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We present a theoretical study of linear wave scattering in one-dimensional nonlinear lattices by
intrinsic spatially localized dynamic excitations or discrete breathers. These states appear in various
nonlinear systems and present a time-periodic localized scattering potential for plane waves. We
consider the case of elastic one-channel scattering, when the frequencies of incoming and
transmitted waves coincide, but the breather provides with additional spatially localized ac channels
whose presence may lead to various interference patterns. The dependence of the transmission
coefficient on the wave number q and the breather frequency Vb is studied for different types of
breathers: acoustic and optical breathers, and rotobreathers. We identify several typical scattering
setups where the internal time dependence of the breather is of crucial importance for the observed
transmission properties. © 2003 American Institute of Physics. @DOI: 10.1063/1.1561627#

Discrete breathers are generic solutions of classical
Hamiltonian lattices. They are time-periodic and spatially
localized. Of special interest is then the understanding of
scattering of small-amplitude plane waves by discrete
breathers. As the breather presents a time-periodic scat-
tering potential, incoming wave frequencies will be
shifted by multiples of the breather frequency, leading to
the consideration of a multi-channel scattering problem.
We will study the case when only the incoming channel is
conducting, while all other channels are closed. Focussing
on the one-dimensional lattice case we find strong inter-
ference and resonance effects in various classes of breath-
ers. Our results on acoustic chains provide with new in-
sights for the related problem of anomalous heat
conductivity. We pay specific attention to the possibility
of perfect reflection, which is linked to a Fano-like reso-
nance due to the coupling of bound states and extended
waves.

I. INTRODUCTION

The problem of wave propagation through media with
various inhomogeneities has been a complex issue of con-
stant interest and appears in different areas of physics. Par-
ticular examples are acoustic and electromagnetic wave
propagation in various disordered media,1,2 tunneling of elec-
trons in solids3 and electron transport through quantum ~mo-
lecular! wires.4,5 In many cases of interest the conductivity
~electron transport!3,5,6 and the heat conductivity ~phonon
transport!7–10 are determined through the wave scattering by
spatial inhomogeneities. Of particular interest is the wave
propagation in one-dimensional systems where interference
effects may be strongly enhanced.

In most of the studies wave scattering by static localized
inhomogeneities has been considered.10 More recently the
scattering by generic time-dependent potentials has received

strong attention.11–13 This is due to the possibility to generate
various time-dependent scattering potentials artificially, e.g.,
in the presence of laser beams or microwave radiation. Sev-
eral interesting effects such as giant enhancement of
tunneling11,12 and Fano resonances14–17 have been found.

It is a well established fact that various nonlinear spa-
tially discrete systems can support different types of excita-
tions, namely, propagating linear waves ~phonons! and time-
periodic spatially localized excitations called discrete
breather states ~DB!.18–20 The origin of the latter localized
states is not the presence of disorder but rather the peculiar
interplay between the nonlinearity and discreteness of the
lattice. While the nonlinearity provides with an amplitude-
dependent tunability of oscillation or rotation frequencies of
DBs, Vb , the spatial discreteness of the system leads to fi-
nite upper bounds of the frequency spectrum of small ampli-
tude waves vq . It allows to escape resonances of all mul-
tiples of the breather frequency Vb with vq . Note here, that
nonlinear discrete lattices admit different types of DBs de-
pending on the spectrum of linear waves propagating in the
lattice, e.g., acoustic breathers and rotobreathers @Figs. 1~a!

and 1~b!#, optical breathers @Fig. 1~c!#, etc. Such properties
of DBs as their frequency dependent localization length and
the stability of DBs with respect to small amplitude pertur-
bations have been widely studied. DBs have been observed
in experiments covering such diverse fields as nonlinear
optics,21 interacting Josephson junctions,22,23 magnetic
systems24 and lattice dynamics of crystals.25

Although DBs present complex dynamical objects, in
many cases experimental measurements can be well under-
stood by using certain time-averaged properties of DBs.26,27

Thus, a natural question appears whether the internal
breather dynamics is of crucial importance to understand the
lattice dynamics in the presence of DBs. In this paper we
study the propagation of small amplitude plane waves in
one-dimensional nonlinear lattices in the presence of a DB
and obtain that the internal dynamics of the DB may lead to
a drastic increase or decrease of wave transmission as com-
pared to the time-averaged setup. Thus the wave scattering
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by DBs is interesting both as some spectroscopical tool to
study DB properties and as a way to control the wave trans-
mission ~conductivity! by varying the DB state. Finally our
studies are of use for the general understanding of wave scat-
tering by time-periodic potentials.

First successful attempts to describe the variety of phe-
nomena arising from wave scattering by DBs have been per-
formed some time ago.28–31,17 While a number of results
have been obtained, we are far from a full description of the
complexity of possible scattering outcomes. This concerns
the wave scattering in systems with acoustic spectra vq , the
importance of the internal DB dynamics including the com-
parison between rotational and vibrational excitations, the
dependence of the wave propagation on the DB energy, and
the single channel elastic versus the two channel inelastic
scattering cases.29 Here we will address these problems but
restrict ourselves to the elastic scattering case.

The paper is organized as follows: in Sec. II we present
the general formalism and describe analytical and novel nu-
merical methods used to analyze the wave scattering by DBs,
in Secs. III, IV and V the dependencies of the transmission
coefficient on the breather frequency Vb and the wave num-
ber q for different types of breathers ~acoustic breathers and
rotobreathers, optical breathers, see Fig. 1! are obtained, and
finally a discussion is provided in Sec. VI.

II. GENERAL FORMALISM

To proceed we will consider one-dimensional nonlinear
lattices with nearest neighbor interaction, optional on-site
~substrate! potential, and with one degree of freedom per
lattice site. Both the increasing of the interaction range and
the extension to more than the one degree of freedom per
lattice site are not of crucial importance.

The dynamics of the system is characterized by time-
dependent coordinates xn(t) and the class of Hamiltonians
considered here reads

H5(
n

S ẋn
2

2
1V@xn#1W@xn2xn21# D . ~1!

Here V@x# is an optional on-site ~substrate! potential and
W@x# is the nearest neighbor interaction. The equations of
motion become

ẍn52W8@xn2xn21#1W8@xn112xn#2V8@xn# . ~2!

Without loss of generality we take V@0#5W@0#5V8@0#
5W8@0#50 and V9@0#>0, W9@0#.0. This Hamiltonian
supports the excitation of small amplitude linear waves with
the frequency spectrum

vq
2
5V9@0#14W9@0#sin2S q

2 D , ~3!

with q being the wave number.
Time-dependent spatially localized solutions ~DBs! exist

for different types of potentials V@x# and W@x# , although at
least one of the two functions (V@x# and/or W@x#) has to be
anharmonic. DB solutions are characterized by being time-
periodic x̂n(t1Tb)5 x̂n(t) and spatially localized x̂ unu→`

→0 ~except systems with V50 where x̂n→6`→6c with c
possibly being nonzero!. If the Hamiltonian H is invariant
under a finite translation ~rotation! of any xn→xn1l , then
discrete rotobreathers ~DRB! may exist.32 These excitations
are characterized by one or several sites in the breather cen-
ter evolving in a rotational state x̂0(t1Tb)5 x̂0(t)1l , while
outside this center the lattice is governed again by time pe-
riodic spatially localized oscillations. The breather frequency
Vb52p/Tb can generally take any values provided kVb

Þvq for all nonzero integer k . As vq
2 is an analytic function

of q , DBs are exponentially localized on the lattice.

A. The linearized problem

To study the scattering of small amplitude plane waves
by a DB we linearize the equations of motion ~2! around a
breather solution xn(t)5 x̂n(t)1en(t):

ën52W9@ x̂n~ t !2 x̂n21~ t !#~en2en21!1W9@ x̂n11~ t !

2 x̂n~ t !#~en112en!2V9@ x̂n~ t !#en . ~4!

This is a set of coupled linear differential equations with time
periodic coefficients of period Tb . Note that these coeffi-
cients are determined by the given DB solution x̂n(t).

Equation ~4! determines the linear stability of the
breather through the spectral properties of the Floquet
matrix,20,29 which is given by a map over one breather period

S e~Tb!

ė~Tb! D5FS e~0 !

ė~0 ! D , ~5!

where e[( . . . ,en21 ,en ,en11 , . . . ). For marginally stable
breathers all eigenvalues of the symplectic matrix F will be
located on the unit circle and can be written as e iu. The
corresponding eigenvectors are the solutions of Eq. ~4!, and
fulfill the Bloch condition

en~ t1Tb!5e2iuen~ t !. ~6!

FIG. 1. A schematic representation of different types of discrete breathers:
~a! acoustic breather; ~b! acoustic rotobreather; ~c! optical breather.
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Because the DB solution is exponentially localized on the
lattice, Eq. ~4! will reduce to the usual small amplitude wave
equation far away from the breather center. Thus, only a
finite number of Floquet eigenvectors are spatially localized,
while an infinite number of them ~for an infinite lattice! are
delocalized and these solutions correspond to plane waves
with the spectrum ~3! and the Floquet phases u56vqTb .
The remaining Floquet eigenvalues correspond to local Flo-
quet eigenvectors and are separated from the plane wave
spectrum on the unit circle. Note here, that two eigenvectors
with the degenerated eigenvalue e iu

511 always exist and
reflect perturbations tangent to the breather family of solu-
tions.

As a consequence of the Bloch condition ~6! any spa-
tially extended Floquet eigenvector can be represented in the
form

en~ t !5 (
k52`

`

enkei(vq1kVb)t. ~7!

What happens if we send a plane wave with frequency
vq to the DB? We will deal with the case of one-channel
scattering if for any kÞ0 and any q8, vq8

Þvq1kVb . This
condition determines that all channels with nonzero k are
‘‘closed,’’ i.e., the spatial amplitudes enk are localized in
space. Note here, that the frequencies of transmitted and re-
flected waves are the same and coincide with the the fre-
quency of the incoming wave, since they all belong to the
only open channel with k50.

For harmonic interaction potentials W it was shown in
Ref. 29 that the momentum

J52W9@0#^Im en*en21& ~8!

is independent of the lattice site. Here the averaging is meant
with respect to time. In a similar way it is straightforward to
show that the quantity

J̃52^W9@ x̂n~ t !2 x̂n21~ t !#Im en*en21& ~9!

is independent of the lattice site. Since the breather solution
x̂n(t) is spatially localized, at large distances from the
breather we find again that the momentum J is independent
of the lattice site. Especially we find that it is the same for
n→6` . Following Ref. 29 we conclude that the one-
channel scattering case is elastic, i.e., the energy of an in-
coming wave equals the sum of the energies of the outgoing
~reflected and transmitted! waves.

Despite the fact that we will study the one-channel elas-
tic scattering, the scattering potential of DB is time-periodic.
The above mentioned ‘‘closed’’ channels are active inside the
breather core, i.e., the frequency of linear waves in a finite
area around the breather center can change due to the inter-
action with the DB ~see Fig. 2!. Thus one of the questions to
be answered below is to identify the cases when the well-
known scattering by a time-averaged (static) potential is not
sufficient to describe the actual results of wave scattering by
discrete breathers. This implies that interference effects
through local interactions between the active closed channels
may substantially change the scattering results as compared
to a time-averaged scattering potential.

Assuming that the breather is located around the central
site n50, the one-channel scattering problem can be written
as

en~ t !5A Ie
2i(vqt2qn)

1ARe2i(vqt1qn), n,0,
~10!

en~ t !5ATe2i(vqt2qn) , n.0,

for

unu@sup@jb~0 !,jb~vq!# , ~11!

where jb(v)5supj(v1kVb) and

sinh2 j~n !/25

V9@0#2n2

4W9@0#
, unu,vq~0 !,

cosh2 j~n !/25

n2
2V9@0#

4W9@0#
, unu.vq~p !.

~12!

j measures the characteristic inverse localization length of a
closed channel at frequency n ~note that for n5kVb the
localization length is that of the breather itself, see also Ref.
29!. The incoming wave has amplitude A I , and the reflected
and transmitted wave amplitudes are given by AR and AT,
respectively. The transmission coefficient tq5uAT /A Iu

2.
For further considerations we will use the notation of the

Bloch functions zn(t) defined as

en~ t !5zn~ t !e2ivqt. ~13!

In order to estimate the relative strength of closed chan-
nels with kÞ0 we expand the time-periodic coefficients of
Eq. ~4! in a Fourier series with respect to time:

W9@ x̂n~ t !2 x̂n21~ t !#5 (
k52`

`

wn ,keikVbt, ~14!

V9@ x̂n~ t !#5 (
k52`

`

vn ,keikVbt. ~15!

We consider first the case of a strongly localized optical
breather located at site n50 with W(y)5 c/2 y2. Taking into
account a single closed channel with some value of k , insert-

FIG. 2. Schematic representation of the one-channel scattering of a wave by
a discrete breather.
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ing Eqs. ~14!, ~15! and ~7! into Eq. ~4! and excluding enk ,
the relative strength sk of the closed channel to the open one
will be given by

sk5U v0,k
2

~v0,021 !~v0,012c~12hk!2~vq1kVb!2!
U , ~16!

where the relative amplitude

hk5

e1,k

e0,k
56e2j(vq1kVb) ~17!

has positive sign for vq1kVb located inside the phonon gap
and negative sign otherwise. For sk!1 we do not expect any
significant contribution from the given closed channel, while
sk>1 indicate a strong influence of the closed channel on the
scattering process. Note that the expression v0012c(1
2hk) in the denominator of Eq. ~16! is just a square of a
frequency vL

2 of a local phonon mode of the time-averaged
scattering potential. For spatially discrete systems these local
phonon modes may be located inside or outside of the pho-
non gap. The denominator of Eq. ~16! may vanish for certain
wave numbers, which would imply a resonancelike enhance-
ment of the closed channel contribution ~for certain wave
numbers q). As such a resonant enhancement of a closed
channel amplitude acts as a huge effective scattering poten-
tial to the open channel, for these cases we expect a resonant
suppression of transmission. Thus, qualitatively such a com-
plete suppression of transmission ~Fano-like resonance!14,16

is explained by a resonant interaction of the propagating pho-
non with the specific local phonon mode. However, in order
to quantitatively analyze this effect the renormalization of
the value of vL due to all nonresonant processes, has to be
taken into account. It will be done below for a particular case
of optical breathers by making use of the Green function
method. We obtain that although the renormalization of vL is
rather small it may become important especially as the width
of a phonon band is small, W9!1.

In a similar way we proceed for the estimation of the
closed channel contribution of acoustic breathers. We obtain
the following expression for the relative strength rk:

rk5U w0,k
2

~w0,0!~w0,02~vq1kVb!2!
U . ~18!

Thus, we again find a resonant suppression of transmission
when the presence of acoustic DB leads to a local increase in
the nearest neighbor interaction and to an appearance of a
corresponding local phonon mode. However, this case is
much more involved as compared to the optical DB case, and
Eq. ~18! may serve only as a qualitative tool to check
whether a closed channel is strongly contributing to the
transmission or not. We will instead provide with a more
quantitative analysis for the cases considered, based on the
particular acoustic breather properties.

B. Numerical scheme

To compute numerically the transmission coefficient we
have developed a scheme which generalizes the one given in
Ref. 29 ~which relies on a spatial reflection symmetry of the
breather and thus of the scattering potential!. At variance

with Ref. 29 our scheme is capable of dealing with any ~per-
haps spatially nonsymmetric! time-periodic scattering poten-
tial.

We look for solutions of Eq. ~4! which correspond to
zeroes of the operator

G~e~0 !, ė~0 !!5S e~0 !

ė~0 ! D2e ivqTbS e~Tb!

ė~Tb! D ~19!

on a lattice with 2N11 sites labeled 2N ,(2N11), . . . ,
21,0,1, . . . (N21),N . The incoming wave is fed from the
left, and the transmitted wave is leaving the system to the
right. The boundary condition at the right end is eN11

5e2ivqt, which implies that the transmitted wave will have
amplitude 1. With a given boundary condition at the left end
e2N215(A1iB)e2ivqt, where A and B are real numbers,
we may find the zeroes of Eq. ~19! using a standard Newton
routine. Due to the linearity of the equations of motion in e
an arbitrary initial guess and one Newton step are needed to
converge to the zeroes. In practice due to roundoff errors an
additional Newton step may be required.

However, with arbitrary A and B we will not realize the
scattering case ~10! in general. This is due to the fact that all
extended Floquet states of an infinite system are twofold
degenerated because time reversal symmetry holds far from
the breather center. To succeed we add a second Newton
procedure which uses A and B as free parameters such that
the solution on site N becomes eN5e2iq2ivqt, ensuring that
we realize a single transmitted traveling wave of amplitude
one at the right end of the system. After the Newton proce-
dures are completed, the transmission coefficient is then
given by

tq5

4 sin2 q

u~A1iB !e2iq
2z2Nu2 . ~20!

While the Bloch functions zn are in general time-dependent
close to the breather center, they will be time-independent
complex numbers at large distance from the breather. We
note that the computation operates at the machine precision,
and we obtain results which are size independent, i.e., with
the above described boundary conditions we emulate an in-
finite system. The discrete breather solution itself has to be
obtained beforehand using standard numerical procedures.33

The enumerator in Eq. ~20! vanishes at the extremal val-
ues of vq , i.e., at q50 and q5p . If the denominator is
finite at these values of q , the transmission will also vanish.
This is indeed the generic case for a quadratic dependence of
the spectrum vq on q around these points. Exceptions are
expected for acoustic chains ~see next section!.

Another peculiar point is that if upon changing some
control parameter, e.g., the breather frequency, a localized
Floquet eigenstate attaches to or disattaches from the ex-
tended Floquet spectrum, the transmission coefficient will be
exactly t51 for the q-value which corresponds to the edge
of the spectrum vq , i.e., q50 or q5p .29,30
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C. Green function method for a time-periodic localized
scattering potential

We will also analyze the wave propagation through DBs
by making use of the Green function technique.34 This
method is especially convenient as the scattering potential is
localized in space. To apply this method to a particular case
when the presence of DBs leads to the appearance of a lo-
calized time-dependent on-site scattering potential,
V9@ x̂n(t)#21, we perform a time Fourier transformation of
Eq. ~4! and obtain the equation for the Green function
Gvq

(n1 ,n2):

Gvq
~n1 ,n2!5Gvq

0 ~n1 ,n2!2(
m

Gvq

0 ~n1 ,m !

3E dVUV~m !Gvq1V~m ,n2!, ~21!

where Gvq

0 (n1 ,n2) is the Green function of the linear equa-

tions of motion in the absence of the DB. The Fourier trans-
form of the localized scattering potential UV(m)
5*dte iVt(V9@ x̂m(t)#21) is determined by the properties of
the DB solution. Because the DBs are periodic solutions in
time the potential UV(m) contains just the harmonics of the
breather frequency, V5kVb . Moreover, as we will see later
in the considered cases we can take into account the harmon-
ics with small values of k50,61, 62 only. Thus, the calcu-
lation of the Green function Gvq

(n1 ,n2) can be represented
in a diagrammatic form where terms which correspond to
active closed channels describe the local ~virtual! absorption
and emission of phonons by the propagating phonon in the
presence of the DB ~some of the typical diagrams are shown
in Fig. 3!. Moreover, for one-channel scattering the energy
conservation law of absorbed and emitted phonons has to
hold. In order to obtain the transmission coefficient tq we
need also an expression for the Green function Gv

0 (n1 ,n2)
which reads

Gv
0 ~n1 ,n2!52E dq

2p

e iq(n12n2)

v2
2vq

2 . ~22!

The Green function of the full problem ~for one-channel
scattering! has a similar form for large distances from the
breather center (n1→2` and n2→1`):

Gvq
~n1 ,n2!52iDq

e iqun12n2u

d~vq
2!/dq

, ~23!

where tq5uDqu2.
As an example for a static scattering potential which is

strongly localized on a single site (n50) we obtain

Gvq
~n1 ,n2!5

Gvq

0 ~n1 ,n2!

11b0Gvq

0 ~0,0!
, ~24!

where b0 is the strength of the static potential. The transmis-
sion coefficient t̃ q in this case is given by

t̃ q5

~d~vq
2!/dq !2

b0
2
1~d~vq

2!/dq !2 . ~25!

We will use the Green function method in Sec. V where the
wave scattering by optical DBs @see Fig. 1~c!# will be pre-
sented. We show how most important diagrams can be taken
into account in the case of a time-periodic localized scatter-
ing potential.

D. Time-averaged scattering potential

Since we are interested in understanding the importance
of the time dependence of the scattering potential, we will
also compare the numerical results with those obtained by

FIG. 3. Typical diagrams describing
the interaction of the propagating
phonons with the time-periodic DB
scattering potential: ~a! scattering by a
time-average ~static! potential; ~b!
resonant scattering process; ~c! a pro-
cess leading to the renormalization of
a phonon local mode frequency; ~d!
various complex processes. Here, thin
and thick solid lines present the Green
functions in the absence of the DB and
in the presence of the time-average
part of the DB scattering potential.
The time-average part of the DB scat-
tering potential is shown by a black
circle, and the dashed lines show the
absorption ~emission! of phonons.
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time-averaging the DB scattering potential. This time-
averaging can be found numerically beforehand and Eq. ~4!
becomes

ë̃n52wn ,0~ ẽn2 ẽn21!1wn11,0~ ẽn112 ẽn!2vn ,0ẽn .
~26!

Because in this case all inhomogeneities are time-
independent we can use the standard scattering matrix
method. With ẽn(t)5 z̃ne2ivqt Eq. ~26! is rewritten as

S z̃n11

z̃n
D 5MnS z̃n

z̃n21
D , ~27!

with

Mn5S 11

En1cn ,n212vq
2

cn11,n
2

cn ,n21

cn11,n

1 0
D , ~28!

where En5vn ,0 and cn ,n215wn ,0 . It follows

S z̃N11

z̃N
D 5MS z̃2N

z̃2N21
D , ~29!

with

M5)
i5N

2N

Mi . ~30!

The expression for the transmission coefficient t̃ q for the
time averaged scattering potential is then given by10

t̃ q5

4 sin2 q

uM 11~q !e2iq
1M 12~q !2M 21~q !2M 22~q !e iqu2 ,

~31!

where M i j are the four matrix elements of the 232
matrix M.

III. SCATTERING BY ACOUSTIC BREATHERS

In this section we study the wave scattering by so-called
acoustic breathers. The corresponding systems are character-
ized by a gapless spectrum vq of propagating linear waves,
and by a conservation of total mechanical momentum.

The generic choice for the potentials in the Eq. ~2! is
V(y)[0 and W(y)5

1
2y2

1 b/3 y3
1

1
4y4. This choice leads

to the well known Fermi–Pasta–Ulam system.35 We will first
consider the case b50 which implies the presence of a par-
ity in the interaction potential W and comment on the influ-
ence of parity violation for bÞ0 later on. The dispersion
relation of phonons is given by

uvqu52 sin
q

2
. ~32!

A breather solution with frequency Vb54.5 is shown in
Fig. 4. The corresponding Fourier components of the scatter-
ing potential are plotted in Fig. 5. Acoustic breathers can be
found with frequencies above the phonon band uVbu
. max uvqu. However, here we consider uVbu.2 max uvqu
which implies uVbu.4. This condition is needed to realize
the one-channel scattering case of linear waves. For b50

the ac part of the interaction potential W has even harmonics
only, and the frequency of a propagating phonon in a closed
channel 2Vb6vq can not match the frequency of a local
mode of the time-averaged scattering potential. Thus the
closed channels play no important role in the scattering pro-
cess. As a consequence the wave scattering by acoustic
breathers is practically identical with the scattering by the
time-averaged potential. Indeed numerical computations do
not show any relevant difference between the linear wave
propagation in the presence of time-dependent and the static
~time-averaged! potentials. Yet there is a number of interest-
ing features of the scattering which deserve to be exploited.

For V50 the lattice conserves the total mechanical mo-
mentum P5(nẋn in addition to the energy. Without loss of
generality we will choose P50 here. From this conservation
law it follows that the total mechanical momentum of the
linearized problem P5(nėn is also conserved. This implies
that for any solution en(t) the shift e(t)1C is also a solu-
tion. In particular en5C is a solution, which corresponds to
a wave with q50 and for which we have tq5051. Thus we
conclude that the transmission of waves by a breather for
acoustic systems at q50 is always perfect, no reflection oc-
curs. This is in sharp contrast to systems without conserva-
tion of total mechanical momentum ~see below!.

FIG. 4. Displacements of an acoustic breather with zero velocities at t50
and Vb54.5. Inset: Relative strength rk for the second and fourth closed
channels versus q .

FIG. 5. Fourier components wnk for different k versus n for the breather in
Fig. 4.
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The peculiar dependence of the transmission coefficient
tq on the wave number q and the breather frequency Vb is
shown in Fig. 6. The breather frequency is varying over
nearly three decades. We indeed observe perfect transmission
at q50, and zero transmission at q5p . However we also
find that in the studied breather frequency range two rather
narrow peaks around q5p appear with perfect transmission.
These structures are due to the detachment of localized Flo-
quet eigenvectors from the continuum of extended Floquet
eigenstates. A surprising result is shown in Fig. 7. We plot
the transmission tq at q5p/4 as a function of the breather
frequency Vb . We obtain plateaus and crossovers at certain

breather frequencies. The crossover positions clearly corre-
late with the appearance of localized Floquet states, which
are traced through the perfect transmission close to q5p in
Fig. 6. The dependence of the transmission on q for the two
observed plateaus is shown in the inset of Fig. 7. The pla-
teaus range over several decades in Vb , and the
q-dependence of tq is rather similar on different plateaus.

To understand this feature we remind that large breather
frequencies imply that the breather energy and its amplitude
in the breather center are large as well. Thus we may neglect
the harmonic part of the interaction potential W inside the
breather core. The resulting amplitude distribution of the
breather core is characterized by a superexponential decay
x̂n(t)5AnG(t), An;An21

3 , where G(t) is an oscillatory
master function.36,37 Due to the symmetry of the breather
solution the spatial profile is described by A2n52An11 ,
n<0. The amplitudes An have been computed: A151, A2

.20.166, A3.4.79631024, A4.21.15310211, and so
on.35 The overall amplitude of the oscillations x̂n(t) is tuned
by the amplitude of the master function G(t).

The scattering is essentially described by the time-
averaged scattering potential. This potential corresponds to a
large increase in the nearest neighbor coupling terms. In the
breather center we find

^W9@ x̂1~ t !2 x̂0~ t !#&5113^~ x̂1~ t !2 x̂0~ t !!2& ~33!

with

3^~ x̂1~ t !2 x̂0~ t !!2&[X2'
2

3p
Vb

2 ~34!

FIG. 6. ~Color! The dependence of the transmission coefficient on q and Vb .

FIG. 7. The dependence of the transmission coefficient on Vb for a particu-
lar value of q5 p/4. The dashed lines show the predicted plateau heights
~see text!. The inset shows the dependence of the transmission on q for the
two observed plateau regions.
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~the details of the calculation are presented in Appendix A!.
Due to the large value of X for large Vb it becomes evident
that time-dependent corrections to the scattering potential are
negligible. By making use of the distribution of oscillation
amplitudes in the lattice we then find

3^~ x̂n~ t !2 x̂n21~ t !!2&'An
2X2. ~35!

The scattering on a plateau in Fig. 7 is due to a finite number
of matrices Mn which should be taken into account in Eq.
~30!. Qualitatively the crossover threshold can be defined as

An
2X2.1. ~36!

Thus we obtain the two crossover frequencies Vb1513.1
and Vb254527, which match with the observed crossover
positions. For 4,Vb,Vb1 we need only four matrices Mn ,
for Vb1,Vb,Vb2 , six matrices Mn and so on. We also
computed the transmission at q5p/4 using the correspond-
ing reduced set of relevant matrices. The obtained limiting
values of tq are shown as a dashed line in Fig. 7. We observe
very good agreement between the predicted plateau heights
and the actual data obtained in direct numerical simulations.

With the above said it becomes also transparent, why we
observe detachment of localized Floquet states in the cross-
over region. The acoustic breather presents an effective po-
tential well for the propagating phonons. The width of this
well increases with the breather frequency, and the number
of possible localized Floquet states also increases. Such a
periodic appearance of perfect transmission is similar to the
quantum mechanical scattering by a potential well in the
presence of quasi-discrete levels.38

Finally we checked the influence of bÞ0. With respect
to the breather the presence of cubic terms in the interaction
potential leads to the generation of a kink-shaped dc lattice
distortion. The corresponding scattering potential becomes
asymmetric in space and odd harmonics in the ac scattering
potential appear. This immediately leads to the possibility of
matching between the frequency of a propagating phonon in
a closed channel Vb2vq and several local modes of the
time-averaged scattering potential. Thus, a resonant suppres-
sion of a transmission appears in this case. Indeed, we ob-
serve this effect by direct numerical simulations as shown in
Fig. 8, where two transmission zeros are found. We will dis-
cuss this effect in more detail for the case of optical breathers
below.

IV. SCATTERING BY ACOUSTIC ROTOBREATHERS

Remarkable differences to the results of the preceding
section are obtained if the interaction potential W is chosen
to be a periodic one ~the potential V is still zero in this
section!:

W~y !512cos~y !. ~37!

With such an interaction potential the nonlinear chain allows
for the existence of rotobreathers @cf. Fig. 1~b!#. In the sim-
plest case a rotobreather consists of one particle being in a
rotating ~whirling! state, while all other particles oscillate
with spatially decaying amplitudes from the center of DB:

x̂0~ t1Tb!5 x̂0~ t !12p ,

x̂nÞ0~ t1Tb!5 x̂nÞ0~ t !, ~38!

x̂ unu→`→0.

To excite such a rotobreather the central particle needs to
overcome the potential barrier generated by its two nearest
neighbors. The rotobreather energy is thus bounded from be-
low by Eb.4. At sufficiently large energies Eb@4 the cen-
tral particle will perform nearly free rotations x̂0(t)5Vbt
1d(t) with d(t1Tb)5d(t) being a small correction. The
time-averaged off-diagonal hopping terms between site n
50 and n561 are then given by

^cos~ x̂0~ t !2 x̂1~ t !!&'2^sin~Vbt !~d~ t !2 x̂1~ t !!&, ~39!

where x̂1(t) is also a small function. Thus the time-averaged
scattering potential of a rotobreather presents a huge barrier
that cuts the chain into nearly noninteracting parts, contrary
to the previous case of an acoustic breather, where the acous-
tic breather potential corresponds to a potential well. There-
fore it becomes extremely difficult for waves to penetrate
across the rotobreather. The rotobreather solution with Vb

54.5 is shown in Fig. 9. The corresponding Fourier compo-
nents of the scattering potential are shown in Fig. 10. In Fig.

FIG. 8. The dependence of the transmission coefficient on q for an acoustic
breather with Vb54.5 and b51. The dashed line is the result for the time-
averaged scattering potential. Two transmission zeros are observed at corre-
sponding values of q .

FIG. 9. Displacements and velocities of an acoustic rotobreather at t50
with Vb54.5. Inset: Relative strength rk for the first and second closed
channels versus q .
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11 we show the q-dependence of the transmission for a ro-
tobreather with Vb54.5 and compare it to the corresponding
curve of an acoustic breather from the preceding section. We
observe a dramatic decrease of the transmission at all
q-values for the rotobreather, in agreement with the above
analysis.

To decide whether the time-dependence of the roto-
breather scattering potential is important or not, we first
make a more precise computation for Eq. ~39! ~details of the
calculations are presented in Appendix B!

^cos~ x̂0~ t !2 x̂1~ t !!&'2

3

2Vb
2 . ~40!

The time-averaged scattering potential for large Vb corre-
sponds to two neighboring weak links of strength ~40! in-
serted in a linear acoustic chain. Three matrices Mn are
enough to compute the transmission. Two of them involve
matrix elements which are proportional to Vb

2 . The elements
of the product will thus contain terms proportional to Vb

4 ,
and according to Eq. ~31! the result is

t̃ q;Vb
28 . ~41!

This is precisely what we also find from a numerical evalu-
ation of the transmission for the time-averaged scattering po-

tential in Fig. 12. However, although the transmission coef-
ficient tq for the full time-dependent scattering potential also
drastically decreases with q and Vb , the dependence is
weaker than for the case of time-average rotobreather poten-
tial. It scales as

tq;Vb
24 ~42!

~see also Fig. 12!. The reason is that besides a weak static
link the rotobreather scattering potential has an ac term at
frequency Vb of amplitude one ~see Fig. 10!. Thus an alter-
native route for the wave is to approach the rotobreather, to
be excited into the first closed channel, to pass the breather
and to relax back into the open channel. The corresponding
scattering process of ‘‘virtual’’ absorption and emission of
phonons from the rotobreather can be also represented by
three matrices as it happens for the dc analysis. However
now instead of two weak links we have links of order one
with a frequency change at site n50 from vq to vq1Vb .
This occurs in exactly one of the three matrices. Conse-
quently the product matrix will contain elements propor-
tional to Vb

2 and the transmission will scale as Eq. ~42!.
We conclude this section by stressing that the wave scat-

tering by an acoustic rotobreather is essentially relying on
the time-dependence of the scattering potential. The roto-
breather effectively cuts the chain in weakly interacting parts
and thus hinders waves from propagation in a very strong
way.

V. OPTICAL BREATHERS

In this section we consider systems with a nonvanishing
on-site potential V@xn#Þ0 @see Fig. 1~c!#. The difference of
such systems to acoustic models is the existence of a gap in
the spectrum of phonons uvq50u5V9@0# . As a consequence
the total mechanical momentum is not conserved, and the
transmission coefficient now vanishes not only at q5p but
also at q50. An exception is the case when a localized Flo-
quet eigenstate bifurcates from the corresponding band edge
for some special parameters.29–31 Because of the presence of

FIG. 10. Fourier components wnk for different k versus n for the roto-
breather in Fig. 9.

FIG. 11. The dependence of the transmission coefficient on q for Vb

54.5. Data for acoustic rotobreather and acoustic breather are shown cor-
respondingly by solid and dashed lines.

FIG. 12. The dependence of the transmission coefficient on the frequency of
the breather Vb at fixed q50.21. Scattering by ‘‘real’’ rotobreather and a
static part of DB are shown correspondingly by solid and dashed lines.
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a gap in the plane wave spectrum there are now two different
cases of interest—the breather frequency being located out-
side the spectrum uVbu. max uvqu or inside the gap uVbu
, min uvqu.

A. The case zVbzÌ max zvqz

Here we choose V(y)5
1
2y2

1
1
3y3

1
1
4y4 and W(y)

5
c
2 y2.

In this case the spectrum of phonons is

vq
2
5114c sin2S q

2 D . ~43!

The breather profile for Vb51.5 and c50.05 is shown in
Fig. 13. The corresponding Fourier components of the scat-
tering potential are plotted in Fig. 14. We note that the DB
scattering potential perturbs the diagonal terms and in this
particular case (Vb.vq) presents a barrier for propagating
phonons. For large breather frequencies the breather is
strongly localized, i.e., essentially only one central oscillator
is excited. The time-averaged scattering potential then be-
comes a single diagonal defect with a large strength b0

.Vb
2 . It is straightforward to observe that the transmission

coefficient will thus scale as @see Eq. ~25!#

t̃ q;Vb
24 . ~44!

Due to the fact that the transmission vanishes exactly for
both q50 and q5p we conclude that for large breather
frequencies transmission is suppressed in general.

However, in the case of an optical DB the time-
dependent part of the DB scattering potential ~more precisely
its second harmonic, see Fig. 14! is also large as b2.Vb

2 for
large values of the breather frequency. Thus, the time-
dependent part of the DB potential can be rather important.
Indeed, for the breather from Fig. 13 the obtained transmis-
sion as a function of q shows that t̃ q ~see Fig. 15, dashed
line! is at least one order of magnitude larger than tq ~see
Fig. 15, solid line!. In addition tq shows a resonant minimum
around q52.1 ~see inset!. Let us use the estimation ~16! for
k51,2. The parameters are v0,053.5, v0,150.69, v0,253.
First we find that s1'0.05 for all q implying that the k51
closed channel does not participate in the transmission pro-
cess. At the same time s2.10 for all q and thus, the k52
closed channel strongly participates in the transmission pro-
cess. It is because the frequency of the propagating phonon
2Vb2vq.1.92 is close to a localized eigenmode of the
time-averaged scattering potential vL51.9. Notice here that
the frequency of this local mode is above the phonon band.
Thus we interprete the suppression of transmission as a
strong coupling between the propagating wave and a particu-
lar localized mode of the time-averaged scattering potential,
mediated by the ac terms of the scattering potential ~the k
52 channel in this case!. However, the simple estimation
based on Eq. ~16! does not show the resonant suppression of
transmission for a particular value of q and therefore, in
order to quantitatively describe this effect we next apply the
Green function method.

By making use of the estimation ~16! we take into ac-
count in Eq. ~21! the terms with k50 and k562, i.e., the
scattering on the static potential and the phonon interaction
with the second harmonic of the frequency 2Vb . Moreover,
we use the fact that the DB scattering potential is a strongly
localized one, and obtain @the corresponding diagram is
shown in Fig. 3~b!#

FIG. 13. The initial displacements of an optical breather with Vb51.5 and
c50.05 ~velocities are zero!. Inset: sk51,2 versus q .

FIG. 14. Fourier components vnk for different k versus n for the breather in
Fig. 13.

FIG. 15. The dependence of the transmission coefficient tq on the wave
number q . The optical breather frequency is Vb51.5 and the coupling c
50.05. The results are shown for the time-averaged DB scattering potential
~dotted line!; the time averaged part and the second harmonic of the DB
scattering potential ~dashed line!; the full DB scattering potential ~solid
line!. Inset: same with tq on a logarithmic scale. Note the resonant suppres-
sion around q52.1.
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Gvq
~n1 ,n2!5G̃vq

~n1 ,n2!

1b2
2G̃vq

~n1,0!G̃
2V1vq

(rn) ~0,0!Gvq
~0,n2!,

~45!

where Gvq
(n1 ,n2) is determined by G̃v(n1 ,n2) that is the

Green function of propagating phonons in the presence of
time-average DB potential @the corresponding diagram is
shown in Fig. 3~a!#:

G̃v~n1 ,n2!5Gv
0 ~n1 ,n2!2b0Gv

0 ~n1,0!G̃v~0,n2!. ~46!

Moreover, the central part of Eq. ~45!, namely
G̃

2V1vq

(rn) (0,0), has a resonant form:

G̃
2V1vq

(rn) ~0,0!5

1

vL
2
2~V2vq!2 , ~47!

where the local phonon mode frequency vL is mostly deter-
mined by a time-average scattering potential. However, in
the case as the phonon band is narrow (c!1) the renormal-
ization of vL due to the ac nonresonant processes has to be
taken into account @the corresponding diagram is shown in
Fig. 3~c!#. Equations ~45! and ~46! can be solved and we
obtain

Gvq
~0,n2!5

Gvq

0 ~0,n2!

11~b02b2
2G̃

2V1vq

(rn) ~0,0!!Gvq

0 ~0,0!
. ~48!

Thus, we arrive at the expression ~25! for the transmission
coefficient tq but with the renormalized wave number depen-
dent parameter b

b5b02

b2
2

vL
2
2~2Vb2vq!2 . ~49!

As the breather frequency is large (Vb@1) both transmis-
sion coefficients for the static DB scattering potential and for
the full time-periodic DB scattering potential, decrease with
the breather frequency according to Eq. ~44!. However, the
effective potential strength ubu is larger than b0 and corre-
spondingly the transmission tq is smaller compared to the
transmission on the static DB scattering potential. Indeed, we
observed this behavior by direct numerical simulations ~see
Fig. 16!.

A most peculiar effect is that the presence of ac term in
a scattering potential allows to tune the frequency of a local
mode and to obtain the resonant suppression of transmission.
Indeed by taking into account the type of diagrams shown in
Fig. 3~c! we obtain for the renormalized local mode fre-
quency ṽL

ṽL
2
5vL

2
1

b2
2

~4Vb2vq!2
2vL

2 . ~50!

This formula is valid in the limit b2<2&Vb .39 For the
particular case of the DB with frequency Vb51.5 and b2

5v02/251.5 we find that the resonant value of q.2 is re-
markably close to the resonant suppression of tq around q
52.1. Thus a strong dependence of vL on the amplitude of

the ac part of DB scattering potential, and therefore, on the
breather frequency, allows easily to change a position of the
resonance.

Note here, that taking into account the static part and the
second harmonic of the DB potential allows to obtain a good
agreement with the direct numerical simulations of a scatter-
ing by the ‘‘full’’ DB ~compare solid and dashed lines in Fig.
15!. It is also interesting to mention that the static part and
the first harmonic of the DB potential (k51) lead to an
increase of the transmission coefficient compared to the scat-
tering by the time-averaged DB potential. It is just due to the
interplay between the strengths of different channels of the
scattering potential @see Eq. ~49!#.

Thus, we conclude that the presence of a closed channel
allowing absorption and emission of phonons around the
center of the breather leads to strong interference effects
which are of destructive nature in the given example of op-
tical breather.

B. The case zVbzË min zvqz

Here we choose the on-site potential in the form V(y)
5

1
2y2

2
1
3y3 ~note here that the results do not change if the

cubic term has a positive sign! and the interaction term

W(y)5
c
2 y2. The breather profile for Vb50.85 and c

50.15 is shown in Fig. 17. The corresponding Fourier com-
ponents of the scattering potential are plotted in Fig. 18. In
this case the time-averaged DB scattering potential corre-
sponds to a potential well in the diagonal terms, i.e., the
parameter b0 in Eq. ~46! has a negative sign. It leads again to
the possibility to obtain a resonance as the frequency of an
active closed channel matches the frequency of a localized
phonon mode located in the phonon gap. Moreover, at vari-
ance to the optical DB with large frequency ~preceding sub-
section!, the number of active closed channels may now in-
crease substantially. This leads to a more complicated
interference scenario between the open channel and several
closed channels. Indeed, the estimation of sk51,2 shows that
the first channel is strongly contributing, and the second
closed channel cannot be neglected either. At variance to the

FIG. 16. The dependence of the transmission coefficient tq on the optical
breather frequency Vb for a particular value of wave number q50.5. The
dashed line corresponds to the scattering by a time-averaged DB scattering
potential.
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previous case for all propagating phonon frequencies the k
51 closed channel has a much stronger contribution than the
k52 one. However, we expect a resonant coupling between
the propagating wave and the local mode through the k52
closed channel, as uvq5022Vbu50.7 is close to a local
eigenmode of the time-averaged scattering potential with fre-
quency vL560.78. Moreover, the nonresonant processes in
a strong k51 channel allow to renormalize vL similarly to
the previous case of an optical breather with a large fre-
quency. This resonant effect can be analyzed by making use
of Eqs. ~25!, ~45!–~49!. Indeed, due to the resonance with a
localized phonon mode the Green function G̃

22Vb1vq

(rn) (0,0)

@1 for a particular wave number q0 . In this case the param-
eter b goes to infinity as the resonant condition, (2Vb

2vq0
)2

2vL
2
50, is valid and correspondingly the transmis-

sion coefficient vanishes.40 As the phonon frequency deviates
from the resonant condition, the parameter b decreases and
correspondingly the transmission coefficient reaches a maxi-
mum ~see Fig. 19!.

In Fig. 19 we show that the time-averaged DB scattering
potential provides with perfect transmission at a certain wave
number due to the presence of a quasi-bound state in the
static scattering potential. At the same time the transmission
for the full dynamical problem shows a maximum value of
0.1, and an additional minimum in t(q) with actually a full

vanishing of transmission. These patterns are entirely absent
in the scattering by the time-averaged potential. Thus we
again conclude that the presence of active closed channels
inside the breather core leads to strong interference effects.

VI. DISCUSSION

In this paper we considered the propagation of small-
amplitude phonons through a nonlinear lattice in the pres-
ence of various discrete breathers. In particular, we obtained
the transmission coefficient tq for the cases of acoustic and
optical discrete breathers, and acoustic rotobreathers. We
have shown that the presence of a DB leads to an effective
scattering potential for phonons and this potential contains
both static ~time-averaged! parts and time-dependent peri-
odic parts where the first and second harmonics are most
important. Moreover, the strength and the width of the
scattering potential are determined by the breather fre-
quency Vb .

The static part of the effective DB scattering potential
may fully describe the scattering outcome if the closed chan-
nels weakly contribute ~acoustic breather with b50).
Equally the leading contribution to a finite transmission may
come from a closed channel ~acoustic rotobreather!. A very
interesting case is realized when a local mode of the time-
averaged scattering potential resonates with a closed channel
~acoustic breather with bÞ0, optical breathers!. This reso-
nance leads to a full suppression of transmission at some
value of q . The nonresonant closed channels renormalize the
local mode frequency and the corresponding position of the
transmission zero in q . This effect has been discussed in
several papers in relation to the Fano resonance.17,41 A de-
tailed explanation of the similarities and differences to the
physics of a Fano resonances is beyond the scope of this
work and will be published separately. It is worthwhile to
note here that the location of a zero transmission value in q
is not related to the presence of so-called quasi-bound Flo-
quet states, i.e., states which by parameter tuning are trans-
formed from a localized state into one colliding ~interacting!
with the continuous part of the Floquet spectrum. Instead a

FIG. 17. The initial displacements of an optical breather with Vb50.85 and
c50.15 ~velocities are zero!. Inset: sk51,2 versus q .

FIG. 18. Fourier components vnk for different k versus n for the breather in
Fig. 17.

FIG. 19. The numerically calculated dependence of the transmission coef-
ficient tq ~solid line! on q for the breather frequency Vb50.85 and c
50.15. The dashed line shows the scattering by the time-averaged DB scat-
tering potential. Inset: The same on a logarithmic scale.
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formally exact definition of a zero transmission is given in
Ref. 29 through the asymptotic phase properties of Floquet
eigenstates far from the breather center.

The phonon scattering by inhomogeneities can be rel-
evant with respect to the ongoing discussion about finite ver-
sus infinite heat conductivity in acoustic chains with conser-
vation of total mechanical momentum, Refs. 7–10,42. The
heat conductivity k mediated by noninteracting phonons is
determined as

k.LE dqTq~L !, ~51!

where L is the size of the system. Here Tq(L) denotes the
transmission of the given system. Thus, obviously in the ab-
sence of inhomogeneities the phonon heat conductivity goes
to infinity (k.L) as the size of the system L increases.
However, the situation becomes more complex in the pres-
ence of inhomogeneities. In the case, when the inhomogene-
ities are randomly distributed along the system, the number
of inhomogeneities N5nL , where n is the concentration of
defects, and the total transmission Tq(L).tq

N with tq being
the transmission through a given defect. We obtain that the
behavior of heat conductivity is determined by the values of
q where tq is close to one. Thus, the problem of an infinite
heat conductivity in the limit of a large size L naturally ap-
pears in the systems preserving the total mechanical momen-
tum.

In particular we can apply this general consideration to
the phonon propagation in the presence of DBs. In the most
interesting case of acoustic rotobreathers we obtain that the
transmission coefficient tq.12aq2 in the limit of small
wave numbers. The coefficient a is determined by the fre-
quency Vb and the specific choice of the acoustic roto-
breather. Thus we argue that the mere presence of acoustic
rotobreathers does not lead to a finite heat conductivity and k
is still divergent in the limit of large L as

k.A L

na
. ~52!

Here we assume that the heat is carried by phonons, and did
not take into account phonon–phonon interactions. Another
conclusion drawn from our results for acoustic breathers ver-
sus acoustic rotobreathers is that the q-domain around q
50 where the transmission is close to one is by orders of
magnitude smaller for acoustic rotobreathers as compared to
acoustic breathers. This region is responsible for the quasi-
ballistic transport of energy by large wavelength phonons in
the hydrodynamic regime and for the appearance of anoma-
lous heat conductivity. Numerical simulations for systems
with acoustic rotobreathers have to be performed on length
and time scales which are thus also orders of magnitude
larger than the corresponding simulations for standard FPU
chains.

Our analysis can be also applied to the electromagnetic
wave propagation through various Josephson transmission
lines. Although these systems are intrinsically dissipative, the
dissipation may be rather small, and the transmission tq is
still determined by the presence of inhomogeneities like
rotobreathers22,23,26,27 or dynamic edge states.43 Moreover, in

this particular case of Josephson lattices the properties of
DBs can be easily tuned experimentally by changing the ex-
ternal dc bias. Notice here that local phonon modes located
on a rotobreather play an important role in various switching
processes.27 A study of an electromagnetic wave propagation
may allow a direct observation of this mode.

Finally, a similar analysis can be carried out for a Schrö-
dinger equation in the presence of artificially applied time-
periodic perturbations.39 This case is important for the de-
scription of electron transport through a quantum wire in the
presence of external electromagnetic fields.
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APPENDIX A: TIME-AVERAGED SCATTERING
POTENTIAL FOR ACOUSTIC BREATHER

We take into account the oscillations of two lattice sites
in the center of a DB only. These oscillations evolve exactly
in antiphase with large amplitudes. The effective Hamil-
tonian is written as

E5

ẋ1
2

2
1

ẋ2
2

2
1

1

4
~x1

4
1x2

4
1~x12x2!4! ~A1!

and with x152x2 , we arrive at the single oscillator problem
with energy

E5 ẋ2
1

9
2 x4. ~A2!

The frequency of oscillation ~the breather frequency! is given
by

1

Vb
5

2

p
E

0

xm d x

AE2
9
2 x4

, ~A3!

where xm5A4 2E/9. After integration we obtain

Vb5

2pA4 9E

2

B~ 1
4 , 1

2!
, ~A4!

where B(x ,y) is the B-function.44 Next we compute the
value of X5A3^x2&. We can express ^x2& in terms of the
energy

^x2&5

2Vb

p
E

0

xm x2 d x

AE2
9
2 x4

. ~A5!

After some algebra we find ^x2&5A2E/9 @B( 1
2, 3

4)/B( 1
4, 1

2)#

and

X5A 2

3p
Vb . ~A6!
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APPENDIX B: TIME-AVERAGED SCATTERING
POTENTIAL FOR ACOUSTIC ROTOBREATHER

In order to calculate the time-averaged off-diagonal hop-
ping terms we will take into account the central site which is
in a rotational state, denoted by f, and two nearest neighbor
oscillators ~denoted by a1 and a2). Thus we conserve the
total mechanical momentum. The energy of such a system is

E5ȧ2
1

ḟ2

2
12~12cos~f2a !!. ~B1!

The two equations of motion are given by

f̈522 sin~f2a !,
~B2!

ä5sin~f2a !.

Introducing new variables u5f12a and w5f2a we re-
write system ~B2! as

ü50, ẅ523 sin w . ~B3!

The relevant energy part is

Ẽ5

ẇ2

2
13~12cos w !. ~B4!

Now we compute the average coupling between rotational
and oscillatory states for large frequencies

e5^cos w&5

Vb

2pA2Ẽ
E

0

2p cos w dw

A12

3~12cos w !

Ẽ

. ~B5!

Because Ẽ' Vb
2/2 we find

e'
Vb

2pA2Ẽ
E

0

2pS 11

3~12cos w !

2Ẽ
D cos w dw , ~B6!

which leads to

e52

3Vb

4&Ẽ3/2
~B7!

and finally to

e52

3

2Vb
2 . ~B8!
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