales with the number of photons n interacting with the two-level system. Equation

6 ) can be written as
= g n+ ) y 63)

where ( stands for the spontaneous emission rate which is modified by the resonator,
cf. 5 ). or uorescent dyes we can assume that the lower laser state is rapidly depop-
ulated, and that nonradiative processes, inversion saturation and collective spontaneous
emission are absent. With this assumptions the number of photons in the resonator

mode can be expressed as

n= on+ ) — n, 64)
where  denotes the inversion = — , that is the di erence between the popu-
lation of the upper laser level and the lower laser level . The rate by which the

inversion is changed depends on the rate with which the upper level is populated,
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that is the pumprate , and by the rate of depopulation given by the photon emission

rate, thus

_On_|_) 65)

The steady state solution of the system of di erential equations 64) and 65) has the

simple form

and

- 67)

rom 66) we can see that the light output n increases for any pump rate  in a linear
way, thus the laser operates without threshold. This is a phenomenon called thre ho e

a ngor a ng thot n er on. This is the consequence of the exclusive coupling of
the laser active two-level systems to one single resonator mode. n the other hand,
the inversion  approaches the limit of ; = o when the pump rate increases.
This limit can be interpreted as the inversion at which the photon emission changes
its character from spontaneous emission to stimulated emission. This is the transition
which traditionally is associated with the onset of lasing. ote that this phenomenon
occurs when a collection of two-level systems interacts with a single field mode, which is
thus di erent from the interaction of only one two-level system with a single mode, i.e.
a one ato  a er [33]. In summary, the conditions for inversionless lasing as expressed
in  66) and 67) are that the collection of two-level systems interacts only with a
damped ) single mode field. In particular there are no open resonator side walls
through which the two-level system can couple to the mode continuum characteri ed
by ) cf. ig. 7. f course there is a continuous transition in the threshold behavior
from the open resonator case shown in ig. 7 to the closed resonator discussed here [34]
and thresholdless lasing was observed in a dye solution placed a plane-plane resonator
in which the mirrors were spaced by half an emission wavelength [35]. In section 7 we

will discuss threshold reduction in dye loaded molecular sieve microlasers.
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6 The mode structure of microresonators

axwell’s equations are the foundations on which both classical and quantum optics are
built. The possibility of creating a double-slit di raction pattern with a single photon
- a famous manifestation of the wave-particle dualism - is a result of the fact that
photons occupy the modes of the classical electromagnetic field, cf. the definition of the
bosonic operators in terms of normal modes in section . These modes can be discrete in
frequency, as they are in lossless closed resonators, or have a continuous spectrum as is
the case in scattering experiments such as the di raction example [36] there, the whole
information about the di raction process is encoded in the modes themselves because
they must satisty the boundary conditions on the di raction slits.

Boundary conditions are a way of introducing rapid spatial variations of a medium
into the macroscopic  axwell equations without having to give up the concept of a
dielectric constant or permittivity, by which the microscopic properties of the medium
are ta en into account in a very e cient mean-field manner [37|. Even when details
of the quantum-mechanical light-matter interaction are of interest, such a mean-field
approach is a good starting point in order to define an appropriate modal basis set in
which to expand the relevant matrix elements. This applies to dielectrics of infinite
extent without losses [38] or with losses [39], but especially when uorescent or laser

emission in the presence of a microcavity are concerned.

The dielectric constant is moreover a function of field strength, if the polari abil-
ity  which describes the microscopic matter-field interaction depends nonlinearly on
electric field. When such nonlinearity occurs in co  nat on with boundary conditions,
the relative importance of the two depends on the si e scales and field strengths in-
volved. At low pump levels, phenomena such as vortex formation which has long been

nown in nonlinear media [44], can cross over to near vortices [45], an example of
which are the whispering-gallery modes which will be discussed in section 6.3. In small
cavities, boundary e ects become dominant, and nonlinear e ects can be understood as

interactions between modes of the linear cavity [45].

As we discussed above cf. section 4), a well nown microcavity e ect is due to ur-
cell [ 4] who argued based on ermi’s olden Rule that the Einstein A coe cient for

spontaneous emission can be enhanced in a microcavity due to its highly pea ed density
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of modes. or this perturbative approach to the quantum electrodynamic problem of
spontaneous emission, the modes into which photons are emitted are determined com-
pletely by axwell’s equations with the boundary conditions defining the cavity. In
the strong-coupling regime, this ceases to be correct when the radiant matter and light
field are mixed in comparable proportion in the eigenstates of the total system, as can
occur, e.g. in cavity polaritons in a quantum well microstructure [40], or for the Rabi
oscillations of an atom in close proximity to a dielectric microsphere [4 |.  evertheless,
the first step in all these cases is to determine the modes of the electromagnetic field for
the resonator goemetry at hand.

The conclusion from these preliminary remar s is that especially in microcavities,
an understanding of the e ects of the resonator geometry on the field distribution, ne-
glecting nonlinearities of the medium, is of central importance. Even in the conceptually
simple problem that remains, we shall see how the well-understood fundamental equa-
tions of electrodynamics lead to solutions that are at present only partially understood,
in the sense of predicting their dependence on system parameters, or even giving con-
ditions for the existence of certain solutions an important example again being the

whispering-gallery modes.

1 atchin con itions

We assume that all fields have the stationary time dependence e “*. Then axwell’s

equations become
VXE = ———=i 68)
V x = ——t:—inE, 69)
where the wave number is given by
=w c 70)

ince we want to illustrate the e ects of boundaries, let us ma e the further simplification

of considering the refractive index n to be piecewise constant, but not necessarily real.
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ombining these equations, we obtain the wave equations

VxVxE = n)FE, 7)
V x V x = n) . 7)

ince charge density can only appear at the surface of the dielectric, we have V- E =0

in each domain of constant n. In these regions, 7 ) therefore becomes
—-VE=mn)E. 73)

The conditions to be satisfied at a dielectric interface are deduced from the requirement
that no current ow is possible along the interface [4 ], implying that the tangential
components of £ and  must be continuous. At vertices or edges, however, the tangent
is undefined. In this case we must invo e the additional requirement that the energy
contained in any volume element of the fields should not diverge near such singularities
of the surface [4 |.

These conditions do not constitute true boundary conditions in the traditional sense,
but are instead atch ng con t on . The field on one side of the interface is determined
by the field on the other side, and only if we already mnow the latter, can the former
be obtained by solving a boundary-value problem. or some simple problems, it is in
fact easy to eliminate the field on one side of the interface, if one nows its form a

r or . The simplest example is a plane wave in air, impinging with wavevector on a
planar interface with a lossless dielectric of refractive index n. The nowledge that the
transmitted wave in the medium is again a plane wave allows us to straightforwardly
obtain nell’'s law of refraction and resnel’s formulas for the re ectivity. The latter
depend on polari ation, which in this case can be chosen either perpendicular to TE)
or in the plane of incidence T ). With this we then can obtain decoupled scalar wave
equations. The essential di erence between TE and T polari ations is that the latter
exhibits the Brewster angle at which perfect transmission occurs. Independently of
polari ation, nell’s law relates the incident angle ( which we measure with respect to

the surface normal), to the transmitted angle of the plane wave in the medium by

. sin g
sin = : 74)
n

ote that for large n, transmitted waves in the dielectric are allowed to propagate only in

a progressively narrower interval around the perpendicular direction = 0. onversely,

7



the critical angle = arcsin = n) therefore defines the escape cone for plane waves
inside the material. Total internal re ection prevents all waves with from escaping

to the optically thinner medium, i.e. the condition for confinement is

sin

75)

—-
pe ance o0 n ar con itions

The fact that high index contrast leads to a narrow escape cone is at the heart of a large
body of literature summari ed in Ref. [4 |. The aim is to replace the continuity require-
ments for the fields at a dielectric interface by approximate boundary conditions called
nor a e ance con ton . There, an approximate nowledge of the field on the
high-index side allows one to eliminate it from the problem. et, the method becomes
unreliable at low refractive-index contrast and at non-planar interfaces in particular, the
Brewster e ect is not correctly reproduced unless additional corrections are introduced
which, however, do not permit a simple physical interpretation, because they involve
derivatives of the fields that are of higher order than the original continuity conditions
for the fields themselves. We shall therefore ma e no use of impedance boundary condi-
tions, except to point out that they reduce to the familiar irichlet boundary conditions
vanishing fields on the surface) if the index contrast becomes infinite, as would be the

case in an ideal metal.

ne way to probe the interaction of dielectric bodies with light is by elastic scattering.
Atmospheric phenomena such as the rainbow, the halo, or the glory arise from light
scattering [43], and in fact atmospheric science relies on scattering experiments as diag-
nostic tools. When scattering experiments are carried out with high spectral resolution,
a ripple structure is observed in scattering cross sections, which cannot be understood
in a purely ray-optics framewor . These ripples are resonances which occur when the
incident light couples to long-lived cavity modes. In order to illustrate the relationship
between resonances and modes, we consider here the example of a dielectric rod with a
circular cross section.

ielectric cylinders are of great practical interest because they are the archetypical
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model for an optical fiber. In the context of this review, the approximate cylindrical
symmetry of the molecular sieve microcrystals ma es it desirable to establish some
fundamentals of cylindrical systems. The modes of an optical fiber can be divided
into two classes: guiding modes and lea y modes. Asis well nown, guided modes are
responsible for the ability of silica fibers to carry long-distance communication signals,
corresponding in the ray picture to ig agging tra ectories traversing the fiber core in an
almost planar motion the plane of propagation coincides with the cylinder axis. The
confinement mechanism in the ray picture is tota nterna re ect on at the interface to a
lower-index medium, either the cladding of the fiber or as we will assume for simplicity
the abrupt interface with air. However, over short distances a significant power transport
can ta e place through the lea y modes as well, which must be ta en into account in
any comprehensive treatment of optical waveguides [49]. It is also nown [49] that
one has to distinguish between ¢ nne ng lea y modes which are confined by frustrated
total internal re ection, and refract ng lea y modes whose attenuation is even larger
because they correspond to rays that violate the condition for total internal re ection.

ea y modes correspond to rays spiraling down the fiber in a helical tra ectory, and are
therefore also called spiral modes [50].

f these three types of modes guided, tunneling, and refracting for propagation
along a fiber, only the lea y ones remain if the radiation is incident with propagation
vector er en c¢ ar to the fiber axis. This is the situation we shall focus on, because
the applications we have in mind are not intended for power transport but for power

torage, i.e. resonators. The corresponding ray tra ectories are then confined to a plane
in which they perform a circulating motion. An example where this mode structure
has in fact been observed directly is a laterally structured cylindrical E [5 ] where
such a mode supports lasing action at an unexpectedly low pump power. Because the
circulating mode structure is analogous to the acoustic whispering-gallery phenomenon
in which sound waves cling to the curved walls of certain buildings, modes with a ring-
shaped intensity distribution are commonly termed whispering-gallery W  modes .
The range of material parameters relevant to the design of dielectric resonator struc-
tures is increasing continuously, as novel materials enter device applications. or glasses,
refractive indices between n &~ .4 and are available glass for application in fiber am-
plifiers hasn &~ .8 . emiconductor materials extend this interval to even larger indices,
while organic compounds border on the lower end of the index range. The fundamental

wave equations for elastic light scattering in the case of no propagation along the axis of
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the dielectric cylinder are much simpler than for arbitrary oblique incidence, and conse-
quently treatments of plane wave scattering from dielectric cylinders at normal incidence
can be found in many textboo s [46, 47, 48]|. Because of the ever increasing range of
applications, we review them here, emphasi ing, however, what in the literature is usu-
ally missing, namely the aspect of the relation between resonances and cavity modes.

ne important piece of notation that we introduce here is conspicuously absent from
the classic texts: the formulation of the light scattering problem in terms of -matrix
theory, as it is used in quantum mechanical scattering. Investigations of lea y cavities

may well profit from a more unified scattering-theoretical terminology.

3.1 etasta le ell in the e ecti e potential

To understand the origin of long-lived whispering gallery mode resonances we examine
axwell’s equations for an infinite dielectric cylinder. ollowing an argument used by
ohnson [53] for the dielectric sphere, we can rewrite 73 in a form similar to the

chrodinger equation of quantum mechanics,
-V E+ -n E= F. 76
This shows that dielectric regions n correspond to an attractive potential well in

the quantum analogy, except that here the potential is itself multiplied by the eigenvalue

The reason why extremely long-lived resonances are created when the scatterer has
rotational symmetry is that after separation of variables in cylindrical or spherical coor-
dinates, 76 gives rise to a radial equation with a repulsive potential term due to the
angular momentum barrier, as well as the attractive term ust noted. or the case of a

dielectric cylinder studied here the resulting equation reads
— {— + ——] E  + EFE = E | 7
where the e ective potential is
= (—-n)+ m o, L - 78

The additional centrifugal potential term has appeared as a consequence of conservation
of the -component of angular momentum, and the o set , results from the conserva-

tion of the -component of linear momentum. As inidcated above, we focus on planar
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propagation perpendicular to the z-axis of the cylinder, so that . = 0, and the inci-
dent wave has its -vector in the x — y plane. The problem then becomes e ectively
two-dimensional and we will use the two-dimensional polar coordinates = \/m ,
The radial potential which results from the sum of the attractive well due to the
dielectric and the repulsive angular momentum barrier is shown in ig. 0, cf. also Ref.

[54]. At non ero angular momentum one sees that a metastable well is formed within the

igure 0: E ective potential picture for whispering gallery resonances of the cylinder

=m n and 2 =m

dielectric. The electric field inside is separated from the propagating field outside by a
tunnel barrier, and one may expect solutions of the wave equation in which the intensity
inside the well is exponentially larger than outside the well. In order to complete the
formal analogy to the one-dimensional chrodinger equation we ma e a substitution of

variables to eliminate the first derivative term in the radial equation 77 . This can be

achieved by introducing a new coordinate :=In the resulting equation is

[— + ] E =0, 79
where = n exp —m ! ., and is the e ective wave vector of the rescaled
problem. In order that there are any resonant solutions, must be su ciently large so

that is real for some value of within the dielectric. The largest value of the argument



of the square root within the dielectric occurs when = | so we deduce the condition
L= 80

n the other hand, if infinitesimally outside the dielectric where n = , is real, then
there is no region of exponential decay, and no sharp resonances exist. The maximum

value of such that is imaginary ust outside the dielectric is given by

m
=—. 8
onsequently, we expect narrow resonances of angular momentum m, broadened only

by tunnelling decay evanescent lea age , for wave vectors satisfying

or equivalently
- — . 83
n o n
We will label these metastable well states by a discrete index  which corresponds to
the number of radial nodes. If the refractive index is changed, the barrier top in ig. 0
remains the same, but the well grows deeper so that the lowest allowed  will give rise
to a narrower resonance. ater we will show that essentially all of the metastable states
satisfying 8 are discrete in the sense that their spacing in  is larger than their decay
width through the barrier. In this way they will give rise to isolated resonances in the
scattering functions which are well set apart from the bac ground.
It is worth quoting here the main features of the numerically observed resonances in
plane-wave scattering o a dielectric cylinder at normal incidence, as given in Ref. [48]

but using our notation :

. their widths decrease as m [angular momentum| increases for a given
[radial node number]|, and their widths increase as increases for a given
m. Also, as the index of refraction [n| is increased, the positions of the
resonances shift to lower |, and their widths become narrower. Resonances

having relatively narrow widths occur in the range = to n .

All of the above phenomena can already be understood qualitatively by inspecting the

e ective potential picture.



The inequality 83 can be brought into a very suggestive form which can be ustified
by considering the short-wavelength limit in the W B approximation [54]:
m

sin 1= —— | 84
n

then 83 leads to
— n : 85
n
The right inequality is trivial, but the left relation is precisely the condition for tota
nterna re ect on which must be satisfied by the angle of incidence on the high-index
side at an interface to air, ¢f. 75 . At this point we have provided no reason why
as defined here, should be the classical angle of incidence. et us try a non-rigorous

argument: If we interpret the ray tra ectories as classical particles with momentum

h n  inside the resonator, and angular momentum = Am, then the classical relation
between angular and linear momentum would imply = X = hn sin
m = n sin , where sin arises from the vector product of linear momentum and

radius vector , which in turn has magnitude at every re ection from the boundary.
At such a re ection, is then ust the angle of incidence.
The introduction of A into the present optical context is somewhat arbitrary. The
question is, does the optical field in the cavity truly acquire angular momentum. We
now that photons, as massless fundamental particles, carry a unit spin angular mo-
mentum, but no or ta angular momentum in the physical sense. Therefore, when we
refer to m as an angular momentum quantum number, we invo e a formal analogy that
arises between the mathematical structure of bound photonic states and bound quan-
tum systems: There are, in our case, two degrees of freedom which are associated with a
finite region of space, giving rise to a discrete frequency spectrum. The modes are then
labeled by as many discrete indices, or quantum numbers as there are confined degrees
of freedom. or a rotationally symmetric problem, the indices, or quantum numbers, are
simply the number of radial and a imuthal nodes of the wave function. The a imuthal
quantum number is what we call m. Its relation to the angle of incidence is rigorously
derivable from the ei onal or W B limit [54].
There is an additional complication to this argument if the cavity is not closed. ue
to the openness of the system, it is then not clear how to define the photons in a resonant
mode. However, the cavity can approach the closed limit as n — oo. Before we discuss

this problem, we will elucidate the concept of modes in the lea y cavity setting, where
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discrete resonances appear but have a finite width in . We will return to this issue
under the heading of a o0 n tate in section 6.4.

or this moment let us nevertheless dwell on 85, which we can use to interpret
some results. or example, it indicates that states at the bottom of the well correspond
to a ray motion tangential to the boundary, whereas states at the top correspond to
rays colliding with the boundary at exactly the critical angle. As next we turn to a
more detailed discussion of the actual wave solutions for the dielectric cylinder where

the incident wave propagation is normal to the axis.

3. atchin con itions for polari ation

ur general considerations so far have not addressed the boundary conditions at the
interface between dielectric and vacuum or air  conditions which also depend on the
polari ation of E. The arguments given above for the existence of narrow resonances
are, however, independent of the boundary conditions, because we rely only on the
fact that a tunnel barrier is formed where the field decays. Thus there should exist
resonances corresponding to two di erent polari ation states. Henceforth we will focus
on the transverse magnetic polari ation for which the boundary conditions lead to the
simplest matching conditions for the electric field inside and outside the dielectric. or
this polari ation state we assume an incident plane wave of the form £ = E x,y e.,
where the unit vector e, points parallel to the cylinder axis and hence the magnetic
field is transverse to the cylinder axis . rom now on we will focus on the scalar function
E x,y = F , which is the amplitude of the electric field in z-direction. ince a pure
dielectric is an insulator, there is no current owing on its surface in response to the
incident field and  is continuous everywhere neglecting any variation in the magnetic
permeability . rom 68 , we derive the a imuthal component of the magnetic field,
which in polar coordinates has the form
i K

— L[V xEe) =—= 86

Therefore the radial derivative of £ , is continuous at the dielectric surface. ince
the tangential component of E is always continuous at such an interface, we arrive at
the simple matching conditions that both £ and F are continuous at the cylinder
surface. TE polari ation along e, does not result in these familiar requirements
46, 47], however one can still obtain a scalar wave equation, which can be treated with

a generali ation of the methods used below.  ost conveniently, one writes the wave
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equation for the magnetic field , which is again continuous, but exhibits a ump of
magnitude n in the normal derivative at the interface. The e ective potential picture
with purely tunneling escape for the whispering gallery modes remains unchanged by
this, since our arguments above did not involve polari ation. ote that for TE polar-
i ation the electric field is in the plane of incidence. Transmission out of the dielectric

becomes unity at the Brewster angle which neglecting the finite curvature of the interface

is given by
sin = ——. 87
v o +n
The whispering gallery mode criterion sin n is clearly not modified by this e ect
since sin n.

An important point is that the same matching conditions remain valid even when
the cross section of the cylinder is non ¢ r¢ ar, because for T polari ation E remains
tangential to the surface. As long as we consider only convex surfaces, the continuity of

E in polar coordinates implies the continuity of the normal derivative of E. These
boundary conditions are identical to those for quantum scattering from a potential well.
Hence, we are allowed to use the terms familiar from quantum theory, such as tunneling,
as we did in the previous sections. However, as was already noted with 76 , it should be

ept in mind that the analogy is incomplete, because the dispersion relation in quantum
mechanicsisw = h m andnotw = nc asinoptics. The results presented here can
therefore not be obtained by simply copying nown quantum mechanical calculations.
An important di erence between the quantum and optical wave equations can be read
0 78 , where the e ective potential well is seen to become progressively ee er with
increasing . As a consequence, above barrier re ection remains significant even for
large , whereas it would become negligible in an attractive circular quantum well at
high energies. This e ect is ust the well nown classical resnel re ection at a dielectric
interface, which independently of the wavelength has the value = —n +n at

normal incidence, i.e. sin =m n — 0.

3.3 esonances in elastic scatterin

The wave equation for T  or TE polari ation as defined above is of the scalar form

Viy+n =0, 88
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where 1 denotes the electric field for the T case, and the refractive index n is a constant
di erent from inside the dielectric. The wavenumber is not position dependent
because it enters the problem simply through the definition w = ¢ for the harmonic
time dependence. All the scattering functions for the elastic scattering of light i.e.
scattering at the fixed frequency w by a dielectric cylinder can be calculated if we now

the scattering states

n
E = . 89
) + (1)

Y

for all m and denote the Bessel and Han el functions, respectively . These
are solutions to the radial equation 77 , assuming that the refractive index is unity
outside the cylinder andn = + n— — inside. The amplitudes , are

determined by the matching conditions for £ and its radial derivative £,

n o on = O + ) ; 90
where, the primes denote di erentiation. e.g. =z = x. This can be solved for
the scattering amplitude as a function of the si e parameter x = . In terms
of quantum mechanical scattering theory, is a diagonal element of the scattering
or -matrix which for the rotationally invariant scatterer is diagonal in the basis of
angular momentum states m. sing these solutions, one can for example calculate the

scattering properties for an incident plane wave. A plane wave can be decomposed into

a combination of Bessel functions [5 | as

This then determines the coe cients with which the partial waves 89 are superim-

posed to get the full solution. The conventional representation of this solution is [48]
e o — n
S

)

. 1 . . . .
sing =1 O, in the incoming wave, this becomes for

E, =->Y ¢ - [ O + - @, 93
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so that we can extract the relationship between - and the -coe cients,
= — ) 94

Hence the  are analogous to the quantum mechanical transition matrix , defined by
= — i . The -matrix satisfies an additional condition as a consequence of ux

conservation, namely [ 4]
= 95

This unitarity relation also holds for deformed resonators, where is not diagonal. It
provides an independent equation with which to chec the accuracy of the wavefunction
matching. or the circular cylinder, unitarity ust implies that all have modulus one.
or numerical calcultions borrowing this formalism from quantum-mechanics is therefore
an added advantage.
If a plane wave is incident on the cylinder, the scattered intensity has the angular
dependence [46, 47|

Zei‘, 96

where is the angle with the beam. rom the matching conditions 90 , one finds that

the expansion coe cients can be written in the form

— - 97

n  _{nx T — nT 1T
_ L L 98

n  _; nx T — nT T

where we have used the abbreviation

r= , 99
and the function x is the Bessel function of the second ind. This provides an
explicit formula for the scattering intensity , an example of which is plotted in ig.

As is seen in the figure, the scattered intensity shows rapid resonant variations.
The resonances are not simply orent ian pea s, but are of the ano shape [56] with
varying values of the ano asymmetry parameter. This asymmetric shape is due to

interference between the nonresonant scattered waves and the resonant scattering. As
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long as the resonance is su ciently isolated the resonance widths can be extracted by
fitting a orent ian to the ano function. It can immediately be observed that the
resonances have widely varying widths corresponding to how close they are to the top

of the barrier in the e ective potential well.
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igure : Irradiance which is scattered o a circular cylinder with refractive index
n= at =50 with respect to the direction of the incoming wave which is

assumed to be plane and T polari ed.

The decomposition 97 is analogous to the case of a scattering sphere [53], and in
the same way one observes that intensity maxima occur near the value of at which
one of the  has a maximum if there is no interference with other nonresonant waves
then it will be at exactly that value of . This in turn occurs when = 0. Thus, we
set 98 to ero and obtain an implicit equation for the resonance positions z = in

each angular momentum channel m:
n  _q1 ne r = nT 1. 300

It should be noted that the denominator of 97 is non ero only for the regime of below
barrier resonances, x . therwise, additional resonances arise whenever becomes

infinite, i.e. when

n ] nT T = nx 1. 30
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Above-barrier resonances thus occur if either 300 or 30 is satisfied. et, these
resonances will typically be so broad that they do not give rise to isolated pea s in the

scattering functions.

3. asi o n statesat co ple a en er

Having obtained the condition for when a resonance is excited in elastic scattering, we
now turn to a complementary approach in which no incident wave is present. Resonances
can also be excited without any incoming wave at that frequency, e.g. if the light is
generated inside, such as in a laser. Also the specific lineshape of a resonance in elastic
scattering depends on the nature of the incident wave and is not a property of the
scatterer alone. It is thus useful and important to consider an alternative definition of
the resonant state which is independent of the manner of its excitation. We will first
introduce the concept of the quasibound state. We will discuss this concept using the
example of the dielectric cylinder we have have considered above, and then turn to the
more general significance of such states.
olutions of the wave equation with no nco ng a e are termed quasibound states
or in the recent literature on resonances of dielectric spheres, quasinormal modes [57],
hinting at the fact that they are not an orthonormal set in the usual sense . ue to
the unitarity of the -matrix for real , there can be no such solutions for real values
of . Instead quasibound states are directly connected with the complex o e of the
-matrix or in our simple case the matrix element , the real part of giving the
resonance frequency, and the imaginary part giving the resonance width. This is because
the condition for having a solution to the matching equations with no incoming wave is
ust the condition for a pole of the -matrix [58]: If in 89 we give the incoming wave

O an arbitrary amplitude , then the outgoing wave will have amplitude

= ) 30

If we now set  — 0, there can be a finite outgoing radiation if at the same time
has a divergence, requiring us to tune to the complex value where has a pole.

Thus the complex wavenumber of the quasi-bound state is determined by

E = 303
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and the accompanying condition for continuity of the derivatives. These matching con-
ditions for E can be satisfied only for a discrete set of complex at which there exists a
nontrivial solution to the homogenous part of the linear system 90 . The latter occurs

only at the eroes of the determinant

. o
" , 304

which leads to
n n M = n M) . 305

sing the recursion relations for the Bessel functions to eliminate the derivatives, we

obtain the resonance condition

n [ n - n } @) 306
n
- [ o - w ]
= n _1n M = n (1)_1 . 307
This can be solved numerically to find the real and imaginary parts of at which a

metastable state occurs. Equation 307 is a complex equation for a complex variable. If

we restrict to be real, then the real and imaginary parts of the equation are precisely

300 and 30 which we obtained for the scattering resonances. This shows the direct

relationship between the quasibound states and the scattering resonances: or real

307 cannot be exactly fulfilled, but the closest one can get to satisfying it with real
is given by the scattering resonance conditions.

The exact results obtained numerically for the real parts of the quasibound state
wavevectors are summari ed in ig. . or each m, there exists an infinite sequence of
discrete points in this grid, corresponding to an increasing number of radial nodes in the
e ective potential well. The quasibound states are hence labeled by angular momentum
and radial quantum numbers which we call m and | as in the closed circle. We have
drawn in ig. a line of slope m = corresponding to the condition sin = 1
resonances to the right of that line are true whispering gallery modes and we expect
their widths to be much less than the resonance spacing, with the narrowest resonances
corresonding to the points with the largest distance from this line.

ote that the spacing in  of resonances for a given value of m is roughly constant

above the line m = , whereas the spacing of resonances below the line increases
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tion for the lowest 44 angular momentum numbers m. Each dot corresponds
to one resonance, and the solid line = m represents the dividing line be-
tween broad and narrow resonances, with narrow widths expected below it.
The hori ontal dashed lines enclose a interval in which we count a total of
9 resonances below the critical line. ompare this observation with the scat-
tered intensity in ig. . The three narrowest resonances there correspond
to the three lowest points at m = 7, 8, 9. The closer the points are to

the critical line, the broader the resonances get.



and hence is not independent of for a given m. The latter are the whispering gallery
mode resonances of primary interest to us.
The uniform spacing of the above barrier resonances can be demonstrated by using

the large argument expansions of the Bessel functions in 307 . This is ustified at large

enough si e parameter n > m, noting that n m always holds. ne obtains
3
n cos <n ——m — —) @)
4
= Cos <n ——m — Z> (1)_1 . 308
oting that cos — = sin , this simplifies to
)

An important limiting case is n — oo, for which the large argument expansion always
applies if m and are fixed. Then the righthand side becomes negligible, so that the
resonance position is given by

m
e ) .

where the nonnegative integer is the radial quantum number. This is ust the limit of a
closed system with eumann boundary conditions, =0, in the limit n > m,
and it clearly leads to a purely real , i.e. to truly bound states.

n the other hand large n is not always necessary to get an approximate result: one
obtains the same expression for the resonance position n e en ent of n, provided the
quotient of the Han el functions is purely imaginary. This is precisely the case for a o e

arr er resonances, where m, and hence we can use the large argument expansion
for the Han el functions, too. The righthand side in 309 then becomes equal to —i n,

and one can solve exactly for

n :—m+—+—{ln_7n— } 3
4 + n
Thus the real and imaginary parts of = + y can be given analytically in the limit
m:
m
= — | " 3
T - [ + + 4]
- n
= —1 33
Y 0 n I



ince the righthand side in 309 has no real part when < m, it does not a ect the
condition for the real part of . The approximations made here are thus valid either

for large n or for above barrier resonances.

f greatest interest to us, however, are the long-lived resonances with . or this
case, the ratio of Han el functions will acquire an m- and -dependent real and imaginary
part, which will emerge in both resonance positions and widths. Approximate explicit
expressions for resonance widths and positions can be obtained, but are not generally
valid for the entire range of interesting parameters n, , m [55]  therefore, we can
for now be content with the simple limiting cases considered here. They are already of
practical use because a numerical solution of the implicit equation 307 for the real and
imaginary part of at given m and n is made more e cient by using the approximate

resonance positions from 3 as an initial guess in finding the roots of 307 .

The previous considerations have brought us to the quasibound state concept via the
resonances in elastic light scattering. Even if we allow the cross section of our dielectric
cylinder to be deformed, TE and T polari ation can still be decoupled see the remar s
in section 6.3. ., provided we continue to restrict ourselves to propagation normal to the
cylinder axis. After we clarified the role a complex wavenumber can play in the
original wave equation, we deduce a rather general statement about quasibound states.
To arrive at the time-independent wave equation 73 , we assumed a monochromatic
time variation e f, with = w ¢ according to 70 . With the quasibound state
boundary condition no incoming wave , this same wave equation admits solutions only
at discrete co e =w c—1 ¢, where we have split the frequency into its real and
imaginay part. Returning to the ansat for the time dependence, this implies that the

quasibound state eca in time as exp[—iwt — t].

This decay is of course a consequence that the system is open and radiates energy
away to infinity.  onsequently, the corresponding radiation boundary condition is
composed only of outgoing waves which are present far away from the cavity. This is
the type of boundary condition that occurs in many emission problems, in particular in
lasing. To see how these lea y modes , which we found in the treatment of the passive

cavity, arise in lasing, we have to ta e a new point of view: onsider a scalar wave
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equation of the form
Viy+n =0, 34

as it arises for each of the coupled polari ation directions in the cylinder. This is similar
to 73 where we made the ansat of a steady-state time dependence with real . If we
do indeed require to be rea, then in order to find a solution satisfying the radiation
condition, we permit the refract e¢ n e to be complex inside the resonator, which we
denote by n = n —in, where n is the real part. The imaginary part allows to introduce
ana f ng e . onsider the simple example of a plane wave explin x] which
will clearly grow with x in the direction of propagation. This is the energy source , but
note that the detailed mechanism of this energy production, for example the pumping
mechanism, is not defined in this way. evertheless, outside the cavity, we again assume
air with n = with matching conditions that are appropriate for the given polari ation.

inally, let us assume T polari ation as before in the scattering problem. The solutions
for the exterior and interior field are ¢»  and v; .

et us now recast 3 4 as

Vi+n =0, 35
where n is the real part of n as defined above, and = —1i n n is the complex
wavenumber inside the cavity, which reduces to = outside. This recast equation is

almost of the form of 88 , except that has di erent values inside and outside the
cavity. If instead, we also had = —1i n n outside, the solutions of 3 5 were
exactly the quasibound states of the passive resonator i.e. solutions of the Helmholt

equation at complex  if the deacy rate was defined as as
=cn n. 36

We now may argue that adding or dropping the imaginary part of outside the resonator
ma es only a small di erence if is small: In fact, as can be chec ed cf. [55] by
inspecting the large-argument asymptotics of the Han el function (), the field of a
quasibound state at distances larger than ~ ¢ from the cavity grows exponentially
due to retardation, but within this physical range ¢  vanishes as — (. Therefore
one can write R . If we expand and in a Taylor series in

then to linear order the -dependence of |, but not that of v; , can be dropped in the
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full solution. Therefore, the stationary state of the active medium described by 3 4
or 3 5, as well as the metastable decaying state obtained by replacing the real valued
outside wavenumber by —1i n n are identical to first order in  within an area of
order

In conclusion, we have seen that long-lived quasibound states appear not only as
resonances in elastic light scattering but also as stationary states in emission problems
at low pump rate characteri edby =c¢ n n . When as ing for the intrinsic properties
of such long-lived states, it is often a good starting point to consider first the limiting case
of no losses, i.e. the closed cavity. In the next section, we discuss the familiar concept
of aussian beams as freely propagating waves, and how they can be used to describe
resonator modes. Although since the wor of ox and ee [6 ] this is the standard
approach to describe laser resonators [ 8], this approach has some severe limitations for

microresonators.

In free space, the spectrum of electromagnetic waves is not only continuous but highly de-
generate, as can be seen, for example, by choosing plane-wave solutions of the Helmholt
equation and noting that at each frequency an infinite number of propagation direc-
tions can be chosen. There exists a class of ¢ ro  ate free space solutions of the
Helmholt equation, the a an ea . aussian beams are obtained by introduc-
ing the slowly-varying envelope approximation in the wave equation. This is a special
case of a frequently encountered approximation which is labelled with di erent names,
for example adiabatic approximation, paraxial approximation, or Born- ppenheimer
approximation. In the theory of partial di erential equations one also finds the name
parabolic-equation method, because the main step is to neglect the second derivative
of a slowly-varying envelope function, which results in an equation of the type of the
time-dependent chrodinger equation for the latter. In optics, this approximation leads
to the resnel propagator describing di raction in the limit of small angles with the

optical axis.

1 a ssian ea s an the short- a elen th i it

aussian beams play a prominent role in traditional laser optics, because they arise

naturally as solutions in parallel-mirror resonator structures, and they also represent
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di raction-limited propagation. However, they are not in general acceptable functions
to describe the modes of a microcavity. In contrast to free space, it is not even clear a
r or how to define the equivalent of the paraxial condition in a general microresonator
structure, such as for example a circular dis . To clarify this point, we will discuss the
paraxial approximation as next.
Behind the paraxial approximation is the picture of a light beam propagating in

z-direction. et us assume that the beam is described by the envelope function
Y,y z = x,yze” 37
which we insert into the Helmholt equation
Viy+ ¢=0. 38
As aresult we obtain
szt ywt =+ 1 ,=0. 39

With this step we have formally reduced the wavenumber exponent by one, without loss
of information.
In the paraxial approximation we ta e 3 9 , but neglect the second order derivative
J— z . In what situation is this appropriate The name paraxial comes from
a comparison between length scales over which wave solution extends along z and in the
transverse directions, respectively. et  be the relevant length in the z direction. ow
let us introduce rescaled coordinates which measure the transverse space in dimensionless

form as [59]
r=zv . y=yv ., 30
while for the longitudinal dimension we set
z =z . 3
With this 3 9 appears as
zx T oyy T 22+ — . =0. 3
With multiplication by we obtain
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Thus, the second order z derivative can be neglected, if < . In cases in which
this is fulfilled the paraxial approximation is appropriate.

As = < implies < , the paraxial approximation corresponds in
fact toa hort a eengtha 1o  at on. The approximation consists in the assumption
that the envelope is slowly-varying compared to the wave fronts along z. The resulting

equation in the original coordinates reads as

—(—+—) = i—. 34
x Y z

This equation is mathematically of a fundamentally di erent type than the Helmholt
equation: whereas the former is an elliptic partial di erential equation, the latter is
parabolic. The di erence is that solutions of an elliptic equation are determined by
solving a o m ar a e problem, while solutions of 3 4 are specified by nta con
t on along a line z = z,, for example. If we try to impose boundary conditions on
3 4 by specifying the values of on a closed surface in z, y, z e.g. a microresonator ,
there will in general be no solution for any , whereas the original eigenvalue problem
3 8 always exhibits solutions satisfying the boundary conditions for a discrete set of
-values. This well- nown consequence of the theory of characteristes [6 | by which
second-order partial di erential equations are classified explains why paraxial approxi-
mations in general do not allow to find all the modes of a resonator.
et us put it in other words: Equation 3 4 is formally analogous to the time-
dependent chrodinger equation in which we substitute z «<» ¢t and <+ m h. We now
that this equation uniquely determines the time evolution of any initial wave pac et
prepared at time t = to. This corresponds to specifying the solution of 3 4 at some
z = zg. learly, if in addition to the initial condition we also want to impose an arbitrary
final distribution of at some other time ¢ = t;, then, in general, a contradiction will
arise to the unique time evolution. nly for special choices of initial distributions can
the final condition be met. Boundary conditions on a closed surface in the spacetime
spanned by z, y, z are therefore not generally consistent with 3 4 . ow, based on this

parabolic equation how can we find the modes of a closed resonator

There are various schemes by which this can be accomplished for some subset of modes,

and the vast ma ority of conventional resonator calculations in optics are based on such
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methods [ 8]. In order to discuss these approaches and their limitations for microcavities,
we first recall how the propagation along z or the time evolution can be expressed

in terms of the retarded reen function

r,y z :/ r,Yy,z T,Y,%20 r,Yy zp T Y. 35

The reen function of the free particle time dependent chrodinger equation, also called
its propagator [60], is well nown from quantum mechanics | 4] as well as from the

theory of thermal conduction [6 | where it appears with an imaginary time scale :

,t ,t:{ﬁ} ei( ) -y =m h. 36
l R—

Here, = , ,3 is the number of spatial dimensions. This result reminds us of an-
other important feature of the parabolic equation: The above function describes how
a wavepac et locali ed at a single point at time ¢ spreads with time. uch pulse
spreading is completely absent in the time dependent reen function of axwell’s wave
equation, V — ct = 0, where the time dependence is simply given by the
e ect of retardation, o t —t— \/m ¢ in three dimensions .

The discussion in quantum mechanics textboo s usually applies to three space di-
mensions = 3 . However, we require the analogous ob ects for the case of two spatial
dimensions = in the paraxial approximation, z ta es the role of a time param-
eter and hence leaves only x and y as spatial coordinates. The reduced dimensionality
introduces di erent prefactors in reen’s function but leaves the basic implications of
the paraxial approximation including pulse spreading unchanged. With = , 3 5
describes the transverse profile of a paraxial beam, as it propagates along the z axis.
The equation is identical to the re ne a e ro agat on formula [63] for the field 1, if
we use the definition of in 3 7.

The reen function in 3 5, alias the resnel propagation ernel, defines an integral
equation for the transverse mode functions z,y , which is a frequent starting point
for determining resonator modes in the paraxial approximation. Before we turn to the
problem of resonator modes, it is useful to consider first the eigenfunctions of 3 5 in
free space which are called a  an ea . The derivation of the fundamental aussian
beam profile follows the analogy between 3 4 and the time dependent hrodinger

equation. An important solution is the n ncertant  a e ac et,

oo iz { - ]
exp - ,
1 -
iz 4 + iz

37

T,z =
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where is the width of the wavepac et in x direction at time 2z = 0. An analogous form
can be found for the other transverse direction, y, and the full wave function requires
ta ing the product of both profiles. This separability is a consequence of the fact that we
have imposed no boundary conditions on the free-space propagation. We can therefore
restrict ourselves without loss of generality to wave functions that depend only on one
transverse coordinate x for now.

ote that 3 7 is a special minimum uncertainty wavepac et with ero average -
momentum. By the uncertainty relation, is related to to the spread in wavenumber

» through
A, = i 3 8

The wavepac et therefore has a non ero width A , in ourier space, which will lead to
divergence as a function of time z. By decomposing prefactor and exponent into their
real and imaginary parts, it is straightforward to show that 3 7 describes a standard

aussian beam [64], if we reinstate the definition ©» = exp i z and interpret as

the minumum spot si e at z = 0. The divergence, or angular beam spread, is given by

= arctan (—) . 39

It must be emphasi ed that the aussian beam is an exact solution of the free-space
Helmholt equation 3 8 , but becomes exact only in the paraxial limit. The beam
spreading is, however, not an artefact of this parabolic equation method. It correctly
describes the con ugate relation between spot si e and transverse wavenumber which is

a consequence of di raction.

The spot si e is a parameter at our disposal, by which we can determine the relative
uncertainties in position and momentum according to 3 8 . This freedom is important
when one attempts to construct approximate resonator modes by properly ad usting

aussian beams, as we will see below. urther generali ations of the fundamental aus-
sian beam are possible in free space, by allowing the transverse amplitude to vary. An
important special case are the «a er te beams which are constructed as follows.

If we set z=01in 3 7, then the resulting instantaneous aussian

0T = 1 7671 330
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can be formally interpreted as the ground state wavefunction of a one dimensional har-

monic oscillator,

h
-+t -mw  =E 33
m T
in which formally identify the oscillator length with the beam spot si e,
=/ —=Vv . 33

mw

Higher order eigenfunctions can be generated by acting on ( with the formal creation

operator
= i | 333
\/_
where we defined the operators
x x
= —=—, 334
\/’
_ Y 335
i i

The solutions are products of Hermite polynomials and the aussian . rom this
construction at z = 0, however, it is not directly obvious how the beam shape changes
as it propagates along z. To see this we will define a generali ed creation operator
¢’ which properly describes the spreading divergence of the beam, and which, when
applied to the z-dependent z,z of 3 7, generates functions which are solutions of

the parabolic equation 3 4 .

or propagation in the x —z plane to which we restricted our attention, the transverse
beam coordinate is x, whereas z is the propagation direction playing the role of a time

variable. et us define the following dimensionless quantities

= —, 336
z = z— i ,
where and are the parameters from 3 7 for which we thus obtain
—1 . T
T, z = - exp |i . 337
z z

tet att e perat r ede e are ti ated lelyt e at e atical tructure ft epr le

ey d t repre e t ua tu ec a ically rele a t e titie li e p iti r e tu r are

t ey p y ically relatedt t e perat r f ecti
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We can now define a generali ed form of the creation operator 333 as

= r4ir , 338
x
c = r—1i , 339
x
which in the limit z = 0 reduces to 333 because then = —i . ne can verify
that 338 and 339 lead to the correct commutation relation [c,cf] = , as a direct

consequence of the fact that the quantities defined in 336 satisfy the relation
-t =i 340

for all z. We included complex con ugation of even though it is real, in order to
highlight the similarity to the quantum commutation relation between con ugate oper-
ators and indeed, can be interpreted formally as the con ugate momentum of the
co e tra ector z because it satisfies the equation of motion = z with
dimensionless time  z.

or ¢l generating auss-Hermite beams, this operator must exhibit two additional

qualities which we chec in the following.

e irst, we verify by direct application of 339 that ¢ annihilates the fundamental

beam x,z givenin 3 7.

e ccond, we verify that cf x,z with m = | ... is again a solution of the

free-space parabolic equation 3 4 .

This latter property requires that ¢ commutes with the di erential operator

+ 1 34

T z

which in fact corresponds to 3 4 written in operator form. Thus, in operator notation

the parabolic equation simply reads as

=0, 34
where we still assume that the y dependence can be separated o .  sing the definitions
in Egs. 338 and 336 , we obtain

- = ( d - - ) , 343
d =z x x



*

where the righthand side vanishes because of the equation of motiond * d z =

This result means that if is a solution with =0, then ¢! is also a solution, because
= = 0. 344

Thus, we have shown that the set of auss-Hermite beams are solutions of the free space

wave equation in paraxial approximation.

The construction of resonator modes using the results obtained so far requires us first to
identify what is meant by the z axis along which the beams propagate, if the system is
bounded by some surface. or simplicity, we first assume that this boundary is perfectly
re ecting, what corresponds to irichlet boundary conditions. We can approach this
situation from two logically distinct directions.

Traditionally it is assumed that the mirrors are shaped such that they precisely match
the wavefronts of a aussian beam for some value of spot si e and wavenumber

n the other logical side one can start with a desired field configuration for which the
shape of suitable mirrors is sought. The goal is to find modes with a predefined form
which is optimally adapted to a given practical problem. In contrast to the traditional
approach this procedure has the formofan n ere o n ar a e ro e . It has been
addressed in Ref. [65], and plays a role whenever beams have to be matched to a given
situation.

The molecular sieve crystals on which this review focuses, as well as all other self-
assembled reali ations of dielectric microresonators such as aerosol or polymer droplets,
pose instead a well defined boundary value problem with little or no freedom of ad usting
the cavity shape. This forces us to ta e a di erent route if we wish to extend the results
of the previous subsections.

The application of the parabolic equation method in the di raction theory of res-
onators is presented in great detail in Ref. [59], where, however, the salient features are
at times obscured by the mathematical apparatus that is necessary to treat wave prop-
agation in three dimensions with inhomogenous refractive index. In the folloeing we do
not ta e such complications into account, but approach the solution of the Helmholt
equation 3 8 with only x and z as variables, and irichlet boundary conditions on the

cavity wall which in view of the situation with microresonators, we assume to be a two



dimensional closed surface. The idea of this approach is that since the aussian beam
is an approximate short wavelength solution near some z axis, we can piece together
a resonator mode by using aussian beams which follow a co e ra tra ector in the
cavity. An example for such a closed orbit is shown in ig. 3. It is a nontrivial example

where a ray based mode analysis of the present type leads to accurate results [67]. Each
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7 Actual realizations of microlasers based on molecular

sieve-dye compounds
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