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Abstract: By exploiting the analyticity and boundary value properties of the thermal
Green functions that result from the KMS condition in both time and energy complex
variables, we treat the general (non-perturbative) problem of recovering the thermal
functions at real times from the corresponding functions at imaginary times, introduced
as primary objects in the Matsubara formalism. The key property on which we rely is
the fact that the Fourier transforms of the retarded and advanced functions in the en-
ergy variable have to be the “unique Carlsonian analytic interpolations” of the Fourier
coefficients of the imaginary-time correlator, the latter being taken at the discrete Mat-
subara imaginary energies, respectively in the upper and lower half-planes. Starting from
the Fourier coefficients regarded as “data set”, we then develop a method based on the
Pollaczek polynomials for constructing explicitly their analytic interpolations.

1. Introduction

In the standard imaginary-time formalism of quantum statistical mechanics (tracing
back to Matsubara [15]) and, later on, of quantum field theory at finite temperature
(see e.g. [14] and references therein), there arises the a-priori non-trivial problem of
recovering the “physical” correlations at real times starting from data at imaginary times.
More specifically, the correlations at imaginary-time of observables (or, more generally,
of boson or fermion fields) in a thermal equilibrium state at temperature 7 = A1
are defined as periodic (or antiperiodic) functions of period 8, and therefore they are
equivalently characterized by their discrete mode expansion % D, Gnexp(—it,7) in
terms of the so-called “Matsubara energies” i ¢,, where ¢, = 2n7 /B8 (or 2n + 1)7r/B).

The problem of recovering the correlations at real time, or equivalently the retarded
and advanced Green’s functions at real energies, from the previous sequence of Fourier
coefficients {G,} admits a unique and well-defined theoretical solution in terms of the
notion of “Carlsonian analytic interpolation of this sequence”. This can be achieved [5],
and will be recalled below in Sect. 2, if the imaginary-time formalism is embedded in
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the (conceptually more satisfactory) general description of quantum thermal states as
KMS states [11]. However, as suggested by the lattice approach of the imaginary-time
formalism, it may be interesting to have a concreteprocedure for constructing satisfactory
approximate solutions of this problem when one starts from incomplete data sets.

In this paper we give a precise algorithm for the previous reconstruction problem;
this mathematical method is presented in Sect. 3. Moreover, in the subsequent Sect. 4,
the method is applied to the case when the data are finite in number and affected by
noise.

Let us consider the algebra .4 generated by the observables of a quantum system.
Denoting by A, B, ... arbitrary elements of Aand by A — A(z) (A = A(0)) the action
of the (time-evolution) group of automorphisms on this algebra, we now recall the KMS
analytic structure of two-point correlation functions < A(#1) B(t2) >qy, in a thermal
equilibrium state Qg of the system at temperature 7 = gL

By time-translation invariance, these quantities only depend on r = #; — t2, and we
shall put

Wap(t) =< A(t) B >Qp, (€))]
W;\B(t) =< BA(1) >Qp - 2

In finite volume approximations, the time-evolution is represented by a unitary group
¢t 5o that

A(t) — eiH/rAe_iH/', (3)
where H' = H — uN, H being the Hamiltonian, x the chemical potential, and N the
particle number; under general conditions, the operators e ~##" have finite traces for all
B > 0 (see e.g. [11]). Then the correlation functions are given, correspondingly, by the
formulae

Was(t) = [ a0 8], @)

—Tr
Zp

W, p(t) = {e—ﬁH’BA(t)} , )

—Tr
Zg
where Zg = Tre FH',

One then introduces the following holomorphic functions of the complex time vari-
abler +iy:

l ! ’
Gaplt +iy) = —Tr |e*<ﬁ+y>” Aty e’ B], 6)
Zp
analytic inthe strip { +iy; t e R, —8 < y < 0}, and
Gyt +iy) = —Tr {e_(ﬁ_”)H/Be_)’H/A(t)} : )
Zg
analytic in the strip {t +iy; t € R, 0 < y < B}, which are such that:
lim Gap(t +iy) = Wap(t), 8
y—0
y<0
lim Gy gt +iy) = W)p(0). 9)
y—0

y=>0
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From (6), (7) and the cyclic property of Tr, we then obtain the KMS relation
Wap () =Tre P AG) B =TrBe P A(t) = G5t +iB). (10)
which implies the identity of holomorphic functions (in the strip 0 < y < B)

Gap(t +ily — B) = Gyt +iy). (1)

According to the analysis of [11] in the Quantum Mechanical framework and of [8]
in the Field-theoretical framework, this KMS analytic structure is preserved by the
thermodynamic limit under rather general conditions.

In the case when the algebra A is generated by smeared-out bosonic or fermionic
field operators (field theory at finite temperature), the principle of relativistic causality of
the theory implies additional relations for the corresponding pairs of analytic functions
(G, G"). In fact, this principle of relativistic causality is expressed by the commutativity
(resp. anticommutativity) relations for the boson field @ (x) (resp. fermion field W (x))
at space-like separation:

[@@,x), @', x")] =0 (resp. {W(r,x), ¥’ x")} =0)

12
for (t — )% < (x —x")2. (12)

In this field-theoretical case, we can choose as suitable operators A the “smeared-out
field operators” of the form

A= / ®(y0. )/ (o, y)dyody  (resp. / W50, )./ (0. ¥)dyo dy).

where f is any smooth test-function with (arbitrary small) compact support around the
origin in space-time variables. For the observable B, we can then choose any operator
A, obtained from A by the action of the space-translation group (which amounts to
replace the test-function f(yo, y) by f(yo0,y) = f(yo, ¥y — x)). It then follows from
(12) that the corresponding analytic functions G 44, (r+iy) and G’AAX (t+iy) (satisfying
(11)) have real boundary values Wy 4, (1) and W/ A, 0 which satisfy, on some interval
[t] < t(x, f), coincidence relations of the following form:

Wan, (1) = Wiy, (1) in the boson case, (13)
Waa, () = =W, 4, (1) inthe fermion case. (14)

Then, in view of identity (11), the coincidence relations (13) and (14) imply the existence
of a single analytic function G4 4, (t + iy) which is such that:

a) in the boson case:

Gaa, = Gaa, for - B <y <0, (15)

Gaa, =Gy, Tor0<y <g; (16)
b) in the fermion case:

QAAX :GAAx for —-B<vy <0, (17)

QAAX = _G;XAX for0 < y < B. (18)
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Correspondingly, it follows that G4 4, is either periodic or antiperiodic with period ig in
the full complex plane minus periodic cuts along the half-lines {t+iy; ¢ > t(x, f), y =
kB, keZyand {r +iy; t < —t(x, f), y =kB, k € Z}.

These analytic functions G4, (t + iy) are smeared-out forms (corresponding to
various test-functions f) of the thermal two-point function of the fields ® (or W) in
the complex time variable. In other words, this thermal two-point function can be fully
characterized in terms of an analytic function G(r + iy, x) (with regular dependence in
the space variables) enjoying the following properties:

a) Ge+iy,x)=€G(@+i(y —B),x), where e = + for a boson field, and ¢ = — for
a fermion field;

b) for each x, the domain of G in the complex variable t isC\ {¢t +iy; |t| > |x|; y =
kB, k € 7}

¢) theboundary values of G at real times are the thermal correlations of the field, namely:

Iimog(t +iy,x) = WI(t, x), (19)
720
Iimog(t +iy,x) =W, x), (20)
)/*)
y>0

where in finite volume regions, YW and W’ can be formally expressed as follows (a
rigorous justification of the trace-operator formalism in the appropriate Hilbert space
being given in [8]):

W(t, x) = ZiTre—ﬂH ® (1, x) ®(0, 0), (21)
B

W(t, x) = Zi Tre " ©(0,0) d(1, x), (22)
B

for the boson case, and similarly in terms of W (¢, x) for the fermion case.
In this analytic structure, we shall distinguish two quantities that play an important role:

i) the restriction G(iy, x) of the function G to the imaginary axis is a g-periodic (or
antiperiodic) function of y which must be identified with the “time-ordered product
at imaginary times”, considered in the Matsubara approach of imaginary-time for-
malism. In the latter, this quantity or its set of Fourier coefficients plays the role of
initial data.

ii) The “retarded” and “advanced” two-point functions

R(t, %) =i () WV(t, x) — e W (t, %)], (23)
Alt,x) = —i (=) WV(t, x) — e W (£, )], (24)

which are respectively the “jumps” of the function G across the real cuts {z; r >
|x|} and {¢t; t < —|x|}. These kernels have an important causal interpretation; in
particular, R describes the “response of the system” to small perturbations of the
equilibrium state. The knowledge of R and A and, consequently, of W — W' =
—i (R — A) allows one to reconstruct ¥V and WV’ by the application of the Bose—
Einstein factor 1/(1—e¥#) to their Fourier transforms W (w), W' () (this procedure
being an implementation of the KMS property in the energy variable ).
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The rest of the paper is devoted to the problem of recovering the ““real-time quanti-
ties” R and A, starting from the “time-ordered product at imaginary times™ as initial
data. This will require the conjoint use of the analytic structure of G in complex time
and of its Fourier-Laplace transform in the complex energy variable. In fact, the key
property on which our reconstruction of real-time quantities relies is the following one:
the Fourier-Laplace transforms R and A of the functions R and A, which are defined
and analytic respectively in the upper and lower half-planes of the energy variable o,
are analytic interpolations of the set of Fourier coefficients {G,} of the function G at
imaginary times, the latter being taken at the Matsubara energies w = iZ,. Moreover,
the uniqueness of this interpolation is ensured by global bounds on R and A, according to
a standard theorem by Carlson [3]. The basic equalities that relate R(z;“n) and A(ig,) to
the corresponding coefficients G,, will be called “Froissart—-Gribov-type equalities” for
the following historical reason. A general n-dimensional mathematical study of the type
of double-analytic structure encountered here has been performed in [6] in connection
with the theory of complex angular momentum, where the original Froissart-Gribov
equalities had been first discovered (in the old framework of S-matrix theory). The fact
that this structure is relevant (in its simplest one-dimensional form) in the analysis of
thermal quantum states has been already presented in [5] in the framework of Quantum
Field Theory at finite temperature.

2. Double Analytic Structure of the Thermal Green Function and
Froissart-Gribov-type Equalities

In the following mathematical study we replace the complex time variable 7 + iy of the
introduction by T = i (¢ +iy) in such away that, in our “reconstruction problem” treated
in Sects. 3 and 4, the initial data of the function G(z, -) considered below correspond
to real values of 7. Up to this change of notation, this general analytic function G(z, -)
can play the role of the previously described two-point function of a boson or fermion
field at fixed x. However, since the only variables involved in the forthcoming study are
7 and its Fourier-conjugate variable ¢, the extra “spectator variables”, denoted by the
point (-), may as well represent a fixed momentum (after Fourier transformation with
respect to the space variables) or the action on a test-function f (as for the correlations
of field observables A = A(f) described in the introduction).
Let us summarize the analytic structure that we want to study.

Hypotheses. The function G(z, ), (t = u + iv, u,v € R), satisfies the following
properties:

a) itis analytic in the openstripskB <u < (k+ 1B (veR, ke Z, 8 =1/T) and
continuous at the boundaries;
a) itis periodic (antiperiodic) for bosons (fermions) with period 3, i.e.

_ )Gz, for bosons, (r € C),
Ge+p.) = {—g(z', ) for fermions, (tr € C); (25)
c) SUP_jg<y<k+1)p 19 +iv, )| < Clv|*, (v e€R; C,aconstants). (26)

We shall treat both the boson and fermion field cases at the same time by exploiting
the 28-periodicity of the function G(z, -). To this purpose, we take the Fourier series (in
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the sense of L2[—8, B]) of G(t, -), which we write

y . b4
D) = Npo—ilnT —
G(r.) = 32 ’Zoogn( ) Gy =g, @7
and whose Fourier coefficients are given by
B .
6,00 = [ Geoar (28)
-8
It is convenient to split expansion (27) into two terms as follows:
1 +o00 '
G (r,) = % Y GgP@e T, G =G(), 1=0,1,2,...), (29)
n=0
R .
G, ) = % Y G0, GO =6.(), (n=-1,-2,...), (30)
n=-1
then,
B .
g,§+>(-)=/ G (r,) e dr, (n=0,1,2,...), (31)
B .
95,‘)(-)=/ Gz, )esTdr, (n=-1,-2,...). (32)
-B

We now introduce in the complex plane of the variable t = u + iv (u,v € R) the
following domains: the half-planes Zy. = {t € C|Imt = 0}; the “cut-domain” Z, \ E,
wherethecuts E, aregivenby B, = {r € C|t = kB+iv, v>0, k € Z},andZ_\E_,
where E_ = {r e C|t = kB+iv, v <0, k € Z}. Moreover, we denote byA any subset
A of C which is invariant under the translation by k8, k € Z (e.g. éi, i\ éi, etc.)
(see Ref. [6]1). Accordingly, the periodic cut-r-plane C \ (§+ U é_) will be denoted
by 12[,. We now introduce the jump functions J((kJE))(U’ -) and J((k_ﬁ))(v, -) that represent
the discontinuities of G (z, -) and G~ (x, -) across the cuts located respectively at
Ret=u=kB,v>0,andatRetr =u =kB,v <0, (k € Z):

Ty = +ilim [GOUB +etiv) —GDUE —etivo). (39
>0

(v=>0, k eZ)),
T = =i lim {gOwp + e +iv,) —GOkB—e+iv,0),  (39)

e>0

(<0, keZ).

Let us note that these definitions are well-posed and appropriate because, as we shall see
in the following theorem, G (z, -) and G (z, -) are holomorphic in the cut-domains

Z_U[Z4\ é+] and 7, U[Z_\ 2], respectively. Moreover, we suppose hereafter that

the slow-growth condition (26) extends to the discontinuities J((kj;))(v, -), that turn out
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to be “tempered functions” [4]. Finally, in view of the periodicity properties of G(z, -),
it is sufficient to consider only the strip, in the t-plane, defined by —a < u <28 —a
(0 <a < B), v eR(seeFig. 1).

u

2

A = ya

Fig. 1. Integration paths used in the proof of Theorem 1

Wethenintroducethe L aplacetransformsof thejump functionsacrossthe cutslocated
aRer =0,andat Rer = g8; i.e

- +00
T €.) =fo I (. )e ™ dv, (¢ =£+in, Ret > 0), (35)
0
J((o_))(C, )= [w J(((;)(v, Ye *Udv, (Rer <0), (36)
IG5 )= /+oo I, ) e dv, (Rer > 0) 37)
® > 0 B\ ) )
0
J((,;))(;, )= /_oo J((ﬂ_))(v, e tVdv, (Re¢ <0). (38)

We can state the following theorem.

Theorem 1. IfthefunctionsG(z, -) and J((kj;))(v, -) satisfy the slow-growth condition (26)

uniformly in ﬁrz C\ (é+ U é,) up to the closure, the following properties hold true:
i)  Thefunction G (z, ) (respectively G (z, -)) is holomorphic in the cut-domain
Z_UI[Z;\ E4] (respectively Z, U [Z_\ E_]).

ii-a) TheLaplacetransforms f((OJ;) (¢,)and f((/;g) (¢, -) areholomorphicinthehalf-plane

Rer > 0. The Laplace transforms f((o’))(c, -) and f((ﬁ?((:, -) are holomorphic in
the half-plane Re¢ < 0.
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) ) ® ® -
{t e C/Ret > 68,8 > € > 0. J(O) (¢,) and J(ﬁ) (¢, -) belong to the Hardy

space H? ((C( )) where C';) = {¢ e C|Re; <8, 8§ > € > O}.

i-b) 7Pz, ) and 7P (¢, ) belong to the Hardy space H?2 ((C(J“)), where C\Y =

(©)) ()
iii-a) In the case of the boson statistics the symmetric combinations G2 (¢, ) :=
J@) @) + I 6. and G0, ) = TG @, ) + 3¢, ) interpolate
uniquely the Fourier coefficients gg:)(-) and gé;)(-) respectively (hereafter the

superscript (b) stands for the boson statistics). Let ¢, = 2m /B, then the follow-
ing Froissart—Gribov-type equalities hold:

GHED G, ) = i) G ) + T G ) = G50, (39)
m=123,...),
GO G, ) = i) G ) + T e ) = G5, ), (40)

(m=-1,-2,-3,...).

ii-b) Inthe case of the fermion statistics the antisymmetric combinations G+ (¢, ) :=

I @) = JG) @y and GDg, = J((O)>(g ) = Jég) (¢, ) interpolate

uniquely the Fourier coefficients g(“ 1(-) and g2m+1( -) respectively (hereafter
the superscript (/) stands for the fermlon statistics). Let ¢,, = (2m + 1)z /B, then
the following Froissart—Gribov-type equalities hold:

GHD G, ) = T s ) = TG Cms ) = Gt 1O, (41)
m=20,1,23,...),
G G ) = i) ) = T ) G ) = G510, (42)

(m=—1,-2,-3,...).

Proof. (i) Inview of the Riemann-L ebesguetheorem, andsinceG ™) (¢, ) € L1[—8, B],

the Fourier coefficients g,&“ (+) tend to zero asn — oo. From expansion (29) we have
forall t =u +iv,withv < 0:

+00

i Z gr(l+) (,)e—i{nf

B(r | —
G (z, )] 2 &

<KY e, (43

n>0

where K = f’g |G(t, )| dt. The series Z“L"o etV converges uniformly in any domain
compactly contal ned in the half-plane Imz < 0. In view of the Weierstrass theorem on
the uniformly convergent series of analytic functions, we can conclude that G (z, -)
is holomorphic in the half-plane Imt < 0. By using analogous arguments we can
prove that G~ (t, -) is holomorphic in the half-plane Imz > 0. Furthermore, we know
from Hypothesis @) that G(z, -) = G (¢, -) + G (x, -) is holomorphic in the strips
kB <u < (k+ 1B (k € Z, v € R), and continuous at the boundaries of the strips.

We can conclude that G (z, -) is holomorphic in the cut-domain Z_ U [Z4\ 2. ], and
G (z, -) is holomorphic in the cut-domain Z,. U [Z_\ E_]
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(ii) Property (ii-a) follows easily from the assumption of “temperateness” of the jump
functions[4]. For what concernsproperty (ii-b) welimit oursel vesto provethat f(((; ) (D)
belongs to the Hardy space H? ((Cg“))) since the remaining part of the statement can
be proved analogoudly. To this purpose, we rewrite the Laplace transform (35) in the
following form:

+o00 , »
/0 (46 @ e e M av = T @), Ret' =0 (44)

whereRe;’ = Re¢ —4§ (§ > € > 0).Inview of theslow-growth property of J((J;)(v, ), we

canthen say that thefunction J((O’;) (v, -) exp(—38v) belongstotheintersection L1[0, +00)N

L?[0, +00). Then, thanks to the Paley-Wiener theorem, we can conclude (returning to

the variable ¢) that JN((OJ;)(g, -) belongs to the Hardy space H? (Cg’))) (see Ref. [12)).
7(+)

Accordingly, Joy (.9 tends uniformly to zero as ¢ tends to infinity inside any fixed

half-plane Re¢ > §’ > 6. In particular, f(((;;)(g“n, Jywithg, =nn/B (n=1,2,...),
tendsto zeroasn — oo.

(iii) Weintroducetheintegral 1)5“ defined asfollows (this method has been introduced
by B.B. [5], and will be developed in a more detailed form in [7] within the general
framework of Q.F.T.):

)= / GH (z, ) el dr, (45)
14

where the path y encloses both the cutslocatedat u = 0, v > Oandatu = 8,v > 0
(seeFig. 1). In view of the slow-growth condition (26), thisintegral is well-defined. By
choosing as integration path a pair of contours (yo, yg) enclosing respectively the cuts
au=0v>0andau =g, v > 0, and then flattening them (in a folded way) onto
the cuts (see Fig. 1), we obtain:

—tv ; o
Louyn € /0 Joy (v, e " dv te /O Jigy (v, ) e dv

=g @)+ PITE, ).

(46)

Next, we choose the path y,,_, whose supportis: ] —a +ioco, —a]U[—a, —€]U [yéo)] U
[e. 8 — UV PIUIB+ €28 —alU[28 —a, 28 — a + ioof, where 0 and 3P’
are half-circles turning around the points T = 0 and © = B, respectively (see Fig. 1).
By taking into account the 28-periodicity of G (<, -), we get, for ¢ = ¢, = nx/B,
n=1212...):
2B—a )

im 10 = [ G T ar = 650 (47

€— € —a
Then, from the Cauchy distorsion argument, we have 115;81/,3 (s ) = lime0 157 (€a, ),
thatis

T @) + P j((l;)(gn, ) =GM0). (48)



68 G. Cuniberti, E. De Micheli, G. A. Viano

We now distinguish two cases:

1) nevenin =2m, ¢, = 2mn/B (m =1, 2, ...); then from (48) we obtain equalities
(39).

2) nodd:n =2m+1,¢, = Cm+ /B (m =0,1,2,...); thenfrom (48) we obtain
equalities (41).

We have thus obtained two combinations (symmetric and antisymmetric, respectively)

that interpolate the Fourier coefficients G\ (). The uniqueness of the interpolation is

guaranteed by the Carlson theorem 3] that can be applied since /g (. -) and JN((;)) D)

belong to the Hardy space H? ((CEQ) . Proceeding with anal ogous arguments applied to

G (x, -) equalities (40) and (42) are obtained. O

In conclusion, we can say that the thermal Green functions present adouble analytic
structure involving the analyticity propertiesinthet = u +iv and ¢ = £ + in planes.
The 28-periodic function G (z, ) (resp. G (¢, -)) isanalytic in the cut-domain Z_ U
[Z:\ §+] (resp. Z, U[Z-\ é_]); its Fourier coefficientscan beuniquely interpolated (in
the sense of the CarlsonNtheorem), and are thg restriction to the appropriate Matsubara
energies of a function G+2= (¢, ) (resp. G~ (¢, ), analytic in the half-plane
Re: > 0(resp. Re: < 0). Itisstraightforward to verify that thejump function J((g;)(v, )
coincides with the retarded Green function, and J(((; ) (v, -) coincides with the advanced
one; analogously, putting iz = w, we can identify G- (¢, ) and G-z, )
respectively with the retarded and advanced Green functions in the energy variable w
conjugate to thereal timez.

3. Representation of the Jump Function in Terms of an Infinite Set
of Fourier Coefficients

First let us consider a system of bosons; sincen iseven, i.e.n = 2m, ¢, = (2mm)/8,
m=0,1,2,...), wehave

- ﬂ s NI
Ggeo <¥ ) = 2/ G (x, e T dr (49)
0

Next, recalling that G (z, -) is B-periodic, we can write also the following Fourier
expansion:

G (1. ) = 1 Z g((g—),b) <% ) iZET (50)
B = B
) B - N

Finaly, putting 8 = 2, formulae (50), (51) can be rewritten in the more convenient
form:

1 o 5 »
Q(H(t, ) — 2_ Z g((;;;i’) (m’ .)e lm'L’7 (52)
4 m=0
5(+.) 2 i 1;
Gz (m:) = /0 G, )" de =5GP m. ). (53)
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Recalling once again the B-periodicity of the function G (z, -), we write now the
Froissart—-Gribov equalities (39) as
GHEPm, ) = Jig " m, )+ TG o, )

=2Jg " m. ) =26 m. ), (m=1,23...).

(54)

It is now convenient to introduce an auxiliary function J*(b)(v, -), defined as follows:
IPw )y =e g w ), weR), (55)
and the corresponding L aplace transform:
~ +00
IO, =/ JOw, e dv, (¢ =&+inRel>—-1+48,8>¢>0).
0
(56)

It is straightforward to prove, via the Paley—Wiener theorem, that Lfb)(;, -) belongs to
the Hardy space H? ((CE“H(S)),WhereCEf)Hé) —{¢eC|Ret > —1+8, 8 >¢€ > 0}.
Next, the Froissart—Gribov equalities (54) can be rewritten as

IV, ) =G m+1.). (m=012..). (57)

Then we can prove the following lemma

Lemma 1. The function J]fb)(—l/2+in, -), (n € R) can be represented by the following
series, that converges in the sense of the L2-norm:

j*(b)< 5 +in.- > ZC@I//@(??) (58)
Y¥r¢(n) denoting the Pollaczek functions defined by

1 1
Ye(n) = 7 r <§ + in) Py(n), (59)

I' being the Euler gamma function, and P, the Pollaczek polynomials [2,16]. The coef-
ficients ¢, are given by:

cg—sz—gg,’”( s1on|-i(m+3)]. @

Proof. The Pollaczek polynomials Pe(“)(n), (n € R), are orthogonal in L2(—o0, +00)
with weight function (seerefs. [2,16]):

1
wn) = =22V 0@ +in?. (61)
T
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(en)f). @

(inthefollowing, whena = 1/2, weomittheindex « inthenotation). Next, weintroduce
the following functions, that will be called Pollaczek functions (of index o« = 1/2):

For « = 1/2, the orthogonality property reads:

—00

“+00 1
2 2
/ wm PP PP (ydn = 804 (w(n) ==

1 1
Ye(n) = 7 r <§ + in) Py(n), (63)

which form a complete basis in L2(—o0, +00) [13]. Since Jl,fb)({, -) belongs to the
Hardy space H?2 ((CE+)1+8)> then 72 (=1/2+in, ) (n € R) belongsto L2(—oo, +00).

Therefore, Wemayexpandjb)( 1/2+in, -) intermsof Pollaczek functionsasfollows:
T (——+m, ) Zcu/fz(n) (64)

where the series at the r.h.s. of (64) convergesto f*(b) (=1/2 +in, -) inthe sense of the
L?-norm. From (64) we get

1 /+°°J~(b)< 1. >F<1 ')P()d (65)
ce = — =z +in, - > —in n) dn.
SV 2 2 ¢

Theintegral at ther.h.s. of (65) can be evaluated by the contour integration method along
the path shown in Fig. 2, and taking into account the asymptotic behaviour of the gamma
function given by the Stirling formula. We obtain:

CZ_Z\/‘Z : J(b)(m )P [—l <m+;)i| (66)

m=0

Finally, from (57), (64) and (66) the proof of the lemmafollows. 0O

From (56), when ¢ = —1/2 + in (n € R), we have:
- 1 +oo 4
J® <_§ +in, ) =/ IO (v, ) ev2e7M du. (67)
0

Ther.h.s. of (67) isthe Fourier transform of J,Sb)(v, e¥/2. Noting that Lfb) (=1/2+in, )
belongs to L2(—o0, +00), but not necessarily to L1(—o0, +00), the inversion of the
Fourier transform (67) holds only as alimit in the mean order two, and can be written
asfollows:

1 [m0 1 _
J(b)(v ye'’? = Li.m. (—/ Jﬂfh) <_§ +in, ) e'm dn) ., (veR™). (68)
—10

no—-+oo \ 21

Then, we can prove the following lemma.
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Im¢

(- plane
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|
0 1 2 3 Rel

1
N

Fig. 2. Integration path for the evaluation of integral (65)

Lemma 2. The function J* )(v -)e"/? can be represented by the following expansion
that converges in the sense of the L2-norm:

o0
e PIP W, ) =Y a®(v),  (eR), (69)
£=0

where the coefficients a, are given by:
1 1
fZ(—)géZ,”)( s1on[-i(n+3)]. (70

Py, being the Pollaczek polynomials, and the functions ®,(v) are given by
Dp(v) = i'N2Ly(2e V) e ¢ e V2, (71)
L, being the Laguerre polynomials.

Proof. Let usobserve that

1 +o00 . +00 . .
r <— + in) = / e~ =YD g = / e eV eI gy
2 0 —o0 (72)
=F {e_e_ve_”/z} ,

where F denotes the Fourier integral operator. Let us note that the function
exp(—e~")e"/2 belongs to S®(R), i.e. the Schwartz space of the C*°(R) functions
that, together with all their derivatives, tend to zero, for |v| tending to +oo, faster than
any negative power of |v|. Therefore, we can write (see formula (63)):

Ye(n) = % T{Pe (—i%) [e_eve_”/z]} : (73)
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Substituting in expansion (58) to the Pollaczek functions their representation (73), we
obtain:

J® (- +m, icz{—f[Pg<—l;iv>(eeve”/2>:|}. (74)

Let us now apply the operator F~1 to the r.h.s. of (74). If we exchange the integral
operator F~1 with the sum, and this is legitimate within the Z?-norm convergence, we
obtain:

fﬁ o = [p (i) ()]
_ icz {% I:Pg <—i%) (e—f”e—”/z)“ . (75)

Finally, recalling formula (68), we obtain the following expansion for the function
(b) v/2.
Jo (v, et el

d -
ev/ZJéb)(v’ )= Z (_l_) (e—e e—v/Z) ’ (76)
whose convergence isin the sense of the L2-norm. It can be easily verified that [9)]
. d —e7V —v/2 14 —e 7V _—v/2
V2P, —ld— ( )—l\/_L@( )e e , (77)
v

where L, denotes the Laguerre polynomials.

It can be checked that the polynomials £, (v) = i‘v/2 Ly (2e") areaset of polynomi-
asorthonormal ontherea linewithweight function w(v) = exp(—v) exp(—2¢~"), and,
consequently, the set of functions @, (v), defined by formula(71), forms an orthonormal
basisin L2(—o0, +00).

Finally, from (76) we obtain:

2], ) = iaz {i‘f\/ELg(ze*”) e*e‘”e*“/z} = iagcbg(v), (v e R,
= (78)
where a; = ¢¢/+/2r, and the functions @, (v) are given by formula (71). O
We now introduce the weighted L2-space L(w) [0, +00), whose norm is defined by:
1/2

+00
||f||L5w)[0,+OO)=<f0 w(v)|f(v)|2dv> , (79)

w(v) being a weight function which will be specified in the following. Then we can
prove the following result.
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Theorem 2. The jump function J((g)“ ’b)(v, -) can be represented by the following expan-

sion:

o
J(((;I;,b)(v’ ) — e”/z Z(I@@@(v)a (U c R"r)’ (80)
=0

which converges in the sense of the wa) [0, +00)-norm, with weight function w(v) =
eV, (veR").

Proof. We can write:

L
b
I @, ) =Y a®i(v)

=0 L2, 10,400)
2 1/2
e (+.b) =
= /O eV Jo (. S —e¥ Za(ngg(v) dv
£=0
1/2
oo L 2 /
= / e"IP W, ) =Y a®e(v)| dv| . (81)
0 =0
In view of Lemma 2 we can thus state that:
L
lim J(Jr,b) N LU/2 _
JNim 1 Jg ™ (v, ) —e D ar®(v) 0, (82)
=0 L2 [0,+00)

that proves the statement. O
Consider now asystem of fermions. Inthiscasethefunction G (z, -) isantiperiodic

with period 8. Then, if weput ¢, = 2m + L)m/B (m =0,1,2,...)and B = 2m, we
have the following expansion:

1 &5 1 .
g(+)(f, D) = Z Z g((;’nv)f) (m + 5’ ) e—l(m+l/2)‘r’ (83)
m=0

5(+, f) 1 2 ) imt1/2)e 1, f) 1
g(ZT[) m+§, = g (‘[’ -)e d-’_—=§g ). m+§, (84)
0

Recalling once again the antiperiodicity of G (z, -), we write the Froissart-Gribov
equalities (41) in the following form:

., 1 - 1 - 1
+.) 1\ _ 540 1Y @ 1
g (m+2,>—J(O) <m+2,) Jiom <m+2,)
o j D (g L _2gthD ma Lt (89)
(O) 27 (27{) 21 )
m=0,1,2...).
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We can now proceedinaway strictly analogousto that followed inthe case of bosons. We
put: 7, ) = e—”J(g’f)(v, yand, accordingly, /" (¢, ) = [57° 7" (v, e tvdv
(¢ =&+in,Ret =& > —1+6,8 > e > 0). Then, the Froissart-Gribov equalities

(85) now read:

- 1 = 3
§f><m+§,-)=g§;;{)<m+§,-), m=0,12..).  (8)

We can now state the following theorem.

Theorem 3.1) The function f,ff)(in, ), (n € R) can be represented by the following
series, that converges in the sense of the L2-norm:

Iy =Y depn), 87)

£=0

where ¥, (1) are the Pollaczek functions defined by formula (59), and the coefficients
dy are given by:

dzzzﬁz%gg;@ <m+g> Pe [—i (m—i—%)} (88)
m=0

Py denoting the Pollaczek polynomials.

ii) The function J*(f) (v, -) can be represented by the following expansion that converges
in the sense of L2-norm:

B W )=o), @eRD), (89)
{=0

where the coefficients b, are given by b, = dy/~/ 27, and the functions ®,(v) are

defined by formula (71).

iii) The function J((OJ;’f)(v, -) can be represented by the following expansion:

o
JGP 0, )= Y bedew), (@ eRY, (90)
=0

that converges in the sense of the L(Zw)[o, +00)-norm with weight function w(v) =
e, (veRH).

Proof. The proof runs exactly as in the case of the boson statistics, with the only re-
markable difference that we use the Froissart—Gribov egualities (86) instead of (57).
i

We can reconstruct, by the use of this method, the function J}ff ) (in, -) but not the

function f((g;’f ) (in, -), which is much more interesting from the physical viewpoint. In

order to recover thefunction J, ((gg,f ) (in, -) wemust introduce a more restrictive assump-

tion, requiring the function f((OJ;’f)(;, )= [ J((J;‘f)(v, e~ dv to be holomorphic
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in the half-plane Rez > —y (y > 0). Accordingly, in place of the temperateness con-
dition (26) we assume that J(g;’f)(v, -) belongsto L1[0, +00) N L2[0, +00). Here, for
the sake of simplicity, wetreat only the case of fermions; anal ogous considerations hold
true also in the case of the boson statistics. We can thus suppose that the singularities of
f((gg’f)(g, -), corresponding to the excited states, al liein the haf-plane Rer < —y, v
being the smallest damping factor of the spectrum (see refs. [1,10]). If thisis the case,
f(g’f)(in, ) is analytic, and, moreover, belongs also to L2(—o0, +00). We can thus
state the following result.

Theorem 4. Let us assume that J((OJ; f)(g, -) is a function holomorphic in the half-plane

Re; > —y (y > 0); then J((o+) - (in, -) can be represented by the following expansion

that converges in the sense of the L2-norm:

Joy D in, =" dpwen), (1)

¢=0

where v7¢(n) are the Pollaczek functions defined by formula (59), and the coefficients d;
are given by:

de_Z«/_Z( GG (g ) ]-i(m3)] e

Py denoting the Pollaczek polynomials.

Proof. The proof is strictly analogous to the one followed for proving equality (58),

and successively adapted to the fermion statisticsin order to obtain expansion (87). The

only remarkable difference is that now in the expressi on of the coefficients ¢, we have

the terms g(;;)f) (m+ % ) instead of g((;;f) (m+ 2, ); therefore all the coefficients
correspondingtom = 0,1, 2, ..., are involved in the determination of the function
7(+.)

J(O) (in,-). O

Analogous methods and results can be worked out for the function J(O) S )(i n,+),
assuming that J (0) ”(; -) isholomorphic in the half-plane Re; < y (y > 0). We are

then able to reconstruct the difference J((OJ; - @in,-) — ]((0) S )(ln, ) which leads to the
determination of the “spectral density” [17].

4. Reconstruction of the Jump Function in Terms of a Finite Number of Fourier
Coefficients

Up to now we have assumed that all the Fourier coefficients are known, and, in addition,
that they are noiseless; but this assumption is clearly unrealistic. We now suppose that
only afinite number of coefficients are known within a certain degree of approximation.
We focus our attention on the case of the boson statistics, and specifically on the results
contained in Lemmas 1 and 2, and Theorem 2. The case of the fermion statistics can be

treated similarly. We can simplify the notation, without ambiguity, by putting: QN((;H";’ ) (m+
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1) = gm, ¢/21"” (v.-) = F.(v),and J " (v, -) = F(v). Then, we denote by g5’

the Fourier coefficients Q((;n’i’) (m + 1, -) when they are perturbed by noise. We now
assume that only (N + 1) Fourier coefficients are known within an approximation error
of order ¢: i.e. |g,(,f) —gnl <e(m=0,1,2,...,N).

We consider the following finite sums:

N
-1 1
aM =v2)" —(m,) g\ Py |:—i (m + 5)] : (99)
m=0 ’

00)

Accordingly, we have aéo’ = ay (see (70)). We can then prove the following lemma.

Lemma 3. The following statements hold true:

) S0 |0 = IF2, . = €. (€ = consan. (94)
i 2o || = toc. (95)
iii) limy—al" =a®™ =a,, €=0,12..). (96)
iv) If ko(e. N is defined as
k
ko(e, N) = max {k eN: Y laV? < C} , (97)
{=0

2
i.e. it is the largest integer such that Z'gzo aée’N)‘ < C, then

lim ko(e, N) = +o0. (98)
N—00
e—0
v) The sum
k 2
MV =3 a7 ke, (99)
¢=0

satisfies the following properties:
a) it increases for increasing values of k;
b) the following relationships hold true:

2 1
(e.N) (e.N) ~ 2N :
MEN > ‘ak ‘ e vz 207 (W fed), (100)
Proof. (i) Equality (94) follows from the Parseval theorem applied to expansion (69),
and recalling that F.(v) belongs to L2(—o0, +00).

(ii) Letusrewrite thesumSaf’N) asfollows:

N
N Z . 1
aéé ) = b’(;) Pg |:—l <m + E . (101)

m=0
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where bl = V2(~1)" g\

N 1
’aée’m‘ = ‘Z by Py [—i (m + §>]‘

m=0
oo -

7

)/m!. Now, we can write the following inequality:

[SNZ38 P [~ (m+ 3)]|

i(v+3)]

- (102)
b Pe [~

Let us now recall that in the Appendix of Ref. [9] the asymptotic behaviour of the
Pollaczek polynomials P;[—i(m + 1/2)] for large values of [ (at fixed m) is proved to

be:
1 1 (214
P, |:—i (m + —)} ~ &b 0", (103)
2 {—00 m!
Therefore, we have:
SNBBO P =i+ D)) SN [p P [ (o + 1))
<
(€) . 1 (€) . 1
b5 P [=i (v + )] b5 Pe[=i (V + )| (104
N-1]|,(e)
by’ | N! N
Z—?oo X_: b(G) m'(ZK) Zjo)o 0.
From (102), (103) and (104) it follows that for ¢ sufficiently large:
‘ pl©
‘af”’) ‘ < @0, (105)
Therefore, limy_ o ‘a(e N)’ = 400, and statement (ii) follows.
(iii) We can write the difference a(o ) _ (6 N asfollows:
s (—1> 1
aéo’oo) al*" =2 { Z (gm — &) Pe [—i (m + §>:|
m=0
o _ m 1
Z =D ng£|: <m+§):|} (106)
m=N+1
" (0,00)

Inview of thefact that theseries v/2 "5 _ =~

gm Pel—i(m+3)] convergestoa, >,

it follows that the second term in bracket (106) tendsto zero as N — oo. Concerning

the first term, we may write the inequality:

i)
m 4 2

m=0

(— )’"
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where the inequalities ’gm - gm)’ <e,m=0,1,2,...,N) have been used. Next, by
rewriting the Pollaczek polynomials P;[—i(m + 1/2)] as

ST B O

and, substituting this expression in inequality (107), we obtain:

EZ { ‘p]z>‘<m+%)j] (109)

Next, we perform the limit for N — oo. In view of the fact that le:o py)(m +1/2)/

isfinite, and the series Y "0°_(m + 1/2)/ /m! converges, we can exchange the order of
the sums and write:

Lol 1 1\/
62‘])] ‘Zﬁ<m+§> . (110)
j=0 m=0

Finally, performing the limit for ¢ — 0, and recalling equality (106), statement (iii) is
obtained.

(iv) From definition (97) it follows, for k1 = kg + 1, that:
k1 2
3 (afN" > C. (111)

Statement (iv) (formula (98)) is proved if we can show that limy_, o k1(e, N) =
—0
Let us supposethat limy_, ., k1(e, N) isfinite. Then there shoula exist afinite number

—0
K (independent of ¢ and N) such that, for N tending to oo and ¢ tending to zero,
k1(e, N) < K. Then, from inequality (111) we have:

ki(e,
e 5 v = 3ol o)

Butas N — oo, € — O we have (recalling also statement (iii) formula (96)):
C< Z] (°°°>‘ ] (°°°>‘ c, (113)

which leads to a contradiction. Then statement (iv) follows.

(V) Concerning statement (a), it follows obviously from definition (99) of M“™. Fi-
nally, thefirst rel ationshipin (100) isobvious; the second onefollowsfromtheasymptotic
behavior of Py[—i(m + 1/2)] at large £ (for fixed m), i.e. formula(103). O

Remark 1. From statement (v) and formula (98) it followsthat the sum M ,EE’N ) presents,
for large values of N and small values of ¢, a plateau for k ~ ko.
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By truncating expansion (69) we may now introduce an approximation of thefunction
F(v) of the following type:

ko(e,N)
FEN = 30 af Vo). ©eRD. (114)
£=0

Approximation F*™ (v) is defined through the truncation number ko(e, N); the latter

can be numerically determined by plotting the sum M,EG’N ) versus k, and exploiting
properties (a) and (b), proved in statement (v) of the previous lemma and the property
stated in the remark above (see also Ref. [9]).

Now, wewant to prove that the approximation Ff’N ) (v) convergesasymptotically to
F.(v) inthe sense of the L2-norm, as N — oo and € — 0. We can prove the following
theorem.

Theorem 5. The equality

lim HF _ e - 115
Noooll * 7% ®) 12[0,+00) (115)
e—0
holdstrue.
Proof. From the Parseval equality it follows that:
2 Z 0002 XA e (0002
_ pleN) _ .00 eN) (000
'F* Fa HL2[0,+oo)_ 2 ‘af ) +Z)a@ “e - (119
t=ko+1 (=0
2
Since zg‘;o‘ago"”)’ = C and limy_, o ko(e, N) = +oo, it follows that
e—>0

2
(€N )‘ = 0. It is convenient to rewrite the second term of the

My, o Zt?iko-i-l ‘az
€—>
r.h.s. of (116) asfollows. Let us define:

0,00) 5
(0,00) a if £iseven,
A A’ 117
¢ —ial® if ¢isodd, ()
(€,N) 5
(e,N) a if £iseven,
I 118
¢ —ia\"™) if ¢ isodd. (118)

Notice that /1> and h'*") arereal, and

w002 SN 009\
€, , 00 €, , 00
E ‘a[ —a, ‘ = E (hz —114Z ) .

=0 =0
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Next, we introduce the following functions:

o0
HO ) = ZhEO’OO)l[z,eH[(v), (119)
o0
HEY (v) = Z hff’N)lw,ul[(v), (120)
=0

where 1 isthe characteristic function of the set E. From statements (i), (ii) and (iii) of
the previous lemma (formulae (94), (95) and (96)) we obtain:;

/0 o (H<°’°°)(v))2 dv = i (h§°’°°’)2 —c, (121)

/O o (H@M(u))2 dv i (h“ N’) o0, (122)

HEY )y — HO® (), (v e [0, +0)). (123)
N—o0
e—0

Hereafter, we assume, for the sake of simplicity and without loss of generality, that

every term hff’N) is different from zero. Next, let V (e, N) be the unique root of equa-

tion fOV (H<€~f"’)(v))2 dv = C. Let us indeed observe that fov (H(f”\’)(v))2 dv isa
continuous non-decreasing function which is zero for V.= 0, and +oc0 for V. —
~+o00. Furthermore, from statement (iv) of the previous lemma (formula (98)) we have
“mN_)oo V(E, N) = +00

e—0 .
Then we can write:

o]

V(e,N) 2 + 2
[ - nesof e [ (oo
0 V(e,N)

V(e,N)
— 2/ HO) () [H@N)(u) - H(O’w)(v)] dv. (124)
0

Next, we perform the limit for N — oo and ¢ — 0. Concerning the first term at the
r.h.s. of (124) we have:

+o00 2
lim f (H(O’OO)(U)) dv = 0. (125)
g ven

For what concerns the second term, we introduce the following function:

(126)

BN ) = | HEM W) = HO® @) if0<v < V(e N),
—]0 if v> V(e N).
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Then, we have by the use of the Schwarz inequality
+o00o 2
f ‘B(E‘N)(v)‘ dv <4C, (N <oo,e > 0). (127)
0

Moreover, from (123) we have:

BCM@w) — 0, v el0,+00). (128)
Pty

The family of functions { B¢ (v)} is bounded in L2[0, +00), therefore it has a sub-
sequence which is weakly convergent in L2[0, +00). The limit of this subsequence
is zero. In fact, let us observe that |B¢-N)(v)| < 2C; then we consider the function
BN (v)¢ (v), where ¢ is an arbitrary element of the class of functions C>°(R*). We

then have | BM (v)¢ (v)| < 2C|¢ (v)|, and this inequality does not depend on N and
€. Inview of the Lebesgue dominated convergence theorem we can then write (see al'so
limit (128)):

th supv BN )¢ (v)dv| = 0. (129)

Sincetheset of functions C°(R ™) iseverywheredensein L2[0, +00), givenanarbitrary
function ¢ e L?[0, +00) and an arbitrary number » > 0, there exists a function
¢ € CEXRY) such that (| — ¢kl 2[0, 100y < 1. Furthermore, through the Schwarz
inequality we have:

+00
/0 BN Igw) -y )] dv

+00 2 1/2 +o0
< ( / (B*’N)(v)( dv) ( f | (v) — ¥ (v) ]2 dv)
0 0

<2JC n. (130)

From (129) and (130) we can conclude that

1/2

lim supV BN )y (v)dv| =0, (131)

N—>oo
€—

for any ¢ € L?[0, +00).

Next, by using the same type of arguments, we can state that if there is an arbitrary
subsequence belonging to thefamily { B¢¢-V)} that weakly convergesin L2[0, +00), then
the weak limit of this subsequence is necessarily zero. Finally, from the uniqueness of
the (weak) limit point, it follows that the whole family {B™)} converges weakly to
zeroin L?[0, +00).

We can thus write:

—+00
lim / H O ) BN (y) dv = 0, (132
0

N—o0
e—0
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and from equality (124) we have

N—o00
e—0

V(e,N) 2
lim / [H(G’N)(v) — H(O’Oc)(v)] dv = 0. (133)
0

2
Since YN, ‘aée’m - aéo’“’)‘ < [JEN [HEM @) — HO @)]? dv, we have:

ko 2
lim E:]aﬁ’v)—ago’”)‘ —0, (134)
N—oo

e—~0 ¢=0

and, in view of equality (116), thetheoremisproved. O

We can then prove the following corollary.

Corollary 1. The following equality holds true:

ko(e,N)
lim |F)—e"2 Y at" o) =0, (135)
N—o0
=0 =0 L2,,10.+00)

LZ[0, +00) being the weighted Z2-space with weight function w(v) = ¢™%, (v € R™),
and the functions @, (v) are defined by formula (71).

Proof. The statement follows immediately from Theorem 5 by noting that:

ko(e,N) 2

+o00 (€N
A F,(v) — Z a; Vo) dv
=0

+oo ko(e,N) 2
:/ e V|F(v) —e/? Z aéE’N)d%(v) dv
0 =0
ko(e,N) 2
= |Fw) —e? > af M) . (136)
=0 L2, [0.+00)

We can thus conclude that the jump function J((OJ;”’ )(v, ) = F(v) can be approximated
by the truncated expansion

ko(e,N)
b ,
J((S; )(v, ) ~ eVl Z af N)Cbg(v), (v e R). O (137)
£=0
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